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The objective of the logistics management is to guarantee the stock level required for the
adequate handling of production at the lowest possible level of costs and risks. The main
purpose of the paper is to present the relations between stock level and risk of shortages. As
a result of the research, the introduction of the safety stock is the solution to cover the effects
of the uncertain factors in the supply chain. The theoretical approach of the model assumes a
deterministic operational environment, in practice, however, there are several unpredictable
factors influencing the operation of the production company. By using the periodic and
continuous review models, the paper presents the effects of demand changes and stochastic
length of replenishment time on the risk of stock availability. We need to quantify a service

level which determines the accepted probability of the shortage occurrence.
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Introduction

It often happens in practical logistics that the ac-
tual utilisation demand cannot be satisfied immedi-
ately. The continuity of service, in some cases, is bro-
ken by a disturbance in a stage of the supply chain,
which causes a significant confusion for both the cus-
tomer and the supplier. In other cases, the reason is
a planned stock management strategy that can be
led back to a certain aspect of economic efficiency.

The classical stockpile management approaches
the optimisation of the stock level from the side of
expenses, meaning that the optimal stock level is rep-
resented by the stock derived from the lowest total
costs. Among the costs of the stockpile management
system, we differentiate three basic cost categories:
e cost elements related to the procurement activity,
e costs related to stock holding,

e costs related to stock shortage consequences.

These three cost groups can be modified to the
detriment of one another [1, 2]. The holding costs in-
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crease linearly with the increase of the lot size, while
the costs related to procurement decrease with the
increase of the order quantity [3]. Similarly, the hold-
ing costs are in a trade-off relation with the costs
of stock shortage. The task is the definition of the
optimum of the total costs function that fulfils the
cost-minimising target, and the quantification of the
derivable order quantity and of the order period [4].

Literature review

The first scientific model about an optimal lot
size determination was published by Harris in 1913
in the article “How many parts to make at once” [5].
This model defines the production quantity optimi-
sation with not acceptable stock-out periods and as-
sumes deterministic conditions. Several extensions of
the basic Economic Order Quantity model have been
defined since that, describing the real operational
processes in more detail, and giving answers to prac-
tical issues.
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In case of deterministic inputs, the model is ex-
tended with the analyses of the deterioration of
goods [6], the quantity discounts [3], limited suppli-
er capacity, the dynamic version of the economic lot
size [7], etc., and several researches have also been
done in the direction of stochastic factors such as
demand fluctuation, lead time variation, fraction of
the defective items [8] or shortages, using a proba-
bility density function, etc.

The initial assumption of Harris’s basic model
that shortages are not allowed is too restrictive in
a real industrial working environment. Park [9], Hol-
lier and Mak [10], Grubbstrém and Erdem [11] as-
sume that during shortage periods, all demand is
either backlogged or lost. Deb and Chaudhuri ex-
tended the economic order quantity model by includ-
ing completely back-ordered shortages [12]. They de-
fined a replenishment policy where the inventory cy-
cles were divided into two periods: in the first one,
the demand was covered by inventory, while in the
second part of the cycle, it was followed by a peri-
od of shortages. In their model, shortages were al-
lowed in all cycles except for the final one. Also,
Dave worked out a heuristic inventory-replenishment
model with planned shortages and linearly increas-
ing demand [13]. Teng and Yang considered a partial
backlogging rate during the stock-out periods when
the demand and cost fluctuate with time [14]. Many
researchers extended the planned shortage model by
considering varying shortage cost values [15] and as-
suming deteriorating items with imperfect quality
[16-18].

Research methods

By walking around the initial conditions of the
economic order quantity model, we analyse the ef-
fect of the changes of single parameters on the in-
ventories, costs and the service level. The theoreti-
cal approach of the model assumes a deterministic
operational environment. In practice, however, there
are several unpredictable factors influencing the op-
eration of the production company. By using the
periodic and continuous review models, the paper
presents the effects of demand changes and the sto-
chastic length of replenishment time on the risk of
stock availability.

We make the examination of the contexts by ap-
plying the ceteris paribus principle; we change on-
ly one parameter from among the initial conditions
at once. The main purpose of our analysis, that by
taking the changes of the time and the quantitative
factors into consideration to define the level of the
necessary safety stock, with which we may guaran-
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tee the service of the customer and the production
on a predefined service level.

Determination of the economic order
quantity in case of planned shortage

As in practice the demands are predictable with
full certainty in exceptional cases only, and the deci-
sion between the higher inventory level and the risk
of a stock-out situation is often of strategic impor-
tance, we use the probabilistic model with planned
shortages in our analyses.

As an initial condition, we define that the unsat-
isfied demand due to stock shortage can be resched-
uled by a defined cost level, and it will be fully per-
formed at a later date [19]. The main questions of
stock management models are the optimum quanti-
ty that can be procured on one occasion by the most
favourable total costs, and the optimal scheduling of
procurement. The balance between the stock level
and the costs can be defined with the economic or-
der quantity with planned shortage model, the initial
conditions of which are as follow [1, 2, 4, 19-22]:

e The supply rate can be considered as being infi-
nite, the stock replenishment is immediate, and so
the replenishment time equals zero.

e The ordered quantity arrives as one item; frequen-
cy of supplies is scheduled for identical periods.

e The demand is known and pre-definable with ab-
solute certainty.

e Both the customer and the supplier want to satisfy
the demand. The demand is continuous, and the
utilisation has a consistent intensity; thus, the de-
mand rate is constant. Accordingly, within a sup-
ply period, the stock level shows a strictly monoto-
nous descending linear function in relation to time.

e The stock shortage is accepted at a certain cost.

e The ordering costs are independent of the order
quantity.

e The holding costs per unit are constant, and they
change linearly with the stock quantity.

e By assuming an infinite time horizon, the costs are
independent of the time factor.

e The purchase price per unit does not depend on
quantity; thus, the purchase price does not influ-
ence the stock management policy to be chosen
(23, 24].

In case of a constant utilisation demand with con-
tinuous and uniform intensity (Fig. la), and a pro-
curement cycle with uniform period intervals, if the
opening stock d of the period ¢ is smaller than the to-
tal utilisation demand ¢ during the period, the stocks
before the next period will decrease to zero at a cer-
tain to point of time, followed by a stock shortage pe-
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riod with a t5 length, at the end of which the stocks
will be replenished. During period t5, the continuous
demand will lead to a backlog of s level.
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Fig. 1. Optimal stock level in case of regular stock replen-
ishment and demand with uniform intensity with periods
of stock shortage.

Figure 1b summarises in one diagram the arrival
of stocks and the development of demands in rela-
tion to time, as a cumulated value. The difference
between these two values shows the relation between
the demands satisfied on time and the demands that
are rescheduled.

The purchase costs incurring during the whole
analysed period can be defined by multiplying the
one-off purchase cost by the frequency of procure-
ments [25]:

(1)

where C, — total purchase cost for the examined pe-
riod, @ — total purchase demand for the examined
period, ¢ — purchase demand for a single period, eco-
nomic order quantity, ¢, — cost of a single purchase
order.

The holding costs can be defined as the area of
sections due to the t; period of the sawtooth diagram
[25]:

Q 1 , T d?
p e = 2-d .q.ch_ 2
where C}, — total holding cost for the examined peri-
od, d — the portion of the demand covered by stock
within one single period, t; — period, during the de-
mand is performed without delay at the time of its
occurrence, ¢, — holding cost per time unit, T — the
length of the complete period, v — purchasing price
per unit, r — annual holding cost rate.

1
Ch:§'d't1' ver, (2)
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During the quantification of the stock shortage
costs, we must start from the relation that the con-
tinuous demand increases the level of the backlog,
which can be expressed as the area of sections due
to period ty of the sawtooth diagram [20, 25]:

1
Cs:_'(qfd-tQ'Q'Cs
’ ‘ (3)
2 2
=D 5

2.q s-q
where Cy — the shortage cost during the whole
analysed period, t5 — period, during the demands due
must be rescheduled for a later date, ¢y — shortage
cost per time unit.

The basic model of the economic order quantity
starts from the relation that the purchase cost, the
holding cost changes and the stock level change ac-
cording to the order quantity. Accordingly, the more
rarely orders are made, the more favourable the pur-
chase costs are per unit, and at the same time, the
holding costs are linearly increasing [26, 27]. The
function of total costs can be defined as the sum
of these three costs and the value of the purchased
parts. The objective function is defining the mini-
mum of the function of total costs [2, 4, 20, 23-25]:

Q

Claid) =Q vtcot Cnt Co= ¢

2 2 (4)
+d—-T-ch+M-T-cs—>min,

2.q 2.q

where C' — total cost of inventory management for
the examined period.

The optimal order quantity can be defined by
solving the system of previous equations, where the
form of partial derivatives according to ¢ and d of
the function of total costs is set equal to zero [19, 20,
25, 28-30]:

%+%:¢?Q£g Gt ()
Cs T ¢ cs

The on-time delivered quantity can be calculated
as followed:

_ 2R
- T Ch

The optimal amount to be back-ordered [23]:

/2Q
Ch + 05 Ch + Cé

The minimum total cost incurring during the
whole period together with the money spent on pur-
chased stocks:

C:\/2QTCOCh

q=d-

(6)

Chp + Cg

s=q—d=gq

+Q-v. (8

cp + Cg
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Factors influencing
the deterministic operation

Our theories applied in the case of the econom-
ic order quantity are influenced by the fact that the
customer demands are not completely known, and
disturbances can occur in our processes that togeth-
er create uncertainty regarding the intensity of de-
mands for purchased parts and the development of
the stock level.

In practice, several unexpected events can lead
to a shortage of stocks, e.g. excess usage due to a re-
ject occurred for any reason within the production
process, stock deviation, late delivery due to traf-
fic obstacles, stocks with inappropriate quantity or
quality, etc. These factors can be classified into two
main groups.

The first group of factors includes uncertainties
related to time, the occurrence of these events affects
the availability of stocks in time. The other group of
factors includes quality-related impacts, the occur-
rence of which causes a stock level modification of
an unanticipated extent [23].

The impacts in both factor groups can have two
directions. This means that in the case of the time
factor, supplies ahead of schedule can happen along
with delays in delivery, and in the case of quantita-
tive factors, along with an unexpected excess usage,
the stock discovered during an inventory can lead to
the increase of the stock level. Accordingly, the chal-
lenges for some of the impacts are the management
of the stock shortage and its consequence, and for
impacts with the opposite direction, the challenges
are the consequences related to the increased stock
level.

Along the two groups of factors, we present the
context related to the avoidance of stock shortage
and the method of decreasing the occurrence level of
the stock shortage to an acceptable level.

Stock management mechanism
of a stochastic operation environment

Stock-outs can be caused any time by the factors
such as fluctuating customer demand and variability
in lead times for purchased materials or manufac-
tured parts as well as by unexpected issues in the
supply chain processes. To cover the effect of the un-
expected factors, the inventory level must be adjust-
ed accordingly with additional safety stock. The safe-
ty stock is not intended to eliminate all stock-outs
fully but only a predetermined percentage. This ser-
vice level means the desired probability that a stock-
out will not occur between the time an order is placed
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and the ordered quantity is received. The fulfilment
of a higher service level requires significantly more
safety stock, but in parallel, it would result in fewer
stock-outs. The higher the safety stock is, the more
the inventory holding costs are, and also the high-
er customer satisfaction can be reached. We must
balance this trade-off between inventory costs and
customer service [23, 24].

During the definition of our supply management
strategy, we can choose from two basic models. Thus,
we must separate the continuous and periodic review
systems. In the case of a continuous review, the or-
der quantity is constant; thus, the uncertainty affects
the level of the closing stock at the end of the peri-
ods; while in the case of a periodic review, there are
fixed times between the orders; thus, the uncertainty
affects the order quantity. Both models are closely
related to the Economic Order Quantity model with
planned shortages. Although the demand or the lead
time is not predictable, as an approximation of the
best order quantity in practice we can use the for-
mulas of the Economic Order Quantity model, and
calculate the additional safety stock to cover the risk
of shortages. By using the methods and equations,
we can calculate the safety stock levels to achieve
the targeted customer service levels [31].

Determination of service level

By service level we mean the extent of planned
rate of the on-time delivered demand compared to
the total demand. The accepted probability of short-
age occurrence can be determined as a relation of the
number of periods allowing shortages and the total
number of periods analysed [4]. In the case where we
allow two periods (e.g. weeks) uncovered by stocks
for a complete one year period, the accepted prob-
ability of shortage occurrence can be defined as fol-
lows: bt 2.7

.- .

T =360 0.0389, (9)
where S — accepted probability of shortage occur-
rence, ps — the number of a period stock-out, t — the
length of a given period, cycle length.

The service level can be defined by using the ac-
cepted probability of shortage occurrence:

S =

-t
SL=1- péT = 0.9611, (10)

where SL is the service level.

From the standard normal distribution table we
can get the value of Zgy, = 1.765 matching the prob-
ability value of the given 0.9611. It means, we want
to cover customer demands in approximately 96% of
the periods. Another way to define the service lev-
el is to directly define the maximum allowed level of
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the probability of the shortage’s occurrence (e.g. 0.02
= 2%) and to find the matching Zs;, = 2.33 value.
Irrespective of the definition of the service level, we
apply the resulting value in a consistent way. Zsr,
means the probability value of the SL service level
from the standard normal distribution table [32, 33].

The density function detailed in Fig. 2 shows the
probability of occurrence of actual quantities, which
reflects that the frequency of occurrences is more typ-
ical around the expected value, while their probabil-
ity decreases towards the two ends of the function.
If we adjust the stocks only to the planned length of
replenishment time and planned demand level, i.e. we
do not keep a safety stock (¢, = ), the probability of
the occurrence of a shortage in case of demand with
standard normal distribution will correspond to the
probability of the non-occurrence of the shortage [2,
34]. The distribution function shows the probability
of the coverage of demand fluctuations in relation to
the changes of the stock level. The probability of the
occurrence of the shortage decreases proportionally
with the increase of the safety stocks; however, the
complete safety can be guaranteed only by a stock
with an infinite level. The introduction of the distri-
bution function is justified by the fact that the func-
tion reflects well the probability of the occurrence
of the stock shortage in connection with the stock
level. The probability can be expressed as a risk, to
which actual costs can be assigned. If we consider
only the cost factors during the target settings, the
optimal service level can be calculated by the given
relation of stock-out costs and stock holding costs.
The optimal service level is given at that inventory
level, where the annual stock-out cost is equal to the
annual stock holding cost [23].

=(q-n?
e 20?
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Fig. 2. Effect of the safety stock on the occurrence prob-

ability of the stock shortage.

Variability in demand — the determination
of accurate safety stock in the case
of periodic review systems

In a periodic inventory review system, the inven-
tory on hand is reviewed at specific time intervals;
e.g. every week or at the end of each business peri-
od. After the inventory in stock is defined, an order
is placed for an amount that will fill the inventory
up to a predetermined target level. The determin-
istic stock replenishment time and planned demand
with constant intensity can be completed with the
maximum extent of the demand fluctuation in two
directions (Fig. 3) [23, 24]. Since the direction and
extent of the deviation compared to the plan is sto-
chastic, i.e. it cannot be exactly defined in advance;
thus, the development of the actual utilisation de-
mand and of stocks can be determined only with ran-
dom variables. In case we only keep stocks to cover
the planned demands, according to our stock man-
agement strategy, the increase in the actual utilisa-
tion demand compared to the plan would result in
a drop to zero of the stocks before the date of receipt
[31, 35].

planned stock changes

ok fixed lead time and fluctuated demand
— possible stock changes
review period : review period = actual stock changes
Qmax demand
) - fluctuation
q1 SO |42 . Qn
“.\ ‘\\ T ™ _\
A, \ = 1 " \ \
qrn - n
qrz \‘T‘___, . _7_\, _____ R -
_Ir ss ‘I’ ss | /
Qi -
min by U tioh [ __/ time (1)
T T T .
=t =t ¢ =t 4 o => probability of
! - = shortage on a certain

gn stock level

Fig. 3. Periodic review in case of stochastic change of demands.
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In the case of a periodic review, it is not only
the next period’s demand and the probable change
of demands that need to be calculated during the
placement of the order, but we also have to consider
the extent of the demand changes expected for the
remaining 7 duration of the ordering period (Fig. 3).

As a first step, we must define the utilisation de-
mand expected for the next period:

di =t - dj, (11)

where d; — the average level of demand during the
given t-th period.

Subsequently, by the end of the period between
the ordering point and order placement, thus, by the
beginning of the next period, we must define the ex-
tent of the expected demand, which can be quantified
similarly to the formula (11):

dr =7-dr, (12)

where d, — expected value of demand due within the
stock replenishment period, 7 — planned length of re-
plenishment lead time, d, — the average demand of
the period between the ordering point and the peri-
od’s end.

From the fluctuation of actual demands of past
stockpiling periods, we can define the extent of de-
mand fluctuation:

(13)

where o4 — the standard deviation of demand per
unit time, d; — the demand belonging to the t-th pe-
riod, d — the average level of demand of the examined
period.

With full knowledge of demand variation charac-
teristic to past periods, we can calculate the demand

variation for the complete planning horizon. Thus,
the variation of demand expected for the stock re-
plenishment period and for the next stock-piling pe-
riod:

T+t

= 04 y (14)

O—d(r+t) tincr.
where Odirir) — the standard deviation of demand
during replenishment lead time and review period,
tincr. — time increment used for calculating the stan-
dard deviation of demand.

In the case of predictable lead time and stochas-
tic demand, the safety stock for a predefined service
level is given:

Qssq = ZSL " Odryy s (15)

T+
Qssq — ZSL c0d 3

incr.

(16)

where ¢,5, — safety stock level created due to sto-
chastic change of demands, Zs;, — value of standard
deviation for desired service level.

Variability in lead time — the determination
of accurate safety stock in the case
of continuous review systems

In the case of continuous inventory review sys-
tem, the inventory level is continuously monitored.
Whenever the inventory on hand decreases to a pre-
defined stock level, a new order is placed to replenish
the stock. The ordered quantity is equal in each pe-
riod that minimises the total inventory management
costs. The stock replenishment time is not determin-
istic; it means the supply accuracy can fluctuate in
two directions (Fig. 4).

ob fixed demand and fluctuated lead time
Qs T T N N
fluctuation | y-—o4- |\ planned stock changes
N\ q2=q —— possible stock changes
e N : qa=q — actual stock changes
\ qi1—q
qr R: R Ry
Qss Qss | /
Qmin % 5 - ) -
tir] 1t T;; toi tor} Toi +7 time (1)
Aty LA At ) . .
} = = 1 o =>probability of
el 2 <5 shortage on a certain
L5t SN tn qn stock level
bt

Fig. 4. Continuous stock review in case of stochastic replenishment period.
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Since the fluctuation of supply accuracy has a sto-
chastic character, the development of the actual ar-
rival date and of stocks can be determined only by
random variables. In case we only keep stocks to cov-
er the demands of the planned length of the period,
the delayed receiving of the purchased parts com-
pared to the planned arrival date would result in
a drop to zero of the stocks before the date of re-
ceipt [23, 24].

During the quantification of the safety stocks, it is
not enough to cover the utilisation demands expect-
ed for the remaining 7 period of the ordering period;
the temporal deviations during stock replenishment
must be taken into account as well (Fig. 4) [4].

As a first step, we must define the length of stock
replenishment time characteristic for the examined
period, which can be derived from the stock replen-
ishment times of the single periods:

n
DT
_ =1
T = ,
n

(17)

where 7 — the average level of stock replenish-
ment time during the examined period, 7; — the
stock replenishment time belonging to the ¢-th pe-
riod.

To be able to define the relation between the sup-
ply accuracy and the necessary safety stock, we need
to convert the stock replenishment time to the used
quantity. Earlier, we measured the supply accura-
cy in time and not in quantity, so we must quanti-
fy the quantity used within the period between the
planned stock replenishment time and the deviation
compared to the deadline. By assuming a use of uni-
form d intensity, the used amount due within the
planned average T stock replenishment:

dT = E'Fv (18)

where d, —used amount due during the average stock
replenishment.

The standard deviation of the average replenish-
ment time can be calculated:

where o, — the standard deviation of the average re-
plenishment time.
The demand during the average replenishment

time fluctuation:
dow =d-0r, (20)

where d,_ — the demand during the average replen-
ishment time fluctuation in one single period.

Volume 8 ¢ Number 1 ¢ March 2017

In the case of predictable demand and stochastic
replenishment time, the safety stock for a predefined
service level is given:

qss, = ZSL . dcr? == ZSL . E O, (21)

where ¢ss. — the safety stock level created due to
stochastic replenishment time.

By the given service level, the ordering stock lev-
el is almost identical with the extent of the demand
due to the length of the average stock replenishment
time increased by the variation:

qr :E'F+QSST = da?“i’ZSL . dcr?- (22)
Variability both in lead time
and demand at the same time

It is not rare in practice that demands change
stochastically at the same time, and that there is
a deviation in the length of stock replenishment time
compared to the planned one. Depending on whether
there is a connection between the two phenomena,
the safety stocks for the moderation of their effects
must be calculated in a different way.

In case both lead time variability and demand
fluctuation are normally distributed and are present
at the same time, but independent of each other, the
combined calculations result in a lower total safety
stock than the sum of the two individual calcula-
tions. The necessary safety stock can be calculated
using the following formula:

=V QSsd2 + q$s,-2

— t
ZSL~\/d2~JTQ+Ud2'T+ .

qss

(23)

incr.

But if these two stochastic factors are not inde-
pendent of each other, the sum of the two individual
calculations gives the higher quantity of safety stock,
than in the case lead time and demand fluctuation
that are independent of from each other:

Qss = Qssy + Qss, = ZsnL - d- o,

+1 (24)
= ZsL (dox + 0d(,))-

+Zs1, - 04 -

incr.

Conclusions

The objective of the logistics management is to
guarantee the stock level required for the adequate
handling of production at the lowest possible level of
costs and risks. For avoiding the effect of unexpected
events, safety stocks as reserves can be held within
the frame of stockpile management, but since their
occurrence cannot be defined with great confidence
and precision, their extent can be quantified with
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an estimating function too. By increasing the safety
stock, the probability of the occurrence of the short-
age decreases; however, the complete safety can be
guaranteed only by an infinite stock level. The more
stringent expectation we define towards the frequen-
cy of stock shortages in our stock management strat-
egy, the higher the expenses will be for the avoidance
of the stock shortage.

In practice, our aim is to define the accepted level
of shortage occurrence, at which the customer satis-
faction is guaranteed, and the total cost of the inven-
tory management is optimal. Although there can be
some influencing unpredictable factors, we can use
the deterministic model as an approximation during
the calculation of the order quantity. We also need
to check the relation between the two factors, time
and quantity, whether the lead time fluctuations and
demand changes are present at the same time and
depend on each other. After the selection of the ap-
propriate variant, the optimal level of safety stock
can be calculated by using the given formula.

In the case of stochastic demands, we can guar-
antee the achievement of the target level in two di-
rections:

e we can decrease the uncertainty of the demand
fluctuation with a more accurate forecast,

e we can increase the safety stocks to cover the fluc-
tuating demands.

In the case of stochastic replenishment time, we
can work on the achievement of the target level by
two methods:

e with a stricter supplier qualification, we can re-
duce the uncertainty of supplies,

e we can increase the safety stocks to cover the fluc-
tuating arrival date of purchased parts.

The management of utilisation demand changes
and stock replenishment time changes of unpre-
dictable extents urges the management of the pro-
duction company to reach a compromise. The short-
age of stocks can cause serious disturbances in the
production supply and customer service, the costs
of which are often unquantifiable. The avoidance of
stock shortages is an important objective for every
organisation; however, it would be possible only with
the management of an infinite stock level due to the
stochastic nature of demands and delivery perfor-
mance. Stock management costs as well; thus, the
definition of an optimum stock level is a task for an
enterprise, where the combined costs of stock man-
agement and stock shortage show the lowest possible
level.

A potential further step of the research would be
to analyse the sensibility of the planned availability
period and the impact of the cost factors on the total
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costs. The next research will focus on the analysis of
the context of safety stock and the service level in the
case of stockpile management model with planned
shortages and lost demand.

The described study was carried out as part of the
EFOP-3.6.1-16-00011 “Younger and Renewing Uni-
versity — Innovative Knowledge City — institutional
development of the University of Miskolc aiming at
intelligent specialisation” project implemented in the
framework of the Szechenyi 2020 programme. The
implementation of this project is supported by the Fu-
ropean Union and co-financed by the European Social
Fund.
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