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Abstract: Researchers have used various methods to determine the parameters of trans-

former-equivalent circuits in transient studies. But most of these previous algorithms had 

difficulty finding the equivalent circuit parameters in a bigger model. This paper presents 

a new method to extract the inductance matrix of a detailed model for an air core winding 

for transient studies using frequency-response measurement data. This matrix can be de-

termined with acceptable accuracy by using the proposed method. The biggest advantage 

of the proposed method is a reduction in the search space, and thus, speedier problem-

solving. Simulations showed that the use of the proposed method leads to better beha-

vioural quality of a transformer winding. The simulation results of the previous and pro-

posed methods were compared with the help of a 20/0.4 kV, 1600 kVA transformer. This 

comparison showed the accuracy and superiority of the proposed method. 

Key words: detailed transformer model, transient, inductance matrix and homogeneous 

structure  

 

 

 

1. Introduction 
 

Power transformers are the most expensive and important equipment of substations. Find-

ing a precise and appropriate model of a transformer is very important for transient studies. 

Several attempts have been made to find a proper and accurate model based on the physical 

structure of the transformer [1­3], the black-box modelling [4­5], and hybrid models [6]. Each 

of these models has its special property. The black box models are extracted based on the 

measured data from the main terminal of the transformer. Furthermore, using this model to 

consider internal fault of the transformer is impossible. Simulation process of physical models, 

which are based on an FEM (Finite Element Method) or considered a lot of RLC elements (so 

called detailed models), due to their numerous elements [7­11] is very long. In the develop-

ment of these models, parameter determination is one of the most important parts [7­11]. To 

study internal behaviour of a transformer winding using a fast transient analysis, transformer 

models are based on distributed inductive, capacitive, and resistive elements. 
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Unfortunately, standards do not suggest any test setup to determine the model parameter 

other than at power frequency (50/60 Hz) [9]. Hence, three basic methodologies may be 

pursued by direct calculation based on analytical equations, electromagnetic field simulation 

and experimental circuit test. The electromagnetic field simulation and parameter calculation 

based on winding construction are not typically available except to transformer manufacturers. 

In the experimental method, a feature of a transformer such as impedance frequency response 

(IFR) is measured and a model is fitted to it by using an optimization method which 

minimizes a merit of similarity between the actual and the simulated feature [10­11]. 

A detailed model is one of the most well-developed power transformer models. It is based 

on the transformer’s physical properties and dimensions [3]. Validity and accuracy of a de-

tailed model depends on the topology of the model, the number of sections it has, and para-

meters of the model [8, 12­14]. When there are too many sections, the model’s accuracy and 

validity are acceptable. But determining the appropriate value of the parameters becomes com-

plicated. Therefore, a compromise is needed between the model’s accuracy and the dimen-

sions of the equivalent circuit. Various efforts to calculate parameters of the model have been 

done [7, 8, 14­19]. The analytical methods need insulation and conductor material of a trans-

former and its geometry data which is not available except to the transformer manufacturers. 

Also in transient studies, the analytical methods are not often precise and produce significant 

errors [8, 20­21]. In the experimental method, different algorithms have been used to estimate 

the parameters of transformer windings [11, 22­24]. In previous studies [11, 13, 22­23] to de-

termine the equivalent circuit parameters, some effective recommendations have been made. 

When the dimensions of the equivalent circuit increase, applying these recommendations 

becomes difficult. Also determining the parameters of the model becomes complicated. It 

should be mentioned that the method, presented in [25], has developed a closed-form ex-

pression that connects the natural frequencies of a single, isolated transformer winding to its 

inductances and capacitances. Therefore, first of all, the inductance and capacitance matrixes 

of the ladder network must be identified, and then the natural frequencies of the ladder net-

work model can be calculated. This method dose not calculate the inductance matrix. In [26]  

a multi-objective global search for solutions is performed by means of a genetic algorithm. An 

important point of parameters estimation in that paper is the selection of the initial values for 

parameters. In other words, in that estimation method, estimating initial parameters has a key 

role in their method but in our propose method, the parameter estimation is determined 

without using any initial estimation. In [13] and [24], the behaviour of the detailed model of  

a transformer winding has been discussed. In [24], a new detailed model (i.e. improved 

detailed model) has been presented to simulate transient behaviour of transformer winding. 

The test results on a 20/0.4 kV, 1600 kVA transformer indicates that the improved model is 

superior to the conventional one in terms of simulating the transformer transient behavior. In 

this paper, a major focus is on a method to find a reliable inductance matrix. In previous 

papers, a multi-objective search, to determine inductance matrix, has been used. Those me-

thods are time consuming. In addition, they used several inequity constraints. The proposed 

method of this paper is direct and reliable one based on FRA measurement results. So in this 

paper, based on experimental tests, a method has been proposed to extract the inductance 
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matrix (self and mutual inductances) of transformer winding for transient studies. The appli-

cation of the proposed model is easy, precise, and practical. This method accelerates the esti-

mation of the inductance matrix of a detailed transformer model. Also, it increases the ac-

curacy of finding the parameters of the detailed model.  

The detailed model of the transformer winding is presented in Section 2. To find the 

parameters of the detailed model of the studied transformer, a parameter-estimation method is 

used. In Section 3, to achieve an appropriate model and reduce the optimization time, an 

efficient method has been proposed. In Section 4, the simulation results have been specified 

and they have been compared with the measurement results. In Section 5, the summary of 

findings has been discussed. 

 

 

2. The detailed model of transformer winding 
 

In the detailed model, the elements are physically projected. It can particularly exhibit the 

transformer-winding transient behaviour. Fig. 1b shows the complete detailed model [13, 24] 

of test setup. Each fraction of the lump model includes the numbers of turns in the winding. 

Therefore, each winding is modelled by a limited number of sections. Each fraction involves 

the series and parallel capacitances (Cs and Cg), self and mutual inductances (L and Mi,j), series 

and parallel resistances related to insulation losses (Rp and Rg), and ohmic resistance related to 

the winding (r). The complete detailed model has extra-dispersed capacitors (Cd) embedded 

among the sections [24], as shown in Fig. 1b. 

 

 

3. Determining the inductance matrix of transformer winding 
 

3.1. Analytical method 

The parameters of a detailed model of a transformer can be determined using the finite 

element method (FEM), explicit formulas or estimation methods. To determine the parameters 

using FEM or formulas, the dimensions of the transformer are required [24]. The detailed mo-

del parameters can be determined using analytical equations [15] such as (1) to calculate 

mutual inductance between turns A and B in Fig. 2 as follows: 
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where: )(kK  and )(kE  are the first and second complete elliptical integrations. 

Detailed assessments [8], [20­21] indicate that common analytical relations contain 

significant errors (at least 20% error) and are not reliable; thus, the use of this method is not 

recommended. 
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                                                   (b)                                                                                 (c) 

Fig. 1. Test setup and its complete detail model: (a) test setup; (b) the complete detailed model;  

(c) the terminal configuration of winding 

 

 

3.2. Proposed method  

To determine the parameters of a detailed model, estimation methods can be effective ap-

proaches. In a parameter estimation method, one feature of the transformer terminal is 

measured and attempts are made to determine the other parameters such that the error function 

between simulation and measurement results is minimized [13, 23­24]. Nosratian, et al. [24] 

offered tips based on physical insights about the transformer. To obtain an acceptable model, 

it is important to use relations and constraints that take logical relationships between the para-

HV winding 

LV winding 
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meters of the equivalent circuits into account. Some of these constraints have been explained 

[13, 24]. These constraints help remove unreal equivalent circuits.  

 A. Structure of inductance matrix  

The parameter estimation is very complex for heterogeneous models [24]. Therefore, pre-

vious studies recommended a homogenous model [11, 13, 22­24]. Suppose a winding has N 

turns, in which 11L  is the self-inductance of the first turn and 2,1m , 3,1m , . . . nm ,1 inductances 

describe the coupling between the first turn and other turns, as given in (2). 

  ]...[ ,13,12,111 nmmmLl  . (2) 

If the winding structure is supposed to be homogeneous, the inductance matrix can be 

written as (3): 
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Considering the structure of a transformer winding, the coupling between the turns must 

follow specific rules. In the previous studies [11, 13, 24], the following inequalities were used: 
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Inequalities (4) eliminate unrealistic responses and ensure that the determined structure is 

based on a real transformer model. To reduce the optimization procedure time and the problem 

search space, using the equivalent inductance criteria of [11], given by (5), is recommended. 
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where: Leq is the equivalent inductance of winding at power frequency, ladderN is the number of 

sections in the equivalent circuit, 11L  is the self-inductance at power frequency, 1,1 im is the 

mutual inductance at power frequency. 

These recommendations are useful and effective in determining the correct structure of the 

inductance matrix. However, they do not provide a specific policy to determine self and mu-

tual inductances. For example, different combinations (solutions) can be found to satisfy in-
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equalities (4) and Equation (5). On the other hand, an increase in the dimensions of the 

equivalent circuit increases the number of inequalities (4). So, the state space representation of 

the problem [24] becomes more complicated. 

 B. Structure of capacitance matrix 

Consider a winding with N sections, in which 2,1dC  represents the capacitance between 

Sections 1 and 2 in Fig. 1b, 3,1dC  represents the capacitance between Sections 1 and 3, and so 

on. From the point of symmetry, ,...4,33,22,1 ddd CCC   etc. Considering the transformer wind-

ing, the capacitances have to follow special rules so that the obtained model would be ac-

ceptable: 

  mpjiifCC pmdjid  ,, . (6) 

 C. Rest of the parameters 

The rest of the parameters of the model, such as r, Rp, Rg,…, are assumed to be identical in 

all sections [24]. 

 D. Introducing proposed method by experimental results   

Different algorithms have been presented to estimate the parameters of transformer win-

dings [11, 22­23]. To achieve a realistic model of a transformer winding, self and mutual 

inductances must satisfy constraints in (4) and (5). In [23], a pseudo-code was used. It in-

volved complex rules to estimate each of the self and mutual inductances. With that method, it 

will be possible to obtain parameters in the limited search space. If the dimensions of the 

equivalent circuit enlarge, the problem-solving time will be longer, and in some practical 

cases, it will become impossible. Also, another of its limitations is the parameter-estimation 

method. In [23], it is supposed that each parameter varies within defined bounds. The step 

deviation of each parameter is fixed. So, making a small adjustment in the step deviation of 

parameters needs a long time. The large amount of changes makes the achievement of a pro-

per response uncertain. The used genetic algorithm in [13] may remain at a local optimum and 

not get the proper response. Another problem in determining the appropriate model is that the 

solution is not unique [11, 22­23]. As given in (4), self-inductance is bigger than mutual in-

ductance. By increasing the distance between sections in Fig. 1b, the mutual inductance 

becomes smaller. Different linear and nonlinear relations can then express the relationship 

between self-inductance and other inductances. Fig. 3 shows the linear and nonlinear ones. 

The input impedance of a transformer winding, as shown in Fig. 1a, has been measured at the 

main terminal and the different internal nodes ( niZ ieq ...,,2,1,  ). The measurements have 

been done with an open-circuited LV winding. In Table 1, the magnitude of the measured 

impedances from the different points in 5 kHz frequency ( f0) has been presented. 

 
Table 1. The magnitude of the measured impedances from the different points in 5 kHz frequency 

Zeq-1 (Ω) Zeq-2 (Ω) Zeq-10 (Ω) Zeq-18 (Ω) Zeq-19 (Ω) 

1933.33 1853.73 821.52 58.74 16.66 

Here, 1eqZ  was measured from node 1 in Fig. 1b, etc. 
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In this paper, the high-voltage winding of the test setup had 19 double discs. So, a detailed 

model with 19 sections is selected. After measuring the impedances from the internal points, 

the parameters of the model can be calculated as follows: 

Step 1: The calculation of 11L ; 11L  can be directly calculated by using the measured 

impedance from the internal point 19 ( 19eqZ ) because, as shown in Fig. 1b, it has been built 

only by 11L . 
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Step 2: the calculation of 2,1m ; after determining 11L , 2,1m  can be calculated by using the 

measured impedance from internal point 18 ( 18eqZ ), as shown in Fig. 1b. With homogeneous 

assumption of an inductance matrix of the transformer winding, 18eqZ  is composed of 11L  

and 2,1m . 
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The other steps have been calculated as shown above.  

After applying the above method on the internal measured impedance of the test setup, it is 

found that the relationship between the self and the mutual inductances is approximately the 

same: 
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Here, γ is less than 1. Inserting (7) in (5) renders, 
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Subsequently, 11L  is determined as follows: 
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In (9), 11L  can be calculated by estimating γ  (using the search method or the genetic algo-

rithm or other algorithms). Then, by substituting it in (7), other mutual inductances can be 

determined more quickly. So, for the different values of , the different matrices may be 

determined. All of them satisfy winding equivalent inductance criteria from its terminal view. 

Among the various combinations of the inductance matrix, which one is a valid model? 

In the studied air core winding, it is possible to gain access to the winding discs (as shown 

in Fig. 1). So, an equivalent inductance is measured from the internal point 2. It is named eqL . 
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In other words, in measuring eqL , a disc is removed from the winding. From among the above-

mentioned matrices, all of which meet eqL criteria, the matrix that satisfies eqL criteria from the 

internal point 2 is the accrued matrix of the transformer winding. Using the above method, the 

equivalent matrix of the transformer winding can be determined by two measurements [11, 13, 

22­23]. The most important advantage of the proposed method is the reduction in search space 

and, thus, convergence. The results of this method can be used as the starting point of opti-

mization algorithms, such as the genetic algorithm. 

 

 

4. Case studies 
 

4.1. Tested system 

In this paper, tests are performed on a 20/0.4 kV transformer with a nominal power of 

1600 kVA. As shown in Fig. 1a, the high-voltage winding has 19 double discs. Each of them 

contains 20 or 21 turns. The parameters of the transformer winding are presented in Table 2.  

 
Table 2. The studied transformer parameters 

LV winding 
27 turns, 2 layers, radial width = 13 mm, height = 536 mm, Di = 186 mm, Do = 212 mm, 

3 axial parallel conductors of dim. 11.8×3.35 mm with 0.5 mm paper cover double side 

HV winding 
780 turns, 19 double disks, radial width = 55.5mm for 20 turn disks &58 mm for 21 turn 

disks , height = 494 mm, Di = 237 mm, Do = 353 mm, 1 conductor of 8.5×2.12 mm  

 

 
Fig. 2. Mutual inductance between 

 turns A and B 

 
Fig. 3. Relationship between self-inductance and 

mutual inductances 

 

4.2. Simulation result of the conventional method 

In this paper, the input impedance of the studied transformer in the frequency domain was 

measured on a high-voltage terminal when the low-voltage winding was an open circuit. An 

impedance analyser [13] was used to measure the impedance frequency response (IFR) as  

a transfer function. The influences of measurement parameters and terminal configurations 

have been presented in [27­29]. The results of these measurements have been shown in Fig. 4. 
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The HV winding of the studied transformer has 19 double discs. It also has an air core. In this 

paper, each double disc was selected as a section of the equivalent circuit. Thus, the trans-

former winding was modelled by a two-winding detailed model [12]. Each winding was mo-

delled by 19 sections, as shown in Fig. 1b. The object of modelling was to build an equivalent 

representation of an actual transformer winding based on data measured at input terminals. An 

actual winding has distributed capacitors, inductance, and resistances. But in modelling, it is 

mapped on to lumped parameters of a detailed model.  

One of the most common methods of estimating the parameters of an equivalent circuit of 

a transformer is based on minimizing the difference between the reference curve (Zm) obtained 

from the measurement and the simulation results (Ze) based on the detailed model of the 

equivalent circuit [13]. Based on the parameters of the detailed model assigned by GA, its 

transfer functions and, subsequently, its frequency response is calculated, Ze. The frequency 

response is compared with the measure FRA, Zm. Then, the error function between the two 

graphs are calculated as follows:  

  .
1

1


 

 


N

i im

ieim

z

zz

N
EF  (10) 

Here, N is the number of selected samples of the curve. The error function (EF) shows the 

estimation accuracy of the optimization method. 

In this section, the inductance matrix is determined using conventional methods [11, 13, 

22­23]. Considering the constraints mentioned in (4) and (5), the error function [13] is defined 

as (10) and is used to find the parameters of the equivalent of the 19-section circuit model. 

The simulation results of the conventional methods have been demonstrated in Fig. 4.  

 

  
   (a)                                                                                  (b) 

Fig 4. The measured and the estimated input impedance using the conventional method:  

(a) amplitude); (b) phase 

   

Although the equivalent circuits have been extracted accurately in a limited search space 

due to the small dimensions of the detailed model [11, 13, 22­23], Fig. 4 shows that because of 

the increasing search space, the differences between the simulation and the measurement re-



                                              J.N. Ahour, S. Seyedtabaii, G.B. Gharehpetian                           Arch. Elect. Eng. 796 

sults are significant. Therefore, when the search space was widened using conventional me-

thods [13], it was not possible to access the optimum values for the parameters of an equiva-

lent circuit. Thus, it must be improved. 

 

4.3. Simulation result of proposed method 

Based on the data measured at the input terminal and using the introduced method in 

Section 3.2, the initial estimations for self and mutual inductances of the studied high-voltage 

transformer winding were extracted. The calculated results are shown in real and per-unit 

values in Fig. 5. After the calculation of the inductance matrix from the data measured at the 

input terminal, it was used as the starting point of the GA to estimate the inductance matrix. 

The rest of the parameters of the detailed model were estimated based on the recommend-

dations in [11, 13, 22­24]. The simulation results of the proposed method were compared with 

the measurements in Fig. 6.  

 

 
 

(a) 

 
 

(b) 

Fig. 5. Self and mutual inductance of high-voltage windings in real and per-unit values: 

 (a) real result; (b) per unit result 

       
         (a)                                                                           (b) 

Fig. 6. The measured and the estimated (across terminal 1) input impedance using the proposed method: 

(a) amplitude; ( b) phase 

 

The comparison of Figs. 4 and 6 shows that the starting point of the GA plays an important 

role in finding the accurate parameters of a mode. Also, it shows the superiority of the pro-

posed method. The convergence of the optimization process of the proposed and the conven-
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tional methods [13] has been shown in Fig. 7. This comparison shows the accuracy and the 

superiority of the proposed method. By investigating Figs. 4 to 7, it can be observed that the 

proposed method is effective in achieving the optimum response. The proposed method can be 

observed to accelerate the process of estimating the inductance matrix and provide the pos-

sibility of large-scale detailed model assessment. It also reduces the complexity of the equi-

valent circuit parameter estimations. 
 

 

Fig. 7. The convergence of the proposed and the 

conventional methods in the optimization process 

 

 

5. Conclusion 
 

Based on the measured data, the mapping between the synthesized circuit and the actual 

transformer winding was established. This paper presents a fast and convenient method to ex-

tract the inductance matrix of a transformer-equivalent circuit. Previous algorithms faced 

some difficulty in finding the equivalent circuit parameters when their dimensions grew. 

Conventional methods fail to attain the optimum values of the parameters of the equivalent 

circuit when the search space is wide. But, the technique proposed in this paper could deter-

mine with acceptable accuracy the inductance matrix of a relatively large-scale equivalent 

circuit. The results of this method can be used as a starting point for the optimization algo-

rithms. The most important advantage of the proposed method is the reduction in the search 

space of problem-solving. Thus, it increases the speed of the problem-solving process. 
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