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The correct length of a sight line for determination of a refraction factor
from synchronic and bi-directional observations

The paper presents discusses a formula for the mean error m; of the refraction factor, determined
basing on synchronic and bi-directional observations of vertical angles, performed for a section of
trigonometric levelling. It turns out from analysis of the formula that the mean error of this factor is
mostly influenced by mean errors of vertical angles and heights of distance meters and prisms over

survey points. The error of a distance may be neglected; this leads to the simple working formula:

2 2

The my value was calculated for assumed values of mean errors of a vertical angle m, = 5" and the
height of an instrument m; = 0.02 m, and for changing values of the S distance. It turns out from the
results that the refraction factor k should be determined basing on sight lines, which are longer than
3000 m. In the case of shorter sight lines, mean errors of the refraction factor are of the same order as
the value of this factor, which is commonly used, i.e. k = 0.13 or they are bigger than this value.

Utilisation of precise methods of measurements of heights of instruments will not change the above
conclusion and the condition $>3000 is still valid.

A method of synchronic and bi-directional observations, which allows to calculate the
height difference of survey points, without using of a refraction factor k, is well known in
trigonometric levelling. It requires that vertical angles and, possibly, inclined distances, are
simultaneously measured from both ends of a section, and auxiliary values [2] are calculated
basing on measured values:

AH,, =S,sina, +i, —w, (1)
AH,, =S, sina, +i, —w, 2
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The height difference of survey points
AH, =H,-H, 3)
is calculated as the half difference of corresponding auxiliary values

AH ,, =0.5(AH ,, —AH,,) )

AH o =0.5(85, 81000, +ip=wy =Sp SINE; —ig +W,) 5)

The following notation has been assumed:
Sp — the inclined distance observed by means of an instrument located over the point
P to the prism located over the point K,
Sk — the inclined distance observed by means of an instrument located over the point K to
the prism located over the point P,
ap — the vertical angle observed by means of an instrument located over the point P to the
prism located over the point X,
ax — the vertical angle observed by means of an instrument located over the point K to the
prism located over the point P,
ip, ix — heights of location of an instrument over points P and K, respectively,
wp, wg— heights of location of prisms over points P and K, respectively,
Hp, Hi— levels of survey points P, K, i.e. their altitudes over the reference surface,
R — the radius of a reference sphere, equal to 6382 km.

If co-ordinates of the points P, K are known, measurements of inclined distances is not
required and it is sufficient to simultaneously measure vertical points ap, ax from both ends of
the section. Values of Dp, Dy, required for distance calculations, which are equal to lengths of
arcs at the instrument level over the points P and K, respectively, are calculated by adding
corrections due to projection and the instrument level, to the distance, which has been
calculated basing on co-ordinates of points. In this case formulas used for calculation of
auxiliary values [2] have the following form:

AH = D, tg0t, +i, —wy ©)

AHK,,=DthOCK+iK—w,, @)
Dp, Dk are not observations.

The difference of levels of survey points will be calculated from (4); after substitution the
following relation is obtained:

AH . =0.5(Dptgo, +ip —wy =Dy tgot, —iy +wp) (8)
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It should be noticed that regardless utilisation of the formula (5), (8) for calculations, the
difference in the level of the instrument / and the target £ may be calculated for one of
directions of bi-directional observations, e.g. P-K:

Ay =Hy+w,—(Hp+i,)=AH . +w, —i, ©)

and the obtained value will be calculated without utilisation of the refraction factor k. Thus, it
may be used for calculation of this factor basing on one of known formulas [1], [2]:

k =1—‘2§ (Ahy, — S, sinc,) (10)
Sp
or
2R
k=1-"" (Ah, - D, tga,) (11)
Dl’

We will educe the formula for calculation of the mean error my of the refraction factor k%,
for the case when 4h¢ is calculated from synchronic and bi-directional observations. It will be
used then to calculate the lower limit of the length of sight lines, which enables to rationally
calculate of the value of this factor. We will assume for that reason, that mean errors m,p and
mgx of both measured vertical angles, as well as mean errors mgp and mgx of both measured
inclined distances, and values of m;p and m;, as well as m,p and m,y, i.e. mean errors of the
height of the distance meter and prisms over the survey points P, K are known. Thus we
consider a more general instance, when, besides vertical angles, inclined distances are also
measured. Interesting conclusions may be drawn from the obtained formula.

In order to present k as the function of observations, we will introduce the right side of the
relation (5) into the formula (9):

Algy =038 , SILGE, +F — Wy —8y BN, — b +W J+ ¥, — i,

what gives after reduction of similar terms:

Ah, =0.5(S, sina, —ip + Wy — S Sine, —iy, +wp)
or

Ah, =0.5(S,sinct, =S, sin, —ip =iy +wp +wy)
Since

Ah —S,sina, =0.5(=S,sina, =S, sinq, —i, =i, +w, +w,) (12)
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so after substitution in (10) we obtain:
R i . .
kzl—F(—SPsmaP—SK BN, —ip—ig +Wp+ W)
P
ie
R ; ; ;s
k:1+?-(S,,smaP+SKsmaK+1P+1K—w,,~w,<) (13)
P

Now we will calculate partial derivatives:

Ok _ SpRsina, — R(S,sinQ, + S, sinQy +, + iy —wp, —w;)2S, _

aS, _ L
_ SpRsina, —2RS; sin@, —2RS, (S, sinQy +i, + iy —wp —wy)
S
~ RS} sint 0t — 2RS, (S Sin O +ip +ig —wp ~wy)
= 5 -
_—RS,sinc, —2R(S; sinGl +ip +ip —wp, —wy)
\

Assuming equal values of inclined distanges

S,=8,=S (14)

expression for 0k/0S, may be further transformed and the following relation may be obtained

ok _ —Rsina, —L,2Rsina,  2R(ip +ig —wp —wy)

9S, 52 S’

what, after letting

Y i=ip iy 3 Y w=w, +w, (15)
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gives
ok 2 R
=—{sinQ, +2sina, )+— (Y i+ w)}—— (16)
o =—fsina + 25000+ 2T+ T |
Calculation of remaining derivatives is considerably simpler:
ok _ Rsino, _ Rsina, 0k _ Rcosa, _ Rcosa,
S, 5 S ’ oa, 2 S
ok RSycoso, Rcoso 4
Rl 57 S

ok ok _R_R Ok _ok __R__R
di, di, S; S*

Therefore we have the following exact formula for calculation of the mean error of the
refraction factor k

) R 2 (R 2 R 2 E 3
my = Ecosapmap + ECOS(XKmaK + Fm,,, + ?mm +
2 2
+ %mw,, c = -—}%—mwk 6 (18)
S S

2 2
+ %{(sina,, +2sina,{)+§(2i—2w)}mﬂ,} +(§sina,(m5,()
L

If equal mean errors of heights of instruments:

Mip =My =Myp =My =M, (19)

and measured angles:

X (20)
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as well as inclined distances:
Mep = Mg = Mg 1)
are assumed and if it is assumed that values of measured angles are small, i.e.
cosa, =cosa, =1 (22)

the formula (18) will be considerably simplified:

2 2 2
m; =2(§ma) +A{S£2mi) +|:S£2{Sinap+28ina,(+%(Zi—2w)}msj| +
R 2
+(Fsina,(m5] (23)

It may be easily checked, that mean errors of inclined distances do not significantly
influence the results. Therefore calculations of the mean error mg may be performed basing on
the following working formula:

. (R_Y (R _Y
m, = —§ma + Ez—mi (24)

which — besides mean errors of the angle m, and heights of instruments m;, contains only two
variables: the radius of the reference sphere R and the inclined distance S. It is obvious, that m,
should be specified as an arc measure. )

Similar relation is presented by A.Wrébel in his Doctor’s Thesis [3].

Basing on (24) the values of the mean error my of the refraction factor will be calculated,
listing values of components in the same order as they appear in the formula. Therefore the first
component will represent the influence of the mean error of the vertical angle and the second
component will represent the influence of heights of instruments. We assume that m, = 57,
m; = 0.02 m. We will obtain for changing values of S:

S= 500 m mp=(0.1915 + 1.0427)"? = 1.11,
$=1000m my= (0.0479 + 0.0652)"* = 0.33¢
$=1167m m=(0.0351 + 0.0351)"% = 0.265
$=1500 m my=(0.0213 + 0.0129)"% = 0.18;
$=2000 m my=(0.0120 + 0.0041)'* = 0.12,
$=2500 m m= (0.0077 + 0.0017)"* = 0.09,
$=3000 m my= (0.0053 + 0.0008)"” = 0.074
§=4000 m my= (0.0030 + 0.0003)'” = 0.05,
S =5000 m my= (0.0019 + 0.0001)"” = 0.04s
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The following conclusions may be drawn from the above list, which apply to assumed
values of mean errors; it should be stressed that they do not overstate the accuracy of
measurements.

1. For sight lines, which are shorter than 1167 m (S<1167), the mean error of heights of
instruments over the survey points has stronger influence on the mean error of the factor of
refraction than the mean error of an angle.

2. For § = 1167 influence of both errors is the same.

3. For $>1167 errors of angles have stronger influence on the mean error of the refraction
factor, however the second component of the formula (24) should not be neglected until
S =4000 m.

4. For a sight line S = 2000 m the mean error of the factor m; = 0.125, so it is almost equal to
the commonly applied value k£ = 0.13.

S. Only for the sight line S = 3000 m the mean error m, = 0.075, what equals to about 60% of
the value k£ = 0.13, which is used in calculations.

So it turns out that the refraction factor should be calculated basing on sight lines, which
are not shorter than 3000 m. In the case of such distances, they are “the high” sight lines; for
shorter sight lines it is unreasonably to calculated the refraction factor since its mean error is
equal or bigger than the value of this factor.

The above comments apply to climatic and geographic conditions, which are similar to
the Polish ones.

It may be checked that utilisation of special, precise methods of measurements of heights
of instruments, which decrease the mean error m; even to parts of a millimetre, will not change
the conclusion concerning the lower limit of the length of sight lines. Thus, the condition
§>3000 m for measurements used for determination of the refraction factor £ basing on
synchronic and bi-directional observations, is still valid.
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Wiasciwa dlugo$é¢ celowej przy wyznaczaniu wspélczynnika refrakcji
z obserwacji synchronicznych i dwustronnych

Streszczenie

W artykule wyprowadzono wzér na biad sredni m; wspoiczynnika refrakcji wyznaczonego na podstawie
synchronicznych i dwustronnych obserwacji katéw pionowych dokonanych na przesle niwelacji trygonometrycznej. Z
analizy wzoru wynika, ze na btad $redni tego wspoétczynnika najwigkszy wptyw maja bigdy srednie katow pionowych
oraz wysokosci dalmierzy i luster nad punktami geodezyjnymi. Nieistotny jest natomiast biad odlegtosci, ktérego
pominigcie prowadzi do prostej formuty roboczej.

2 2

Dla przyjgtych wartosci bigdow s$rednich: kata pionowgo m, = 5” i wysokosci przyrzadu m; = 0,02 m oraz
zmieniajacych si¢ odlegtosci S policzono wartosci my. Z uzyskanych liczb wynika, ze wspotczynnik refrakcji
powinno si¢ wyznacza¢ przy celowych przekraczajacych 3000 m, gdyz przy odleglosciach krotszych bigdy $rednie
wspotczynnika s3 tego samego rzgdu co powszechnie stosowana jego wartosc tj. k = 0,13 lub znacznie ja przewyzszaja.

Zastosowanie precyzyjnych metod pomiaru wysokosci przyrzadow nie zmienia wypowiedzianego tu wniosku i
warunek S > 3000 nadal pozostaje w mocy.

Anexcanoep CxkypublHbCKU

IIpaBuabHas JJIHHA BH3HPHOMH JHHHH [JIs onpeleieHHs koddPuLHeHTa pedpaKHH
Ha OCHOBe CHHXPOHHYECKHMX H ABYCTOPOHHBIX Hab0neHHH

Peswome

B crarbe BeiBemeHa GopMyna s CpeOHEH KBanpaTH4eckoH owmHOkH my;  koddduuHeHTa pedpakuuu,
OMpeeNéHHOr0 Ha OCHOBE CHHXPOHHYECKHX H IABYCTOPOHHHMX Ha0JI0JEHHH BEPTHKAIBHBIX YIJIOB, MPOBEAEHHBIX Ha
CEKLMH TPUrOHOMETPHYECKOro HUBeNHpoBaHHHA. C aHann3a GOpMyIibl BBITEKAET, YTO HAa CPEAHION KBAJPAaTHYECKYIO
ouwnbky 3toro ko3dduuuenTa camoe 6o/bILIOE BIHAHHE HMEIOT CPENHEE KBAAPATHYECKHE OLIMOKH BEPTHKAIbHBIX
YIJIOB, @ TAKXK€ BBICOTHI 1aJbHOMEPOB M 3€pKal Haj reoJe3HyecKHMH nmyHkTamu. Ha 3To Mecto BTOpOCTENEHHBIM
SBIAETCA CPeHAs KBaApaTH4IecKas OlHOKa pacCTOSHHA, KOTOPOro ONycKaHHe BENET K npocToi paboueii hopmyre

2

Jlist IPUHATBIX BENHYMH CPEAHMX KBaJpaTHYECKHX OLIMOOK: BEPTHKANSAHOrO yrna m, = 5” W BbICOTHI npubopa
m;= 0,02 M, a TAKXXE H3MEHSIOIUXCA PACCTOSIHHI S OBUIH BHIYHCIICHBI BETHUHHBI my. C MOMYyueHHbIX YHCE BHITEKAET,
4T0 K03QdHUHEHT pedpakuuH k LOKEH ONpeleNsThCs C BH3UPHBIMH NHHAMH Gonbwe yem 3000 m, Tak Kak npu
6onee KOPOTKHX PAacCTOSHHAX CpEAHee KBaApaTHYeCkHe OMHOKH KO3QQHLHMEHTa MOyyarOTCA TOro-e psaaa, uTo
00BIYHO IPHHHMaeMas ero BeJlH4MHa, T. €. k = 0,13 uau faxe Ha MHOTO €€ NPEeBOCXOMIAT.

IIpuMeHHeHHe TOYHBIX METONOB M3MEPEHHH BBICOTHI NMPHOOpa He H3MEHSET BbICKA3aHHOrO 31eCh BHIBOAA H
yciaosue S > 3000 coxpaHseT CBOIO CHILy.



