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Abstract. The positivity and asymptotic stability of the fractional discrete-time nonlinear systems are addressed. Necessary and sufficient 
conditions for the positivity and sufficient conditions for the asymptotic stability of the fractional nonlinear systems are established. The pro-
posed stability tests are based on an extension of the Lyapunov method to the positive fractional nonlinear systems. The effectiveness of tests 
is demonstrated on examples.
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– the set of nonnegative integers, Mn – the set of n×m Metzler 
matrices (with nonnegative off-diagonal entries), In – the n×m 
identity matrix.

2.	 Positive discrete-time linear systems  
and their stability

Consider the discrete-time linear system

xi+1 = Axi + Bui,  i 2 Z+ = {0,1,..}� (2.1a)
yi = Cxi + Dui,� (2.1b)

where ui 2 ℜn, ui 2 ℜm, yi 2 ℜ p  are the state, input and output 
vectors and A 2 ℜn×n, B 2 ℜn×m, C 2 ℜ p×n, D 2 ℜ p×m.

Definition 2.1. [8, 15] The discrete-time linear system (2.1) is 
called (internally) positive if xi 2 ℜ+

n, yi 2 ℜ+
p, i 2 Z+ for any 

initial conditions x0 2 ℜ+
n and all inputs xi 2 ℜ+

m, i 2 Z+.

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is 
positive if and only if

A 2 ℜ+
n×n, B 2 ℜ+

n×m, C 2 ℜ+
p×n, D 2 ℜ+

p×m.� (2.2)

Definition 2.2. [8, 15] The positive discrete-time linear system 
(2.1) is called asymptotically stable if

l
i
i
→
m

∞
xi = 0 for any x0 2 ℜ+

n� (2.3)

Theorem 2.2. The positive discrete-time linear system (2.1) is 
asymptotically stable if and only if one of the following equiv-
alent conditions is satisfied:
1)	All coefficients of the polynomial

pn(z) = det[In(z + 1) − A] = zn + αn−1zn−1 +� (2.4) + … + α1z + α0

are positive, i.e. αi > 0 for i = 0,1, …, n + 1.

1.	 Introduction

A dynamical system is called positive if its trajectory starting 
from any nonnegative initial condition state remains forever in 
the positive orthant for all nonnegative inputs. An overview of 
state of the art in positive system theory is given in the mono-
graphs [8, 15] and in the papers [16, 17, 19, 20]. Models hav-
ing positive behavior can be found in engineering, economics, 
social sciences, biology and medicine, etc.

The Lyapunov, Bohl and Perron exponents and stability of 
time-varying discrete-time linear systems have been investigat-
ed in [1–7]. The positive standard and descriptor systems and 
their stability have been analyzed in [15–20]. The positive linear 
systems with different fractional orders have been addressed in 
[17, 21] and the descriptor discrete-time linear systems in [16]. 
Descriptor positive discrete-time and continuous-time nonlinear 
systems have been analyzed in [10, 11] and the positivity and 
linearization of nonlinear discrete-time systems by state-feed-
backs in [19]. The minimum energy control of positive linear 
systems has been addressed in [12–14]. The stability and ro-
bust stabilization of discrete-time switched systems have been 
analyzed in [23, 24].

In this paper the positivity and asymptotic stability of the 
fractional discrete-time nonlinear systems will be investigated.

The paper is organized as follows. In section 2 the definitions 
and theorems concerning the positivity and stability of positive 
discrete-time linear systems are recalled. Necessary and suffi-
cient conditions for the positivity of the fractional discrete-time 
nonlinear systems are established in section 3. The asymptotic 
stability of the positive fractional nonlinear systems is addressed 
in section 4, where the sufficient conditions for the stability are 
proposed. Concluding remarks are given in section 5.

The following notation will be used: ℜ – the set of real 
numbers, ℜn×m – the set of n×m real matrices, ℜ+

n×m – the set 
of n×m matrices with nonnegative entries and ℜ+

n = ℜ+
n×1, Z+ 
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2)	� All principal minors of the matrix  ̅A = In − A = [ ̅αij] are pos-
itive, i.e.

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
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where 
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
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,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

.� (2.5)

Proof. The proof is given in [15].

3.	 Positivity of the fractional nonlinear systems

Consider the fractional discrete-time nonlinear system

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

� (3.1a)

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

� (3.1b)

where

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

,� (3.1c)

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

� (3.1d)

is the α-order difference of xi, xi 2 ℜn, ui 2 ℜm, yi 2 ℜ p are the 
state, input and output vectors, A 2 ℜn×n and f (xi−1, ui) 2 ℜn, 
g (xi, ui) 2 ℜ p are vector functions continuous in xi and ui.
Note that the fractional difference (3.1c) is defined in the point 
“i” not as usually in the point “i+1” [21, 22].
Substituting (3.1c) into (3.1a) we obtain

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

� (3.2a)

and

where n
ix  , m

iu  , p
iy   are the state, input and output vectors and nnA  , 

mnB  , npC  , mpD  . 
Definition 2.1. [8, 15] The discrete-time linear system (2.1) is called (internally) positive if 

n
ix  , p

iy  , Zi  for any initial conditions nx 0  and all inputs m
iu  , Zi . 

Theorem 2.1. [8, 15] The discrete time linear system (2.1) is positive if and only if 
nnA 

 , mnB 
 , npC 

 , mpD 
 .                                 (2.2) 

Definition 2.2. [8, 15] The positive discrete-time linear system (2.1) is called asymptotically 
stable if 

0lim 
 ii
x  for any nx 0 .                                              (2.3) 

Theorem 2.2. The positive discrete-time linear system (2.1) is asymptotically stable if and 
only if one of the following equivalent conditions is satisfied: 
1) All coefficients of the polynomial 

01
1

1 ...])1(det[)( azazazAzIzp n
n

n
nn  

                         (2.4) 
are positive, i.e. 0ia  for 1,...,1,0  ni . 

2) All principal minors of the matrix ][ ijn aAIA   are positive, i.e. 

0det  , ...  ,0  ,0
2221

1211
2111  AM

aa
aa

MaM n .                       (2.5) 

Proof. The proof is given in [15]. 
 
3. Positivity of the fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system 

),( 1 iiii uxfAxx  , 10  , ,..}1,0{ Zi ,                          (3.1a) 
),( iii uxgy  ,                                                                                  (3.1b) 

where 





i

j
jiji xax

0

 ,                                                    (3.1c) 



















,...2,1
0

for
for

!
)1)...(1(

1
)1()1(

j
j

j
j

j
a jj
j

                    (3.1d) 

is the  -order difference of ix , n
ix  , m

iu  , p
iy   are the state, input and output 

vectors, nnA   and n
ii uxf  ),( 1 , p

ii uxg ),(  are vector functions continuous in ix  
and iu . 
Note that the fractional difference (3.1c) is defined in the point “i” not as usually in the point 
“i+1” [21, 22]. 
Substituting (3.1c) into (3.1a) we obtain 




 
i

j
iiijij uxfAxxa

0
1 ),(                                             (3.2a) 

and 




 
i

j
iijiji uxfxcAx

1
111 ),( , Zi ,                                     (3.2b) 

where 

� (3.2b)

where

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

� (3.2c)

Assuming xi = 0, i = 1, 2, … from (3.2b) for i = 0 we have

x0 = f1(0, u0).� (3.3)

Therefore, the initial condition x0 is related with u0 by (3.3).

Lemma 3.1. The matrix

A1 = [In − A]−1 2 ℜ+
n×n� (3.4)

if and only if the positive linear system

xi+1 = Axi, A 2 ℜ+
n×n� (3.5)

is asymptotically stable.

Proof. By Theorem 2.2 the positive discrete-time linear sys-
tem (3.5) is asymptotically stable if and only if the matrix  
A − In 2 Mn is asymptotically stable (is Hurwitz) and by The-
orem 2.5 the condition (3.4) is satisfied if the system (3.5) is 
asymptotically stable. □

Theorem 3.1. The solution xi of the equation (3.2b) for given 
initial condition x0 2 ℜn and input ui 2 ℜm, i 2 Z+ has the form

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

� (3.6a)

where

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

.� (3.6b)

Proof. The proof can be accomplished by induction or by 
checking that (3.6) satisfies the equation (3.2b). □
In particular case for linear system

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

� (3.7)

the solution xi has the form

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

j� (3.8)

and the matrix Φj is given by (3.6b).

Remark 3.1. The solution xi of the equation (3.2b) can be 
computed using the formulae (3.6) iteratively for i = 1, 2, …  
and substituting xj−1 given by (3.6a) into the vector function 
f1(xj−1, uj) for i = 1, 2, … .

Definition 3.1. The fractional discrete-time nonlinear system 
(3.1) is called (internally) positive if x1 2 ℜ+

n, yi 2 ℜ+
p, i 2 Z+ 

for any initial conditions x0 2 ℜ+
n and all inputs ui 2 ℜ+

m, i 2 Z+.

Theorem 3.2. The fractional discrete-time nonlinear system 
(3.1) is positive if and only if 0 < α ≤ 1 and the matrix A 2 ℜ+

n×n 
is asymptotically stable and

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) 

,� (3.9a)

).,(),(  ,][

,,...,1  ,

1111
1

1 iiii
nn

n

jj

uxfAuxfAIA

ijac


 

 

                          (3.2c) 

Assuming 0ix , ,...2,1i  from (3.2b) for 0i  we have 
),0( 010 ufx  .                                                        (3.3) 

Therefore, the initial condition 0x  is related with 0u  by (3.3). 
Lemma 3.1. The matrix 

nn
n AIA 


  1

1 ][                                                   (3.4) 
if and only if the positive linear system 

ii Axx 1 , nnA 
                                                    (3.5) 

is asymptotically stable. 
Proof. By Theorem 2.2 the positive discrete-time linear system (3.5) is asymptotically stable 
if and only if the matrix nn MIA   is asymptotically stable (is Hurwitz) and by Theorem 
2.5 the condition (3.4) is satisfied if the system (3.5) is asymptotically stable. □ 
Theorem 3.1. The solution ix  of the equation (3.2b) for given initial condition nx 0  and 
input m

iu  , Zi  has the form 

),(
1

110 



i

j
jjjiii uxfxx ,                                         (3.6a) 

where 





j

k
kjkj Ac

1
1

 , ij ,...,2,1 , nI0 .                                 (3.6b) 

Proof. The proof can be accomplished by induction or by checking that (3.6) satisfies the 
equation (3.2b). □ 
In particular case for linear system 




 
i

j
ijiji uBxcAx

1
11

 , Zi , mnB 1                                    (3.7) 

the solution ix  has the form 





i

j
jjiii uBxx

1
10                                                 (3.8) 

and the matrix j  is given by (3.6b). 
Remark 3.1. The solution ix  of the equation (3.2b) can be computed using the formulae (3.6) 
iteratively for ,...2,1i  and substituting 1jx  given by (3.6a) into the vector function 

),( 11 jj uxf   for ,...2,1i . 
Definition 3.1. The fractional discrete-time nonlinear system (3.1) is called (internally) 
positive if n

ix  , p
iy  , Zi  for any initial conditions nx 0  and all inputs m

iu  , 

Zi . 
Theorem 3.2. The fractional discrete-time nonlinear system (3.1) is positive if and only if 

10  and the matrix nnA 
  is asymptotically stable and 

n
ii uxf  ),( 1  for n

ix   and m
iu  , Zi ,                             (3.9a) 

p
ii uxg ),(  for n

ix   and m
iu  , Zi .                             (3.9b) .� (3.9b)

Proof. Sufficiency. By Lemma 3.1 if A   2   ℜ+
n×n is asymptotically 

stable then A1  2   ℜ+
n×n. It is well-known [21] that if 0 < α ≤ 1 then 

cα
j > 0 for j = 1, 2,… . Therefore, from (3.6b) we have Φj 2 ℜ+

n×n 
for j = 0, 1, 2,… and from (3.6a) xi   2   ℜ+

n for i = 1, 2,… since 
by assumption (3.9a) f1(xi−1, ui) = A1 f (xi−1, ui)   2   ℜ+

n for xi   2   ℜ+
n 

and ui 2 ℜ+
m, i 2 Z+. If (3.9b) holds then from (3.1b) we have 

yi   2   ℜ+
p for i 2 Z+.

Necessity. If f (xi−1,   ui) = 0 then xi   2   ℜ+
n, i 2 Z+ only if A1   2   ℜ+

n×n 
and by Lemma 3.1 implies the asymptotic stability of the ma-
trix A   2   ℜ+

n×n. Note that xi   2   ℜ+
n for i 2 Z+ implies the condition 

(3.9a). Similarly, yi   2   ℜ+
p for i 2 Z+ implies the condition (3.9b).
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4.	 Stability of the positive fractional  
nonlinear systems

Consider the fractional discrete-time nonlinear system for zero 
inputs (ui = 0 and f (xi−1, 0) =  ̄f2(xi−1) in the form

Δαxi = Axi +  f̄2(xi−1), i 2 Z+, 0 < α ≤ 1� (4.1)

or

Proof. Sufficiency. By Lemma 3.1 if nnA 
  is asymptotically stable then nnA 

1 . It is 
well-known [21] that if 10   then 0
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j
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iiii uxfAuxf   ),(),( 1111  for n
ix   and m

iu  , Zi . If (3.9b) holds then from 
(3.1b) we have p

iy   for Zi . 
Necessity. If 0),( 1  ii uxf  then n

ix  , Zi  only if nnA 
1  and by Lemma 3.1 implies 

the asymptotic stability of the matrix nnA 
 . Note that n

ix   for Zi  implies the 
condition (3.9a). Similarly, p

iy   for Zi  implies the condition (3.9b). 
 
4. Stability of the positive fractional nonlinear systems 
 Consider the fractional discrete-time nonlinear system for zero inputs ( 0iu  and 

)()0,( 121   ii xfxf  in the form 
)( 12  iii xfAxx , Zi , 10                                       (4.1) 
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and 1A  is defined by (3.2c). 
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asymptotically stable in the region nD   if n

ix  , Zi  and 
0lim 

 ii
x  for nDx 0 .                                             (4.3) 

To test the asymptotic stability of the system the Lyapunov method will be used. As a 
candidate of the Lyapunov function we choose 
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ix  , Zi ,                                       (4.4) 

where nc   is a vector with strictly positive components 0ic  for ni ,...,1 . 
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since nc   is strictly positive. 
Therefore, the following theorem has been proved. 
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5.	 Concluding remarks

The positivity and asymptotic stability of the fractional dis-
crete-time nonlinear systems have been addressed. Necessary 
and sufficient conditions for the positivity of the fractional 
discrete-time nonlinear systems have been established (The-
orem 3.2). Using the Lyapunov direct method, sufficient con-
ditions for asymptotic stability of the fractional discrete-time 
nonlinear systems have been proposed (Theorem 4.1). The ef-
fectiveness of the conditions has been demonstrated in Exam-
ple 4.1. The considerations can be extended to fractional contin-
uous-time nonlinear systems. An open problem is an extension 
of the conditions to the descriptor fractional discrete-time and 
continuous-time nonlinear systems.
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