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Abstract: In this paper, the author proposed a new method for determination of vertical displacements
with the use of hydrostatic levelling systems. The traditional method of hydrostatic levelling uses a
rule in which a position of reference sensor is stable. This assumption was not adapted in the proposed
method. Regarding the issue mentioned above, the reference sensor is treated in the same way as the
others sensors that measure the liquid level. As a consequence of this approach there is a possibility
of vertical displacement determination of both the reference sensor as well as the remaining controlled
sensors. A theoretical considerations were supplemented with the practical examples. The possibility
of calculating the vertical displacement of reference sensor is an undoubted advantage of the submitted
proposal. This information enables more detailed interpretation of the vertical displacements results
obtained from hydrostatic levelling systems. Thus, wider knowledge about maintenance of the entire
examined object treated as the rigid body is obtained. The tests that were carried out confirm the
theoretical assumptions and encourage to perform further, more precise empirical analyses.
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1. Introduction

The determination of building constructions displacements and strains is a current
problem of geodetic engineering. One of the most important stage of these works is
a problem of stable reference points (RPs) positioning. In relation to these points the
displacements of remaining controlled points (CPs) will be determined. The RPs must
keep the stability of their position in order to provide the reliable measurements. The rule
is that the RPs are located outside the zones of influence of the moving and deforming object.
In order to determine the displacements the following geodetic technologies can be used
e.g.: GNSS systems, electronic tachometers, precise levelling and hydrostatic levelling
systems (HLSs). The hydrostatic levelling system (HLS) allows to determine vertical
displacements with very high accuracy (of hundredths of millimetre). Such accuracies cause
that HL.Ss are very widely used, especially in the monitoring of engineering structures.
The examples of using HLSs are among others monitoring of: river dams [11], road and
railway bridges [2, 5, 11], buildings monitoring carried out near deep excavations related
to the construction of the tunnel [14], sports halls [15], CERN’s synchrotron [1, 10, 11]
transmission towers’ foot [18], churches [12] and many others application available in the
subject of literature.

Simultaneously with the development of highly accurate HLSs, works analysing in
detail the impact of HLS components on gained displacements’ results, appear. The ex-
amples can be the papers of [4, 18] in which the impact of temperature on deformation
measurements obtained with the help of HLS was analysed in detail. In the paper [9] the
authors proposed the method of the differences of observation for determining the verti-
cal displacements. This approach allows to eliminate the systematic errors burdening the
HLSs measurements’ results. The authors provided also the solutions enabling to conduct
the accuracy analysis of the results of vertical displacements as well as their prediction
using the Kalman’s filter method.

While realising the HLS, generally it is assumed that one of the points with sensor
placed on it does not change its positon and that the displacements of remaining sensors
placed on the CPs will be determined according to this point. This sensor is treated as the
reference sensor (RS). However, the determination of the stable position of such sensor is
a difficult task.

This work presents the new method for determining the vertical displacements of
points measured by HLSs. The theoretical and empirical problem analysed in this work
assumes the instability of RS. During the estimation both the vertical displacement value
of the RS as well as of CP are determined. This means that the RS is treated in the
same way as other sensors placed on CPs. This work is an extension analyses presented
in [3,6-8, 16]. In the paper [3] the author proposed a certain algorithm for determining
vertical displacements in situations where the stable RS cannot be determined. In analyses
carried out, the existence of redundant observations was assumed, thus it is possible to adjust
of the observations’ results. In this paper the author proposes a procedure of determining
of vertical displacements in situations, when it is not possible to adjust of observations’
results. Examples of such geometric construction can be: line (travers) of levelling tied
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up at one end or HLSs. Section 2 presents the theoretical basis of the novel method. In
Section 3, the covariance matrices (that make the accuracy analyses of obtained parameters
possible) are derived. The practical examples and discussion about obtained results are the
content of Section 4. The conclusions are presented in Section 5 and the summary is the
content of Section 6.

In conclusion, it can already be said, that the presented results encourage for further
more detailed research on real engineering objects.

2. Theoretical background

In the paper [3] the authors proposed a way of performing calculations in geodetics
measurements where there are some redundant observations. The example of these con-
structions is e.g. a closed geometric or hydrostatic levelling network. Fig. 1b, shows the
closed HLS network.

a)

Inininming
maan

Fig. 1. a) The tested structure, b) the location of the HLS on columns) [17]

Legend

- Column O - Measuring vessel of HLS

| - Connecting tube of HLS

Figure 1 shows the layout of the HLS on the tested engineering structure. The measuring
vessels (sensors) of the HLS are located on columns. The connecting pipes were laid
between them. The sensor no. 13 is placed outside the tested structure.

The estimation rules given in the paper [3] can be used because there are the redundant
observations in the calculations on the construction presented in Figure 1.

In the aforementioned work, the following observational equations were adopted for
numerical calculations

o L 4 N "
2.1 Vik =85, — 5] - (Y,f - Yl’) ey + (X]J( - Xl’) &y — h;’ks(’)

in which h‘;,?s(j ) _ the observed heights difference between the points (I, k), vix — the

correction of the observed magnitude, si, s{ — the spatial distances between the optimal
plane (obtained from adjustment with the use of the least squares method (LSM)) and
the surface on which the points to be measured are located, X/, le .Y ,f , Yl’ — the CPs’
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coordinates (points’ to be measured), sg(, s{, — the rotations’ angles around the axis

respectively X and Y, j =0, 1,2, ... — the subsequent measuring epochs.
The relationship (2.1) can be presented in the following matrix notation
(2.2) v/ =As’ +Be/ - L/

where: A, B — the known matrices of coefficients, v — the vector of the corrections of the
observed magnitude, s = [sy, 52, sn]T — the vector of the spatial distances between the opti-
mal plane and the surface on which the measured points are located, L = [..., h;’gj, LT
—the observations’ vector, € = [ex, 8y]T — the vector of rotations angles, j =0, 1, ... —the
subsequent measuring epochs. The rotations’ angels €x, €y are the parameters of the object
treated as a rigid body. The information about displacement of the examined object can be
gained by creating their difference. The optimisation problem of the proposed method is

defined in the following form [3]
v PLv = min
s” Pgs = min

2.3)

— 2 — ,2p-1
CL = mOQL = mOPL

v=As+Be-L

(the matrix of cofactors of the observations’ results Qy, = Pil, and P, = Qil —the weights’
matrix, Py — the weights’ matrix determined for the parameters s).

The details of the solution of the optimisation problem (2.3) together with the practical
application are the content of the work [3] and will not be further analysed.

This work concerns the situation where there are not any redundant observations, hence
the number of observations # is equal to the number of parameters m, (n = m, then there is
no corrections vy to the observations). Hence the observational Eq. (2.2) takes the form

(2.4) As’ +Be/ - L/ =0

Because vector v = 0, hence the first relationship (v Ppv = min) in the optimisation
problem (2.3) disappears. Therefore, the traditional coefficient (used to calculate the appro-

Tp.v
L cannot be determined.

. . . . v
priate covariance matrix after the adjustment process) m(z) =

n—m
The example of this problem is the open hydrostatic levelling line in which the sensors
are connected in series, as in Fig. 2.
Hence, in the place of the adjustment problem (2.3) the new optimisation problem can

be formulated in following form
2.5) s’ Pgs = min
' As+Be-L=0

The LSM with use of Lagrange multipliers can be applied while searching for the
solution of problem (2.5). Then the following optimisation criterion is obtained

(2.6) p=(s') P/ =2 (k') (As’ + Bs — L) = min

where: k — the vector of Lagrange multipliers.
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7 [

_______ - P sensor no.3
—————— sensor no.

______ sensor no.1 ensor no sensor no.5
expansion tank/ sensor no.4

re/ ference sensor

Fig. 2. An example configuration of measuring sensors [9]

Searching for minimum of the function (2.6) the following partial derivatives must be
computed

2.7) Z—ﬁ:Z(sf)TPs—Z(kf)TAz()

and

(2.8) g—p=2(kf)TB=0=>BTkj=0
&

Transforming Eq. (2.7), the following expression is obtained
(2.9) 8 =P]'ATK

Inserting Eq. (2.9) into Eq. (2.4) and performing elementary transformations the fol-
lowing formulas are gained (for BT k/ = 0)

ki=- (AP;lAT)il (Bs - L)

(2.10) -1 ! -1
&=|BT (APs‘lAT) B] B’ (APS‘IAT) L
and then the vector
X ~ -1
(2.11) § =P;'ATk=-P;'A" (AP;IAT) (B&-L)

Assuming that the weights’ matrix Pg = diag(1,..., 1), the solutions Eq. (2.10) and
Eq. (2.11) can be described as follows

2.12) &= [BT (AAT)_I B]] B’ (AAT)_I L

2.13) k=- (AAT) (B& - L)
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(2.14) ¢ =ATk

The next stage of calculation is the determination of the differences A& between the
values of the rotations’ angles £/*' and £/~ obtained from the considered measuring
periods. The magnitudes of differences are determined for the entire object treated as
the rigid body. The differences of the rotations’ angles A& can suggest the possibility of
displacements of the entire object and can be presented in the following formula:

(2.15) A& = &7+ - =0

Formula (2.15) cannot determine the vertical displacements of individual points of the
examining object. o o

The magnitudes A; = X! &), —Y! &}, denoting the linear values of vertical displacements
caused by the rotations of all CPs to the horizontal plane must be determined when looking
for the displacements values of the individual points.

The values of the horizontal coordinates X] Y; J of all sensors are needed to calculate

the values /l, besides the estimated angles values s{,, éX The origin of the horizontal

coordinate system should be taken at any point of the tested object which do not take part
in calculating in order to perform the calculations correctly. Otherwise the errors in the
assessment can occur because X = 0, Y = 0, = A = 0. While calculating the vertical
displacements using the proposed method, it is assumed that the RS is the origin of vertical,
local reference system, hence Zgs = 0.00 mm. Assuming that i = RS, 1,...,m, m — the
number of the points at which the measurements were made, j = 0, 1,2, ... — subsequent

measuring epochs and x = [X lJ , Yij ] the following formula is used:

N
& l
N
€x

The obtained magnitudes of the vector A= [/il, o ,/i,,]T allow to determine the
heights of the points in the local coordinates system both in the initial epoch Z7=° and the
current epoch Z/*! using the following expression

(2.16) A=xé= [X{ Yl.j]

7770 = gi=0 4 ’°
(2.17) ajtl

Zj+1 _Sj+1 + 1

The graphic presentation of the dependencies (2.17) for any epochs j = 0, 1,..., in

one-dimensional system is shown at Fig. 3. The straight line “a” is fitted into the set
of points P {RS, 1,...,i,...,n} according to rule of the LSM, satisfying the condition
s’ Pgs = min (Eq. (2.5)). The values Ay ..., Ay are gained as a result of the straight line

sa ”

rotation by the angle & (Eq. (2.16)) to the horizontal position a(e = 0). The next step
is the calculation of the heights values Z; in the local coordinates system for given epochs
from the sum of values §; and A;, (Z =8+ /ii).

The dependence (2.17) allows to realise the next stage of calculation where the CPs’
vertical displacements between of measurements epochs are assessed. While starting the
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2 \ a
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Fig. 3. The demonstrative estimators: 7,4,

calculation, it is essential to determine the RS’s vertical displacement chS (>if it exists)
using the following relationship

(2.18) dARS _ le;sl _ Z}J;o
The vertical displacements of CPs are gained by using the expression (fori = 1,2,...,m)
e -2 -2 28

or in the matrix notation
A A 5 i 5i=0  A4j+1
(2.20) =21 - 270+ (20 - 24 )

where I, = [1,..., l]T — the unit vector with the m dimension corresponding to the
number of CPs in the examined network.

3. Accuracy analysis

The covariance matrices are used to assess the accuracy of calculations’ results, further
denoted as C. The law of propagation of mean errors is used for this purpose. Most often it
is presented in the following form C = DCLD” = miDQ; D’ (CL = m{QL). Assuming,
that there is a lack of redundant observations and m% = 1 the covariance matrix C is equal
to the cofactors matrix Q. Hence

3.1 Q=DQ, D’

where: D — the transformation matrix.
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-1
Searching for the cofactors matrix Qg of vector £ = [BT (APAT) ™! B] BT (APAT) 'L
and assuming the transformation matrix is in the form

(3.2) D=M'B'N"!
(where: N = AP,AT, M = BTN~'B) it is obtained
(3.3) Q: =M 'B'N'Q.N"'BM™!

While calculating the cofactors matrix Qg of the Lagrange multipliers’ vector k =
-N"'(B& - L), (for § = M~'BTN~'L) it can be noted that

(3.4) k=-N"! (BM—IBTN—IL - L)
or
(3.5) k= (N—1 - 9) L

where: @ = N"'BM'B'N~!,
Assuming that the transformation matrix D = N-! — Q. the cofactors matrix Qg of the
vector k can be written in following form

Q= (N"-)QL(N"-q) }

(3.6)
Q; =RQ.R”

where: R=N"! - Q.
To determine the cofactors matrix Qs, the vector § is presented in the following form
(fork = (N"' - Q) L)

(3.7 § =PIATk = (HN—1 - HQ) L

where: H = P;!AT.
Assuming, that D = HN~! — HQ, the cofactors matrix is defined by the form

T
(3.8) Q= (HN’I - HQ) QL (HN*1 - HQ) 7o 4
(¥ =HN"' - HQ).
Determining of the cofactors matrix of the vectors of the parameters A=xé =
xM™'BTN~'L for D = xM~'B”N~! the following formula is obtained
(3.9) Q; =xM 'B'N'Q.N"'BM'x

The vector 27 = §/ + A’ for A = xM~'B'N-!L and §/ = (HN"' — HQ) L can be written
in the following form

(3.10) 7= (HN—1 —HQ)L+XM‘1BTN‘1L
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or
3.11) 7= (HN—1 —HQ+XM‘1BTN‘1)L
The cofactors matrix Qy, for D = HN~! - HQ + xM~'B"N~! takes the form

(3.12) Q; =DQ D"

The values of the mean errors m;, of received displacements d; are calculated using the
form of Eq. (2.19)

— (27+] J+1 5j=0  5j=0
d; = (z ZRS)_(Zi _ZRS)

(3.13)
= X;& A]+l —Y;é Aj+1 Aj+1 Z]+1 —X;& AJ 0+Y A] =0 Aj=0+2£§0
Hence
2 .22 . 2 2
2 0d; 2 ad; 2 ad; 2 ad,; 2
mﬁl = 9alt! 2l AJ+l i1 + 55J+1 Mgjn i+l z
3.14) &y €x X RS RS
' .2 .2 . 2 2
ad; od; ad; ad;
+ _iO m%jzo + 'iO mzAj:o + ( ~ -10) m%j:() + ~ -10 2’~j:0
o8| & Noasy | A \9sE) 0Zys | “rs

and the final expression

2 2 2 2.2 2 2 2,2 2 2
(3.15) m; = Ximéjﬂ +Y; Mgt MGy + Mo +X:'m S +Y m? e +mg o +m
! Y X :

0
RS Z}JQS
Assuming the same values of the mean errors for all measuring periods j = 1,2.. ., it
2 2 2 2 2 2 2 2 2 2
MEANST My = Mg = Mg s My = Mg = Mg s MGy = M0 = MG, M, =
M =My the following simplified relationship is gained
RS
2 _ 2.2 2,2 2 2
(3.16) mai_z(x ml, +¥2mL, +m?, +mzs).

4. Practical examples

In order to verify the obtained relationships, numerical tests were carried out on one
HLS (Fig. 2), already analysed in work [9]. The RS’s stability was adopted (standard
procedure) in above mentioned paper. This work is about the new concept that does not
assume the stability of RS. Therefore, further calculations and analyses will be related to
the results obtained from the standard procedure. In the calculations it will be assumed
that the local height of the RS is Hgs = 0.00 mm. Table 1 presents the readings obtained
from the measuring sensors adopted for calculations in work [9] supplemented with the
rectangular coordinates (X, Y).
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Table 1. Readings from the measuring sensors z [mm] and the rectangular coordinates X, Y [mm]

Sensor’s Epoch j =0 Epoch j =1 Coordinates

number reading z; reading z; X; Y;
RS 5.1 454 10000 10000
1 66.8 101.4 30100 10220
2 533 94.7 50100 10030
3 48.0 90.0 50850 40320
4 38.4 80.7 29160 39860
5 434 85.4 29860 20510

The calculation was carried out in two following variants:

— VariantI: calculations were carried out for differences of heights between consecutive
Sensors.

— Variant II: calculations were carried out for differences of heights between different
sensors and the reference sensor always.

4.1. Analysis of the results obtained for Variant I

The values presented in Table 1 were used to calculate the differences hflo = z{ =0 —z{flo
and h{j = zlj. = z{fll (similarly to the principle of calculating of differences of heights

used in geometric levelling). Table 2 presents the heights differences obtained in both
measuring periods.

Table 2. Heights differences [mm]

Heights difference
Jj=0 j=1
ho%s = —61.7 h9%S | = —56.0

RS,1 ) RS,1 i
h =13.5 % = 6.7

S =53 S = 4.7

h$P% = 9.6 hgos =93

h$Ps = -5.0 h$Ps = -4.7

The basic adjustment results of variant 1 are presented below. The values of the rota-
tions’ angles in both measuring periods (Eq. (2.12)), their difference y’ = \(é)j =l (&)’ =0|
and the values of the mean errors obtained from the estimation (Eq. (3.3)) are shown in
Table 3.

Commenting on the results obtained from the estimation, it is easy to notice that
differences of the rotations’ angles are respectively y5 = 7.3151¢¢, y;, = 67.1568°“ and
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Table 3. The values of: rotation angles, mean errors and parameter y’

Angle Epoch j =0 Epoch j =1 v Mean errors
39 —647, 9543¢¢ —655,¢¢€ 2694 7.3151¢¢ Mgy = 1€, 8369
&5€ 185, 8406¢¢ 118,€ 6838 67.1568¢¢ mg, =2, 6714

they indicate the existence of displacements of the entire examined object treated as the
rigid body. The parameters yx = kmg, = 3 -1, 8369 = 5, 5107 and yy = km,, =
3.2,°6714 = 8,°“ 0142 are obtained assuming that for k = 3.0y = km is the limited
value for vertical displacements. Both magnitudes y;, > yx and y;, > yy. Hence, the
conclusion is that the examined object displaced vertically. The formulated conclusion
concerns the whole construction treated as the rigid body. In order to determine the vertical
displacements of individual points of the object (CPs), further calculation process should
be carried out according to the theoretical part of this paper. The estimated parameters §
(Eq. (2.14)), A (Eq. (2.16)) and y/ (Eq. (2.17)) are presented in Table 4. The mean errors
were calculated from Eq. (3.8), Eq. (3.9), Eq. (3.12).

Table 4. Basic adjustment parameters [mm]

Parameters Epoch j =0 Epoch j =1 Mean errors
SRS 17.1 15.7 Mgps = 0.06
$1 -24.2 -19.6 mg, = 0.06
) 9.7 7.7 mg, = 0.03
§3 6.9 7.5 mg, = 0.06
Sq 5.4 5.4 mg, = 0.04
85 —4.1 -5.8 mg, =0.13
ARs =13 -8.4 my, . = 0.05
A1 -27.7 -29.1 my =0.09
Ay —48.1 -49.7 my, =0.15
A3 —-40.0 —44.8 my, =0.23
Ay -18.0 -22.6 my, =0.19
As 244 -26.9 my, =0.12
ZRrs 9.8 73 my . =005
Z -51.9 —48.7 my =0.10
V4 -38.4 —42.0 my, =0.16
Z3 -33.1 -37.3 my =0.19
Zy -23.5 -28.0 my =021
Zs -28.5 -32.7 my =022
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Using the data presented in Table 5, the RS’s vertical displacement dgg can be deter-
mined using the relationship (Eq. (2.18))

drs =20y — 213 =73-98=-25mm

The mean error calculated for this displacement from Eq. (3.14) is m 3, = 0.13 mm.
The vertical displacements of the other sensors (i = 1, 2, 3, 4, 5) were determined using
Eq. (3.13). The assessment of their accuracy was also conducted with the use of Eq. (3.14).
The obtained values are presented in Table 5. The vertical displacements determined on
the basis of the proposed algorithm are marked as M (K). Whereas, the displacements
obtained from the algorithm proposed in the work [9] were marked as M (K M).

Table 5. Values of the vertical displacements and their mean errors [mm]

M (K) M (KM)
value of displacements | mean errors | value of displacements | mean errors
dy=5.7 mg =0.16 dy=5.7 mg =03
dy=-1.1 ma2:0.22 dy =-1.1 m3220.3
dz =-1.7 mg, =033 dy =-1.7 mg =04
dy=-2.0 mg, = 0.27 dy=-2.0 mg, = 0.4
ds =-1.7 mg. =0.25 ds =-1.7 mg. =0.2

Commenting on the calculation results presented in Table 5, it should be stated that
the identical vertical displacements values d; were obtained for all sensors using methods:
M (K) and M (KM).

4.2. Analysis of the results obtained for Variant 11

In variant II detailed analyses were carried out for the differences of heights determined
from the following relationship h; = zgrs — z;, for j = 0 and j = 1 (Table 6).

Table 6. Heights differences [mm)]

Heights difference
j = O J = ]
hoYs | =—61.7 hoYs | = —56.0
RS,1 i RS, 1 i
bs  _ bs
hips 5 = —48.2 hSps , = —49.3
bs  _ bs _
hips 3 = —42.9 hSps 5 = —44.6
bs  _ bs _
hSps 4 =333 hSgs 4 = =353
hobS o = —38.3 hobs o = —40.0
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Table 7 presents respectively: magnitudes of rotation angles (Eq. (2.12)) and their mean
errors (Eq. (3.3)) as well as values y’ = |(é)1:1 - (é)1:0|.

Table 7. The values of: rotation angles, mean errors and parameter y’

Angle Epoch j =0 Epoch j =1 Y Mean errors
&Y —647, 9543¢¢ —655¢¢, 2694 7.3151¢¢ Mgy = 1€, 5786
élc/c 185, 8406¢¢ 118¢¢, 6838 66.1458¢<¢ mgy, =2°¢, 0263

Commenting on the calculation results presented in Table 7, it can be noted that:
Yx = 7.3151¢¢ assuming that yx = kmg, =3-1,5786°¢ = 4.7358° and yy, = 66.1458¢
assuming that yy = km,, =3-2.0263°° = 6.0789°.

Hence, the results are the magnitudes of y§ > yx and y;, > yy. It is equivalent to
the fact that the tested structure (treated as the rigid body) was vertically displaced. The
basic parameters values (§ (Eq. (2.14)), A (Eq. (2.16)) and 7 (Eq. (2.17)) obtained from
the estimation are presented in Table 8. The mean errors were calculated from: Eq. (3.8),
Eq. (3.9), Eq. (3.12).

Table 8. Basic adjustment parameters [mm]

Parameters Epoch j =0 Epoch j =1 Mean errors
SRS 17.1 15.7 Mg = 0.05
8 242 -19.6 mg, = 0.08
8 9.7 7.7 mg, =0.05
83 6.9 75 mg, = 0.06
34 5.4 54 mg, = 0.06
35 4.1 -5.8 mg, = 0.09
ARs -13 -8.4 my,. = 0.03
A 271 -29.1 my, =0.06
A —48.1 —49.7 my, =0.11
A3 —40.0 —44.8 my, =0.12
A4 -18.0 -22.6 my, =0.11
As —24.4 -26.9 my, = 0.07
ZRS 9.8 7.3 my. =007
7 -51.9 —48.7 my =0.08
7, -38.4 —42.0 my =0.13
73 -33.1 373 my, =0.16
Z4 235 -28.0 my, =0.12
Zs -28.5 -32.7 my. =0.09
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The RS’s vertical displacement should be determined in the same way as in variant L.
The following results are gained: dgs = 21]:91 _lego =7.3-9.8 = —2.5 mm while carrying
out the calculations with mean error m drs = 0.13 (Eq. (3.14)). The values of the estimated
parameters presented in Table 8 allowed to determine the vertical displacements of the
individual CPs (i = 1,2,3,4,5). Table 9 presents the displacements values (Eq. (3.13))
obtained with the use of M (K) method, the comparison of their results with the results
obtained using the M (KM) method as well as the mean errors values (Eq. (3.14)) of the
vertical displacements.

Table 9. Values of the vertical displacements and their mean errors [mm]

M (K) M (KM)
value of value of
displacements friean errors displacements mean errors
dy=5.7 mg =0.16 dy=5.7 mg =03
dy=-1.1 mg, =0.20 dy =-1.1 mg, =03
dz =-1.7 mg, =027 dy =-1.7 mg, =04
dy=-2.0 mg, =022 dy =-2.0 mg, =04
ds =-1.7 mg, =0.19 ds =-1.7 mg =02

Commenting on the results of calculations summarised in Table 9, it can be noted that
displacements values obtained with the use of both methods are identical. The magnitudes
of mean errors obtained from calculations have comparable values between them.

5. Conclusion

Table 10 presents the results of calculations obtained using the M (K) method and the
M (K M) method proposed in this work. To compare the obtained results, the displacements
values were determined from raw data M (RD).
The values of vertical displacements with the use of the M (RD) method were obtained
as follows:
1. Using the relationship H;y1 = H; + z; — z;+1, the heights of the CPs on which the
measuring sensors were placed, were calculated in epochs j = O and j = 1, assuming
for both epochs H{;O’l = 0.00 mm.
2. The values of vertical displacements of the CPs were calculated using the dependence
di=H/™ ~ ™.
The displacements values obtained using the M (RD) method are presented in the last
column of Table 10.
Analysing the magnitudes of displacements d presented in Table 10, it can be seen, that
the M (K) method (variant I and variant II) provides the same results as results received
using the methods: M (KM) and M (RD). The values of RS’s displacements obtained
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Table 10. Summary of obtained displacement values [mm]

Variant I M (K) Variant II M (K) M (KM) M (RD)
d mj d mj d m d

dy =57 mg =0.16 dy =57 my =0.16 dy =57 mg =0.3 dy =57

dy=-1.1 | my =022 | dy=-1.1 | my =020 |dy=—1.1|my =03 | dy=-1.1

d3=-1.7 mg, =033 d3=-1.7 mg, =027 dy=-1.7 mg, =0.4 dy=-1.7
dy=-20 | my =027 | dy=-20 | my =022 | dg=-2.0|my =04 |dy=-2.0
ds=-17 | my =025 | ds=-17 | my =019 |ds=-1.7|my =02 |ds=-17

drs =-2.5|mg, =013 | drs =-2.5 |mg._=0.13 - - -

from the estimation in both variants are dgs = —2.5 mm. The possibility of calculating
the vertical displacement of RS is an undoubted advantage of the submitted proposal. This
information enables for more detailed interpretation of the vertical displacements results
obtained from HLS. Thus, wider knowledge about maintenance of the entire examined
object treated as the rigid body is obtained. The advantage of the submitted proposal
is also the possibility of assessing the accuracy of the obtained values of displacements
d represented by mean errors m g- It is worth adding here that the covariance matrices
presented in this work allow to assess the accuracy of the obtained parameters at all stages
of the estimation of the implemented algorithm. It should also be stated that the proposed
method of data evaluation of observations’ results obtained from HLS found its practical
confirmation.

6. Summary

To sum up, this paper proposes the new way of estimation the results obtained from
HLS. The calculations assume the lack of stability of the point where the RS is placed.
The author derived the dependencies solving the research problem and explicit forms of
the covariance matrices enabling the accuracy assessment of obtained determinations. The
tests using practical examples were also carried out. The results obtained from practical
research confirmed the theoretical considerations.

It is essential to add that number of tests (especially empirical) has to be conducted
in order to examine the remaining practical properties of submitted proposal. These tests
should be realised on different geometrical constructions (e.g. long bridges, tunnels, etc.),
larger number of CPs set, etc. The identification of probable limits in application of
proposed estimation method will be possible from these tests. The author does not have the
access to such various set of HLSs data so, the author invites to scientific cooperation all
who are interested in the problems presented in this paper.
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Wyznaczanie przemieszczen pionowych metoda niwelacji
hydrostatycznej przy zmiennym poloZeniu sensora referencyjnego

Stowa kluczowe: przemieszczenia pionowe, systemy niwelacji hydrostatycznej, przemieszczenia
pionowe sensora referencyjnego

Streszczenie:

Wyznaczanie przemieszczen i odksztalcenn obiektow jest aktualnym problemem wspéiczesnej
geodezji inzynieryjnej. Jednym z najwazniejszych etapéw takich prac, jest problem lokalizacji stabil-
nych punktéw referencyjnych w stosunku, do ktérych wyznaczanie beda przemieszczenia pozostalych
punktéw kontrolowanych. Punkty referencyjne musza zachowa¢ stabilno$¢ swojego potozenia, aby
uzyskiwane wyniki pomiaréw byly wiarygodne. Zasadg jest, ze punkty referencyjne lokalizowane sg
poza strefami wptywu przemieszczajacego i deformujacego si¢ obiektu. Celem wyznaczania prze-
mieszczen mozna wykorzysta¢ migdzy innymi: systemy satelitarne GNSS, tachimetry, niwelacje
precyzyjna oraz hydrostatyczna, naziemny skaning laserowy, itp. System niwelacji hydrostatycznej
(HLS) pozwala na wyznaczanie przemieszczen pionowych z wysoka doktadnoscia (rzedu setnych cze-
$ci milimetra). Takie doktadno$ci powoduja, ze HLSs sa bardzo szeroko wykorzystywane zwlaszcza
w monitoringu struktur inzynierskich. Przyktadem wykorzystania HLS jest mig¢dzy innymi monito-
ring: tam [11], mostéw i wiaduktéw [2,5,11], budowli usytuowanych w poblizu glebokich wykopéw
wystepujacych podczas budowy tunelu [14], hal sportowych [15], jak réwniez monitoringu synchro-
tronu CERN [1,10,11], stopy fundamentowej wiez i masztéw [18], koSciotéw [12,13], itp. Realizujac
HLS najczesciej zaktada sig, ze jeden z punktéw wraz z umieszczonym na nim sensorem nie bedzie
zmienialswojego potozenia i wzgledem tego punktu beda wyznaczane przemieszczenia pozosta-
tych sensoréw umieszczonych na punktach kontrolowanych. Taki sensor jest traktowany jako sensor
referencyjny (RS). Trudnym zadaniem jest jednak okreslenie statoSci potozenia takiego sensora.

Réwnoczesnie z rozwojem wysoko doktadnych HLSs, pojawiaja si¢ prace, w ktérych szczego-
fowo analizowane sg wplywy elementéw sktadowych HLS na uzyskiwane rezultaty przemieszczen.
Przyktadem moze by¢ miedzy innymi prace: [4, 18], w ktdérych szczegétowo analizowano wplyw
temperatury na wyniki uzyskane przy pomocy HLS. W pracy [9] autorzy proponuja metode¢ réznic
obserwacji wyznaczania przemieszczen pionowych. Takie podejScie umozliwia eliminowanie bie-
doéw systematycznych obciazajacych rezultaty pomiaréw HLSs. Autorzy podali rozwigzania umoz-
liwiajace analize doktadnosci uzyskiwanych rezultatéw przemieszczen pionowych, jak réwniez ich
predykcje z wykorzystaniem filtru metoda Kalmana. W niniejszej pracy przedstawiono nowa metode
wyznaczania przemieszczen pionowych punktéw kontrolowanych mierzonych HLSs. Problemem
teoretyczno — empirycznym analizowanym w tej pracy jest zlozenie o braku stabilnosci sensora RS.
W trakcie estymacji wyznaczane sg zatem zaréwno warto$ci przemieszczen sensora RS, jak réwniez
przemieszczenia pionowe pozostatych sensoréw. Oznacza to, Ze sensor referencyjny traktowany jest
tak samo, jak pozostale sensory umieszczone na punktach kontrolowanych. Praca jest rozwini¢gciem
problematyki analizowanej w pozycjach: [3,6-9,16]. W pracy [3], zaproponowano pewien algorytm
postepowania podczas wyznaczania przemieszczen pionowych w sytuacjach, gdy nie mozna okre-
§li¢ stabilnych punktéw referencyjnych. Wykorzystujac te ide¢ w niniejszej pracy zaproponowano
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procedure wyznaczania przemieszczen pionowych w sytuacjach, gdy ze wzgledéw technicznych lub
ekonomicznych nie mozna wykonac konstrukcji, ktérej warunki geometryczne zapewniaja obserwa-
cje nadliczbowe, a tym samym mozliwos$ci wyréwnania rezultatow obserwacji. W takich sytuacjach
najczgsciej uzyskujemy jednoznaczne wyniki obliczen. Przyktadem moga by¢ wyniki obserwacji
uzyskane z systeméw niwelacji hydrostatycznej lub wiszace ciagi niwelacji geometrycznej. W roz-
dziale 2 przedstawiono podstawy teoretyczne metody. Analize doktadnosci uzyskanych parametréw
przedstawiono w rozdziale 3. Praktyczne obliczenia wykonane na symulowanej osnowie i oméwienie
uzyskanych wynikéw sg tre$cig rozdziatu 4.

Obliczenia realizowano w dwdch nastepujacych wariantach: wariant I: obliczenia wykonano
dla przewyzszen uzyskanych pomiedzy kolejnymi sensorami, wariant II: obliczenia wykonano dla
przewyzszen uzyskanych pomiedzy kolejnymi sensorami, a sensorem referencyjnym.

Analizujac przedstawione w Tabeli 10 (Rozdzial 5) rezultaty przemieszczen d widzimy, ze pro-
ponowang w niniejszej pracy metoda (M (K), Wariant II) uzyskano takie same wyniki, jak metodami:
M (KM) [3] i M (RD) (z bezposrednich wynikéw pomiaru). Uzyskane z estymacji wartosci prze-
mieszczen punktu referencyjnego (RS) w obu wariantach wynosza dg s = —2.5 [mm]. Mozliwo$¢
obliczenia przemieszczenia pionowego sensora referencyjnego jest niewatpliwa zaleta zgloszonej
propozycji. Taka informacja umozliwia pelniejsza interpretacje uzyskanych z niwelacji hydrostatycz-
nej wynikéw przemieszczefi pionowych. Tym samym uzyskujemy wieksza wiedze o zachowaniu si¢
calego badanego obiektu traktowanego jako bryla sztywna. Zaletg zgtoszonej propozycji, jest takze
mozliwo$é oceny dokltadnosci ostatecznych wartosci przemieszczen d reprezentowanych btedami
Srednimi m ;. Warto dodac, ze przedstawione w niniejszej pracy macierze kowariancji umozli-
wiaja ocen¢ doktadnosci otrzymanych parametréw na wszystkich etapach estymacji realizowanego
algorytmu. Nalezy takze stwierdzié, ze zaproponowany sposéb opracowania wynikéw obserwacji
uzyskanych z niwelacji hydrostatycznej znalaztswoje praktyczne potwierdzenie.

Przedstawione rezultaty zachecajg do dalszych bardziej szczegétowych badari na rzeczywistych
obiektach inzynierskich.
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