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Indicator of deformations of mutual projection of two arbitrary,
regular, three-dimensional spaces

In theory of regular projection of a surface into another surface, the term of the
indicator of projection deformations, as a topological substitute of an infinitesimal circle
of a unit radius is known. In the case of regular projection of a three-dimensional space
into a three-dimensional space, a three-axis ellipsoid is the indicator of projection deformations,
being the topological substitute of an infinitesimal unit sphere. This paper presents the
attempt to analytically describe the infinitesimal unit sphere in the original space and
its topological substitute in the projected space.

By analogy to projection of a surface into another surface [1], identity projection of the
three-dimensional space into the same space may be in general described by means of the
system of two functions:

F =7 v, w)
RS (i (u, v, w)e w, w — area (D)
7 =7 v w

The local scale of length for such projection is expressed by the quotient:

dar (_)du N _,) dv -2
— r— + 7| —+ 7
dar aw “dv Ydw "

=2 o @)
arl | g (Ha’u ja’v

— 7l— +7
dw dw

’;‘Zi—{) + 5 v



172 Jerzy Balcerzak, Jan Panasiuk

In the formula (2) the following relation occur:
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where A and A mean directional angles, and:
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are corresponding partial vectors of tangency to parametric lines u = const, U = const and

w = const.
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The ratio ¥l may be presented in the form of linear combination
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EsinA ﬁ%cosﬁ + (A%i, - ﬁ?})sinﬁ
B f[?,:cosA + (ET. - ﬁff)sinzi - H\/—E B
EsinA

(6)

of two vectors
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The vector ﬁl is expressed by the linear combination, which is known from theory of
projections of surfaces:
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Basing on (7) and (9) the vector p may have the more simple form:
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sinA = (p, cosA + p,sinA)cosA + p sinA (11)

The vector O is the linear combination
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The equation (11), as the relation of the vector p and directional angles A and A describes, in
general, the unit sphere of the unit radius || = 1.

If F= 0, the expression, which describes ,5; in (12) is simplified to the form:
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This happens only when the vector 7, is orthogonal to vectors ﬁl and ,5:.

T
In general, when ,5; is not identical with p  intheinterval A€ (-m, m),A" € <— > 5), an

interesting property of the system A = const, A = const occurs. This property partially
disappears, if the polar angle A is limited from the top by the value:
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This also results in limitation of the angle A from the bottom. Thus the standard analytical
description of the unit sphere, with poles in the points 7, and (- 7,), is obtained.

Substitution of vectors 7, 7, 7, in the second space (1) by vectors 7, 7,, 7,, leads to
affine transformation of the unit sphere into the ellipsoid:
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The ellipsoid (15), spanned on structural vectors (16), may be considered as the
indicator of projection deformations in the projection of the form:
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of a three-dimensional space into a three-dimensional space.
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Wskaznica znieksztalcenn odwzorowawczych dwéch dowolnych regularnych
przestrzeni trojwymiarowych na siebie

Streszczenie

W niniejszej pracy w formie najog6lniejszej podany zostal, w ujeciu wektorowym, opis analityczny elipsoidy
znieksztalcen odwzorowawczych w regularnym odwzorowaniu przestrzeni trojwymiarowej w przestrzen
tréjwymiarowa. Wyprowadzony zostal opis analityczny infinitezymalnej kuli jednostkowej w otoczeniu
rézniczkowym punktu przestrzeni oryginatu i rozpoznany jej oddpowiednik topologiczny w rézniczkowym
otoczeniu punktu przestrzeni obrazu.
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Excor banvyexcax
Hn Ianacrox

Hunukatpuca orodpakaroimux AedopManui
IBYX JIIO0OBIX PerylisipHbIX TPEXMEPHBIX MPOCTPAHCTB Ha cels

PesmomMe

B Teopun perynapHbIx 0TOOpaKeHHiT TOBEPXHOCTH Ha MMOBEPXHOCTDL U3BECTHLIM SIBJISIETCA MOHATHE
MHIMKATPHCLl OTOOpaxaromux nedopMauuil Kak 3KBHBAJIEHTA HH(PUHUTE3UMATILHON OKDYKHOCTH
C COMHHUYHBIM PagMycoM. 3aTO B CIIydae DETYJISPHOrO OTOOpaKeHHs TPEXMEDPHOrO MPOCTPAHCTBA
B TPEXMEDHOE MPOCTPAHCTBO, MHAMKATPUCOH oToOpaxaromux nedopMalui SBISETCS TPEXOCHBLIH
3JUTHIICOMA, C TOYKM 3DEHMS TONOJIOTMH COOTBETCTBYIOIHH HH(PHUHHUTE3NMANILHOH eIMHNYHON cdepe.
B nacrosueit pabore Obiia MpeAnpHHATA MOMBITKA AaHATUTHIECKOTO ONUCAHUS UHOUHHTE3UMATLHOM!
€IMHUYHON Cepbl B NPOCTPAHCTBE OPHIMHANA M €€ TONOJIOrMYECKOro 3KBHBAJICHTA B NMPOCTPAHCTBE
U300paxeHus.



