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Stability of continuous-discrete linear systems described
by the general model
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Abstract. New necessary and sufficient conditions for asymptotic stability of positive continuous-discrete linear systems described by the
general 2D model are established. A procedure for checking the asymptotic stability is proposed. The effectiveness of the procedure is

demonstrated on examples.
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1. Introduction

In positive systems inputs, state variables and outputs take
only nonnegative values. A variety of models having positive
systems behavior can be found in engineering, management
science, economics, social sciences, biology and medicine etc.
An overview of state of the art in positive systems is given in
the monographs [1, 2]. The positive continuous-discrete 2D
linear systems have been introduced in [3], positive hybrid
linear systems in [4] and the positive fractional 2D hybrid
systems in [5]. Different methods of solvability of 2D hybrid
linear systems have been discussed in [6] and the solution to
singular 2D hybrids linear systems has been derived in [7].
The realization problem for positive 2D hybrid systems has
been addressed in [8]. Some problems of dynamics and con-
trol of 2D hybrid systems have been considered in [9, 10]. The
problems of stability and robust stability of 2D continuous-
discrete linear systems have been investigated in [11-17]. The
stability of positive continuous-time linear systems with de-
lays has been addressed in [18]. Recently the stability and
robust stability of Fornasini-Marchesini type model and of
Roesser type model of scalar continuous-discrete linear sys-
tems have been analyzed by Buslowicz in [12-14].

In this note new necessary and sufficient conditions for
asymptotic stability of positive continuous-discrete linear sys-
tems described by the general 2D model and a procedure for
checking the stability will be presented.

The following notation will be used: R — the set of real
numbers, Z; — the set of nonnegative integers, R"*™ — the
set of n x m real matrices, R’ "™ — the set of n x m matrices
with nonnegative entries and R = %iXI, I, —the n xn
identity matrix.

*e-mail: kaczorek@isep.pw.edu.pl

2. Preliminaries
Consider the continuous-discrete linear 2D system [2, 3]
(t, i+ 1) = Agx(t,i) + A12(t, i)+
+ Asz(t,i+ 1) + Bu(t, i), (1)
te Ry, i€ Zy,

where
Ox(t,1)

ot ’
u(t,i) € R™,
B e ®m™,

z(t,1) =
x(t,i) € R™,
Ag, Ay, Ay € RV,

Definition 1. The continuous-discrete linear 2D system (1) is
called (internally) positive if x(¢,i) € R, t € Ry, i € Z4
for any input u(t,4) € R and all initial conditions

z(0,1) € R,
x(t,0) € RT, #(t,0) € N,

Theorem 1. [2, 3] The continuous-discrete linear 2D sys-
tem (1) is positive if and only if

A2 S M’n.a AOaAl S %ixna
Ao —|—A1A2 S %ixn and B e %ixm7

where M, is the set of n x n Metzler matrices (with nonneg-
ative off-diagonal entries).

1€ 24, @
teRy.

3)

Definition 2. The continuous-discrete linear 2D system (1) is
called asymptotically stable if

lim x(¢,i) =0 4)

t,2—00

for bounded initial conditions and for u(t,7) = 0.
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The matrix A € R™ "™ is called asymptotically stable
(Hurwitz) if all its eigenvalues lie in the open left half of
the complex plane.

Definition 3. The point . is called equilibrium point of he as-
ymptotically stable system (1) if for Bu =1,, = [1 ... 1]T €
RTif

0= A()ZCG + AQZCG + 1n (5)
Asymptotic stability implies det[Ag + A2] # 0 and from (5)
we have

e = —[Ao + A2] 1. 6)

Remark 1. From (1) for B = 0 it follows that the positive
system is asymptotically stable only if the matrix A; — I, is
Hurwitz Metzler matrix [1, 2].

In what follows it is assumed that the matrix A; — I, is
a Hurwitz Metzler matrix.

Theorem 2. The linear continuous-discrete positive 2D sys-
tem (1) is asymptotically stable if and only if all coefficients
of the polynomial
det[Ins(z + 1) - AO — A1$ — AQ(Z + 1)] =
= §"2" + Ap 18" 2"+ ™
+ 108" 2" 4.+ TroS + To12 + oo

are positive, i.e.

Gry >0  for k1=0,1,....0(G,=1). (8)

3. Main result

Theorem 3. Let the matrix A; — I,, be a Hurwitz Metzler
matrix. The positive continuous-discrete linear 2D system (1)
is asymptotically stable if and only if there exists a strictly
positive vector A € R’} (all components of the vectors are
positive) such that

(Ao + A2)A < 0. 9)

Proof. Integrating the Eq. (1) with B = 0 in the interval
(0, +00) for i — 400 we obtain

x (400, +00) — (0, 400) =
+00
= Ay / x(7, +00)dr + Ar12(+00, +00)—
0 (10)
+00
— A12(0,+00) + As / x(T, +00)dT.
0

If the system is asymptotically stable then by (4) from (10)
we obtain

+oo
(A1 — I)x(0, +00) = (A + A2) / x(r, +oo)dr. (11)
0

If the matrix A; — I,, is Hurwitz Metzler matrix then for
every z(0, +00) > 0 such that (A; — I,,)z(0, +00) is a strict-
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ly negative vector, A\ = / x(7,+00)dr is a strictly positive

vector and (9) holds.

Now we can show that if there exists a strictly positive
vector A such that (9) holds then the positive system (1) is
asymptotically stable. It is well-known that the positive sys-
tem (1) with B = 0 is asymptotically stable if and only if the

corresponding transpose positive system

i(ti+1) = Al a(t,i) + ATa(t,0) + AL x(t,i+ 1),
. 12)
te Ry, 1€ 74

is asymptotically stable. As a candidate for a Lapunov func-
tion for the positive system (12) we chose

V(t,z(i)) = zT(t, i)\,  A>0 (13)

which is positive for every nonzero x(t,4) € R'f. Using (13)
and (12) we obtain

AV (t,2(i)) = V(t, 2(i + 1)) = V(t, 2(i) =
= T (t, i+ )N — a7 (t, i)\
= &7 (t,i)[A1 — LA+ 2T (t,9) Ao\ + 2T (t, i + 1) A\

aT(t,i)(Ag + A)A  for
2T (t,i+ 1)(Ag + As)A  for

x(t, i) > x(t, i+ 1)
x(t, i) < x(t,i+ 1)

(14)
since by assumption [A; — I,]A < 0. If (9) holds then from
(14) we have AV(t,z(i)) < 0 and the positive system is
asymptotically stable.

Remark 2. As the strictly positive vector A we may choose
the equilibrium point (6) since for A = . we have

(Ag + A2)\ = —(Ag + A2)(Ag + A2) 11, = —1,,. (15)

Theorem 4. The positive system (1) is asymptotically stable
if and only if both matrices

Ay — 1, Ao + A (16)

are Hurwitz Metzler matrices.

Proof. From Remark 1 it follows that the positive system (1)
is asymptotically stable only if the matrix Ay — I,, is Hurwitz
Metzler matrix. By Theorem 3 the positive system is asymp-
totically stable if and only if there exists a strictly positive
vector A such that (9) holds but this is equivalent that the
matrix Ag + A, is Hurwitz Metzler matrix.

To test of the matrices (16) are Hurwitz Metzler matrices
the following theorem is recommended [2, 19].

Theorem 5. The matrix A € £™*" is a Hurwitz Metzler ma-
trix if and only if one of the following equivalent conditions
is satisfied:

i) all coeflicients aq, ..
mial

.,an—1 of the characteristic polyno-

det[I,s — Al = 8" +a, 15" ' +...+as+ag (17)

are positive, i.e. a; > 0,2 =0,1,...,n—1,
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ii) the diagonal entries of the matrices

AW for k=1,...,n—1 (18)
are negative, where
(0) (0)
 E P A0 O
A0 — g4 = : : n—1 On-1
n . . . 651021 agzozz ’
@ .. a0
0 0
agl) e a’g,’ifl
0
Agz—l = : : )
0 0
agz—)l,l agz—)l,n—l
ai
0 .
o= ],
0
aglzl,n
05107)1 = ano,)1 agzo,zhl ],
k—1) (k—1)
AR q 1) m -
n—k — “n—k (k—1)
an—k-i—l,n—k-i—l
k k
agl) e ag,v)l—k
k k
ang)m ailf)k,nfk
k) k)
AT
B k k) '
Csz—)k—l a;,—k,n—k
k)
ag,n—k
k .
bgz—)k—l = : )
k
“sz—l,n—k
k k k
Ciz—)k—l = aflzk,1 aijk,nfkq ]
(19)
fork=0,1,...,n—1.

To check the stability of the positive system (1) the fol-
lowing procedure can be used.

Procedure 1.

Step 1. Check if at least one diagonal entry of the matrix
Ay € R*™ is equal or greater then 1. If this holds
then positive system ( ) is unstable [2].

Step 2. Using Theorem 5 check if the matrix A; — I, is
Hurwitz Metzler matrix. If not the positive system (1)
is unstable.

Bull. Pol. Ac.: Tech. 59(2) 2011

Step 3. Using Theorem 5 check if the matrix Ag + Ay is
Hurwitz Metzler matrix. If yes the positive system (1)
is asymptotically stable.

Example 1. Consider the positive system (1) with the matrices

0.2 0.1 0.4 0.2
’ Al = ;
0.1 0.3 0.1 0.3

0=
(20)

Ao = —o(.); —O(fﬁ 1 '
By Theorem 1 the system is positive since As € M,
T P

Using Procedure 1 we obtain the following
Step 1. All diagonal entries of the matrix Ay are less then 1.

Step 2. The matrix A; — I,, is Hurwitz since the coefficient of
the polynomial

0.6 —0.2
det[los— A+ 1) = | ° 7 = 24+ 1.35+0.4
—-0.1 s40.7

are positive.

Step 3. The matrix

—-0.3 0.2
A=A+ Ay =
o+ A 03 —0.3 1

is also Hurwitz since (using condition ii) of Theo-
rem 5)

) 0.2%0.3
A = 03+ =52 = —0.1< 0,

By Theorem 4 the positive system (1) with (20) is asymptot-
ically stable.
The polynomial (7) for positive system has the form

det[Igs(z + 1) — AQ — Als — AQ(Z + 1)] =

s(z+1)—0.2-0.4s+0.5(z+1)
—0.1-0.15 —0.2(2 + 1)
—0.1-0.25—0.1(z + 1)
s(z+1)—0.3-0.354+0.6(2+1)
=5%222 + 13522+ 1.1s2%2 + 1.26s2+
+0.2822 +0.262 + 0.452 4+ 0.31s + 0.03.

All coefficients of the polynomial are positive. Therefore,
by Theorem 4 the positive system is also asymptotically sta-
ble.

It is well-known [2] that substituting Ag = 0, B = 0 in
(1) we obtain the autonomous second Fornasini-Marchesini
continuous-discrete linear 2D system

(t, i+ 1) = Aya(t, i) + Asx(t,i + 1),
(2D
te Ry, 1€ 2.
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The autonomous Roesser type continuous-discrete model has
the form [2]

P (t,1) | An Ap al(t,i
xV(t, i+ 1) Ao Ao a(t,i) | (22)
te Ry, 1€ 2y,
Da(t, 1)

where z(t,1) = 5 2(t,i) € R™ and xV(¢,i) € N2

are the horizontal and vertical vectors and A;; € R *"™,
k,I = 1,2. The model (22) is positive if and only if [2]
Ay is a Metzler matrix and Ajp € R ™2, Ay € R2X™,

Ago € R27"2. The positive model (22) is a particular case
of the model (21) for [2]

0 0
Asy Agp

A Ag
0 0

A = ; 2 = (23)

By Theorem 2 the positive Roesser type continuous-discrete
model (22) is asymptotically stable if and only if the coeffi-
cients of the polynomial

—Alg(z’ =+ 1)

det In,s(z4+1)— Ann(z+1)
In,s(z+ 1) — Agas

—A218

niy  n -~ ni na—1
=8"2" +p, py—18""2"7T +

~ —1 ~ ~ ~ ~
FUny—1,mp 8" 2™ + .. 4+ Q1152 + Q108 + Q12 + Goo
(24)
are positive.

Proof. To transform the model (22) to the model (21) we
perform the following two operations:
1) In the equation

iMti)=[ A Az |

we substitute ¢ by ¢ + 1.
2) We differentiate with respect to ¢ the equation

2h(t, i) ]

x”(t,i + 1) = [ A21 xv(t z)

Ago |

Note that to operation 1) corresponds the multiplication of the
Z transform by z and to the operation 2) the multiplication of
the Laplace transform by s. These operations do not change
the asymptotic stability of the positive system (model). To
shift the unit circle of the complex plane in the left half of
the complex plane we substitute z by z + 1.

Taking into account

—Algz

Iy, 82 — Az
In,s(z+1) — Agas

—A215

o Imz O Inls — A11
N 0 Iy,s —Ay

_A12
In2 (Z + 1) — A22

and Theorem 5 we conclude that the positive Roesser type
model (22) is asymptotically stable if and only if all coeffi-
cients of the polynomial (24) are positive.

Example 2. Consider the positive scalar model (22) with [14]

0 0
A, = 7 Ay = aiy a2 7

az1 a2 0 0 (25)
a1 <0, a2 > 0, a1 > 0, aze > 0.

The polynomial (24) for (25) has the form

s(z+1)—ann(z+1)
—a218

—a12(2 + 1)

det =
s(z+1) —agns

= 5222 + (2 — a92)s%2 — a1152% + (1 — ag0)s*+ (26)

+(—2a11 + a11a22 — a12a21)52+
+ (a11a22 — a12a21 — a11)s

and its coefficients are positive if and only if a;; < O,
0 < age < 1 and aj1a99 — ai2ao1 > aqp. This result is
consent with the one obtained in [14] by different method.

4. Concluding remarks

New necessary and sufficient conditions for the asymptotic
stability of continuous-discrete linear systems described by
the general model have been established (Theorem 3 and 4).
A procedure for checking the stability has been proposed and
its effectiveness has been demonstrated on examples. The
considerations can be also extended for fractional positive
2D continuous-discrete linear systems and linear continuous-
discrete 2D systems with delays.
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