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Existence of optimal control for multi-order
fractional optimal control problems

Rafal KAMOCKI

In this article we focus on optimal control problems involving a nonlinear fractional control
system of different orders with Caputo derivatives, associated to a Lagrange cost functional.
Based on a lower closure theorem for orientor fields combined with Filippov’s approach, we
derive an existence result for at least one optimal solution for such a problem.
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1. Introduction

In our paper, we consider the following optimal control problem
T
minimize H(x(:),u(:)) = / Jo(t,x(),u(t))dt, (1)
0

subject to

+

(CDgx) (1) = fie, (0, u(1))
t€[0,T] a.e.

(CDgra) (1) = fult x(0),u(0)),

+
x1(0) =x10, ..., x4(0) = xpo,
u(t) e M c R™, t€[0,T] a.e.,

2)
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where x = (xq,...,x,),%; : [0,T] =» R, f; : [0, T] xR x---XR"xM — R,
i=1,....n, fo : [0,T] xRt x---xXR"x M — R (here CDg‘+ denotes the
left-sided fractional derivative operator of order @ € (0, 1] in the Caputo sense).

The linear control system (2) was introduced by Kaczorek in paper [13]. It
can be applied to study the linear electrical circuits composed of resistors, su-
percondensators, coils and voltage sources. In mentioned paper [13], a positivity
of system (2) has been investigated. In paper [27], the necessary and sufficient
conditions for state controllability and state observability of such a system (in a
case of two orders) have been included. Since fractional derivatives are non-local
operators therefore fractional-order models own better description memory and
hereditary properties of various processes than classical models with integer order
derivatives [1, 5, 8,25,26]. Recently, problem (1)—(2) (in a case n = 2) has been
used to describe a nonlinear fractional Cucker-Smale optimal control problem
under the interplay of memory effect (more details can be found in [2, 3]).

The aim of this paper is to derive conditions for the existence of an optimal
solution to problem (1)—(2). The result of such a type in a case n = 1, where con-
trol system (2) is linear, has been obtained in [17]. The proof of this fact is based
on an analogous existence result for the optimal control problem involving the
Riemann-Liouville derivative obtained in [16]. In cited paper [16], existence of
optimal solutions has been proved due to a theorem on the weak lower semiconti-
nuity of integral functionals. In [11], a nonlinear control system (n = 1) with the
Riemann-Liouville derivative and cost (1) has been studied. The existence result
has been obtained there under convexity assumption of the so called extended
velocities set (this is a stronger condition than (H3)) based on the implicit func-
tion theorem for multivalued mappings. In [21], the Lagrange fractional optimal
control problems with the Caputo distributed—order fractional derivatives have
been considered. The sufficient optimality conditions of a Mangasarian-type have
been obtained there. In [28,29], authors proved the existence of optimal pairs for
the Lagrange problem, described by semilinear fractional differential [29] and
integro-differential [28] systems in Banach spaces with the help of the Filip-
pov and Mazur theorems. In [22], a Bolza type fractional order optimal control
problems in which the dynamic control system involves integer and fractional or-
der derivatives have been studied. Using an appriopriate convexity assumptions
sufficient optimality conditions have been proved.

In order to prove the main result of this paper, the lower closure theorem
for orientor fields ( [7, Theorem 10.7.i]) and a measurable selection theorem of
Filippov type ( [23, Theorem 2J]) have been used. A such approach was also
used in [14] and [9]. In [14] a control system is described by a partial nonlinear
differential equation with the fractional Dirichlet-Laplacian, while in [9] a Bolza
problem described by a nonlinear integro-differential system of Volterra type is
considered. The necessary optimality conditions for problem (1)—(2) by using a
smooth-convex extremum principle have been derived in [2].



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
<

EXISTENCE OF OPTIMAL CONTROL FOR MULTI-ORDER FRACTIONAL
OPTIMAL CONTROL PROBLEMS 281

In the first part of this work, we study problem (2) with zero initial conditions.
We formulate and prove a theorem on the existence of optimal solutions. In the
second part, we obtain an analogous result for system (2) with nonzero initial
conditions. To the best knowledge of the autor, all results proved in this work
have not been obtained yet.

The paper is organized as follows. Section 2 is devoted some basic definitions
and facts concerning fractional calculus. The main results of the work (Theorems 1
and 2) are stated in Sections 3 and 4. A theoretical illustrative example is presented
in Section 5 as well as conclusions — in Section 6. Finally, Appendix 7 contains
some necessary facts concerning multifunctions, as well as a some version of a
fractional multi—term Gronwall lemma.

2. Preliminaries

This section is devoted to some necessary notions and properties concerning
fractional derivatives and integrals (for more details we refer the readers to
monographs [19,24]).

Let [a, b] C R be any bounded interval.

For f € L'([a, b], R") we define the left-sided and the right-sided Riemann-
Liouville integral of the function f of order @ > 0 as follows:

t

! f(7)
I'(a) (r— T)l—oz dr, t€la,b]ae.,

(If;_f)(t) =

b
(I,_f)(t) = F(la)/ (Tj:(;)l—w dr, te€la,b] a.e.,

respectively.
Let 1 < p < oo. By I, (LP([a, b],R")) (briefly I, (L”)) we denote the set
of all functions f : [a, b] — R” that have the integral representation

f(@) =g,8)(0), te€lab]ae.,

where g € L?([a, b],R"). We identify functions belonging to the space I, (L")
and equal almost everywhere on [a, b].

Now, let @ € (0,1] and f € L'([a,b],R"). We say that the function f
possesses the left-sided Riemann-Liouville derivative Dy, f of order « if the
function 11> f (f in the case of @ = 1) is absolutely continuous on [a, b].
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In such a case

D) %(1;;“ )(1) if @ € (0,1)
DY (1) :

q , t €la,b] a.e.
d_tf(t) if =1

Similarly, we define the right-sided Riemann-Liouville derivative D} _f of order
a € (0, 1]. More precisely,

—%(lgja )(t) if @€ (0,1)
(D,_f)(t) = d , te€la,b] a.e.,
—af(t) if a=1

provided that the function / g:" f (f in the case of @ = 1) is absolutely continuous
on [a,b]. The set of all functions possessing the left-sided (the right-sided)
Riemann-Liouville derivative is denoted by ACg, (AC} ).

We have the following useful property

Proposition 1 Let o € (0,1] and 1 < p < oo. Then I (L?) with the norm

I fllie, ey = 1D fllLr

1
is a Banach space. Furthermore, if p > 1 and 0 < — < a < 1 then the compact

P
embedding IS, (L?) — C,([a, b],R") holds (here C,([a, b],R") denotes the set
of all continuous functions f : [a, b] — R" such that f(a) = 0).

Remark 1 The proof of completness of 13, (L?) is analogous to the proof of [18,
Theorem 2.5]. The second part of the above proposition has been obtained
in [2, Proposition 1].

We say that f € C([a, b],R") has the left-sided Caputo derivative D%, f of
order a on the interval [a, b] if the function f(-) — f(a) € AC{,. In such a case

(CD&.r) (1) = DE(f() - F@)(@), 1€ [ab] ace.

d
Remark 2 It is clear that for @ = 1 D, f = af Moreover, for a € (0, 1), if
both derivatives D2, f and € D2, f exist and f(a) = O then they coincide.
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1
Let 1 < — < p < oo and define the following set of functions:
a

cAC,Y :={f :[a,b] o R":  f(t)=ca+ UL @)(1), 1€][ab]ae.,
ca €R", g€ Lp([a,b],R”)}.

[4, Property 4] guarantees that each function f € ¢AC,.’ is continuous on
[a, b] and f(a) = c,. Consequently, f possesses a Caputo derivative € DY, f and
(cf. [19, Lemma 2.4])

(€D8,1) (0 = DL(f - F@)(1) = (DLILG)(1) = 9(1), 1€ [a,b] ae.

Furthermore, cAC ;f = ACP, where
ACP = ACP([a,b],R") = {f € AC([a,b],R") :  f € L”([a,b],R")}

and cAC,;” = 12, (LP) if and only if f(a) = 0.
Using [19, Lemmas 2.4 and 2.5] and Remark 2 we immediately obtain the
following composition properties

Proposition 2 Let0 < a < 1land1 <

(a) If f € LP(|a, b],R") then

1
a<p<00.

(CD3+13+ )(t): f(1), telab]ae.,
(b) if f € CACffjrp then
(12.€D8, 1) () = £(1) - f(@), t€lab] ae.

Now, let 0 < ; < 1,i=1,...,nand @ = (ay,...,qa,). We define a space
5, (LP)([0,T], R x - - - X R™) (shortly If, (L)) as follows:

I, (LF) = Igi(L”([O, TLLR™M)) x--- X I (LP([0,T],R™)).
The space I, (L”) with the norm

1

n P
Izllg ey = (Z ||z,-||;’a,-(m) ,
i=1

0+

where z = (z1,...,2n), 1S @ Banach space as a Cartesian product of Banach
spaces Igi(Lp), i=1,...,n.
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3. Optimal control problem with zero initial conditions

Let us consider the following optimal control problem:

T
minimize J(y(), u(") = / go(t.y(0). u(0))d1, 3)
0
subject to

(CDgy) (0 = 811, y(0),u(0))

: t€[0,T] a.e.

1(cp +yn) (1) = ga(, (1), (), @
y(0) =

u(t)eMCRm, te€[0,T] a.e

wherey = (y1,...,yn), Vi : [0,T] - R, g; : [0, T] xR X---XR""xM — R"i,
i=1,...,n,8 :[0,T] xR x---xXR"xM — R.

Let us define the following set of controls:

Uy = {u: [0,T] —» R™ — measurable on [0,T]; u(t) e M, t € [0,T] a.e.}.

1
Now, let 0 < — < a; < 1,7 = 1,...,n. By a solution of control system (4),

p
corresponding to any fixed control u € Uy, we mean a function y € Ig, (L?).

1
From Proposition 1 it follows that if 0 < — < @; < 1,i = 1,...,n then the
p
function y € I, (L”) satisfies the condition y(0) =

By an admissible control (strategy) we mean an element u € Uy,. A function
y € I, (L?) is called an admissible trajectory for system (4) if it is a solution
to (4) correspondlng to an admissible control u € Uy;. Any couple (y,u) €
I5, (LP) X Uy is called admissible for system (4) if y is an admissible trajectory,
corresponding to an admissible control u € U),.

In what follows, we assume that system (4) is controllable in the sense that at
least one admissible pair exists.

In the first part of this section we shall prove a some useful property of
admissible trajectories.
To this end, the following assumption is required:
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(Hp) functions gy, ..., g, are measurable on [0, 7], continuous on R"" X --- X
R’ x R™ and satisfy the following growth conditions: there exist A; > 0,
a; € LP([0,T],R}) such that

|gi(t’yl9 .. .,yn,l/i)eri < Ai(|y1|Rr1 L |yn|Rm) +ai(t)’
i=1,...,n

&)

fora.e.r € [0,T] andall (yy,...,y,) € R"*"*n y € M (here |- |gn denotes
an Euclidean norm in R"),

1
Lemmal LerO< — <a; < 1,i=1,...,n Ifassumption (Hy) is satisfied then

the set of admissible trajectories is bounded on I, (LP).

Proof. Let us fix any control u € Uy and assume that y* = (y{,...,y;)
is an admissible trajectory for system (4), corresponding to u. Without loss of
generality we can assume that 0 < @) < --- < @, < 1. Then, using growth
conditions (5) and Proposition 2 (b), we assert that

|4 ()

e < Tt |1 (640, Ly (), u (o)

< MO (|y'f(t)

R"1

Rm) + (I{)i‘al) (1),

g+ ()

e <A |n (YD), (@), u(1)
< AL (|y7(z)

for all r € [0, T]. Hence,

|y (1)

Rn

e oo+ Ol ) + (Tran) ),

L O]gr + -+ [y (D) R
n n
< > AL (|y7(t) e ) an) + (zg;a,-) (t)
i=1 i=1
n
< > AL (|y7(t) o () an) +Ag, tel0,T],
i=1

where Ag = tg{l&);]lgial (t)+-- -+ tg{l&);]lgi a, (1) (due to [4, Property 4] functions

Igiai, i = 1,...,n are continuous on [0, T]). From Corollary 1 it follows that

there exists C > 0 such that

YiOlen + -+ |y (Dlem < C, 1€ [0,T],
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SO

DGV ()]s = [2i (0 ¥ (1), Y (0, u(D) |

< A; (|y114 R"1 R |yZ an) + ai(t)
<A C+ai(t), te[0,T], i=1,...,n
Finally,
1
15 llg ey = (IDGLYIIE, + -+ IDGyals, )7
T 1
- / (DLW, + -+ (D 0],) ar
0
P 1
2% (llarlly, + -+ llaglly, + (A7 +--- + ADCPT)
The proof is completed. g

3.1. Existence of an optimal solution

In this section we formulate and prove one of the main results of this paper,
namely a theorem on the existence of optimal solutions to problem (3)—(4).
We assume that:

(H») the function gq is measurable on [0, 7] and continuous on R™ X- - -XR"™»XR™,

(H3) the sets

o(t,y) = {(,uo,,u) € RXR"X...XR™; Fyepm po>80(t, Y1y .oy Ynth)
ﬂ:g(t,yl,---’)’n’u)} (6)

for a.e. r € [0,7] and all y € R X --- x R™, where u = (u1, ..., tn),
g=1(g1,...,8n), are convex.

We start with the following useful result.

Proposition 3 If assumptions (H|)—(H3) are satisfied and the set M is compact
then the multifunction Q(t,-) : R"'X---XR™ 3 y — Q(t,y) € RXR"X---XR™
given by (6) has property (K)'.

1A definition of property (K) can be found in Appendix.
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Proof. The proof is analogous to the proof of [14, Proposition 3]. O

In what follows, we assume that for any admissible pair (y, #) integral (3) is
finite. The set of all such pairs will be denoted by ‘A. Since control system (4) is
controllable, therefore A # @.

A couple (y*,u*) € A is called an optimal solution to problem (3)—(4) if it
minimizes cost (3) among all couples (y, u) € A.

In order to prove the main result of this section the following additional
hypothesis is required:

(H,) there exists a function A € L'([0,T],R) such that for any pair (y, u) € A
go(t,y1(1), ..., yn(0),u(1)) > A(r), 1€[0,T] a.e.
We have

1
Theorem 1 Assume that a = (ay,...,a,),0< —<a;<1,i=1,...,nand M

is a compact set. If assumptions (Hy) — (Hy) are satisfied then problem (3)—(4)
has an optimal solution (y*,u*) € I;” (L7) X Uy.
Proof. Let us denote
= inf J(y,u).
$i= it (y,u)

Assumption (H,) guarantees that s is finite. Let {(y/, u’)};en € A be a minimiz-
ing sequence of J, i.e.
llimJ(yl, u') =s.

From Lemma 1 and [6, Theorem 3.18] it follows that the sequence of trajectories
e ={, ... ¥ hiew € TP (L) contains a subsequence (still denoted by

(y');en) weakly convergent in I[g;p(Lp) to a some function y* = (y],...,y,) €
]Igjrp (LP). Let us denote:

G=[0,T], A(t)=R"'"x---xR™, A=[0,T]xR"x---xR™,
1) = g0 (150, .. 30,4 (1)),
£ = (£0,...610) = (DD @ DG ®) = (CDEYN0),
E() = (E1(1),.. &) = ((CDGYD O, ... CDEN (1)) = (DY) (@),
A =0, y0 =y, 0@ty =0(y)
fora.e.t € [0,T] and all [ € N,
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Of course, functions y, yl, A, A, where | € N, are measurable on [0,T],¢&, gl €
LP([0,T],R") x---x LP([0,T],R™) c L'([0,T],R™") x --- x L'([0,T],R"™")
and ' € L'([0,T],R). The weak convergence &/ — £ in L' is a consequence of
linearity and continuity of the mapping:

I¢.(LP) 5y — “DZ,y € LP([0,T],R™) x - -- x LP([0,T],R"").

+

Hence and from compactness of the operator Igi (cf. [20]) we conclude that
y! — y* strongly in L', so also in measure on [0, 7]. Furthermore, it is clear that

for all 7 € [0,T] the set A(7) is closed, the sets Q(7, y) are convex (assumption
(H3)), have property (K) with respect to y € R™ X --- X R (Proposition 3), so
are also closed (Remark 3). We have also

Y eA®, (0.¢)e0y), tel0T]ae, l€N,
T
lilminf/ n'(r)dr = llim](yl,ul) =5 € (—00, +0),
0

n'(t) = go(t, ¥ (), ..., ¥, (0),u' (1)) > A(t) = A'(t), te[0.T] ae., €N
and
Al =1 = A weakly in L'([0,T],R).

So, all assumptions of a Lower Closure Theorem (Appendix, Theorem 5) are
satisfied. Consequently, there exists a function 7 € L' ([0, T], R) such that

(1), £(1) € O(1,y* (1)), t€[0.T] ae.
and

T

/n(t)dt < s. (7)

0

Now, let us consider the multifunction @ : [0,7] > t — ®(¢) C R™ given by

D(r) = {ueM: n(t) > go(t,y; (1), ... yy (1), u), £(1)=g(t,y; (1), ..., yn(1),u)}.

From Theorem 3 it follows that ® is a closed-valued, measurable multifunction
and there exists a measurable function u* : [0,7] — R such that u*(t) € ®(¢)
for a.e. t € [0,T]. This means that

n(t) > go(t, yi(1), ...,y (2),u’(r)), te[0,T] a.e. (8)
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and

(CDgy7) (1) = &1 ¥, . yi (), ()

ﬁbmmﬂ0=&ﬁmﬂﬁuwﬁ®mﬁw,tethw

y1(0)=0, ..., »,(0)=
u*(t) e M, t€[0,T] a.e

(equalities y7(0) = 0, i = 1,...,n follow from the fact that I“" L(LP) c Co,
i=1,. n) Consequently, the pair (y*,u”™) satisfies constralnts (4). Finally,
using (7) and (8), we assert that

T T

S</@@ﬁquﬁmﬁmmm/ﬁmm<s

0 0

so (y*,u™) is an optimal solution to problem (3)—(4).
The proof is completed. U

4. Optimal control problem with nonzero initial conditions

In this section we shall work on problem (1)—(2).
1
Let0 < — <o, <1l,i=1,...,nand @ = (y,...,a,). By a solution

p
of control system (2) corresponding to any fixed control u € Uy;, we mean a

function x € CACO = where

CACTP = cACSP([0,T],R) X - -~ X cACS»P([0,T],R™™).

0+

A function x € CAcgf is called an admissible trajectory for system (2) if it is
a solution to (2) corresponding to an admissible control u € Uy,. Any couple
(x,u) € CAC X Uy is called admissible for system (2) if x is an admissible

trajectory, correspondmg to an admissible control u € Uy. By A we shall
denote the set of all admissible pairs (x, #) for which integral (1) is finite. A pair
(x*,u*) € A is called an optimal solution to problem (1)—(2) if it minimizes cost
(1) among all pairs (x, u) € A.

Assume that system (2) is controllable and

(ﬁl) functions fi,..., f, are measurable on [0, T], continuous on R™ X - - - X
R’ x R™ and satisfy the following growth conditions: there exist A; > 0,
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a; € LP([0,T],R{) such that

it 1, w)lrs < Ai([xilrn + -+ [Xnlrm) +ai(0), i=1,....n
fora.e.t € [0,T] and all (x1,...,x,) € R ye M,
(H,) the function f; is measurable on [0, 7] and continuous on R" x- - -xR"xR™,

(H3) the sets
o(t,x) = {(/,zo,,u) ERXR" x---xXR™; Fyem o= folt,x1, ..., x5, u)

ﬂ:f(t,XI,...,xn,u)}
fora.e.t € [0,T] and all x € R X --- X R, where u = (uy,..., M),

f=(fi,..., fu), are convex.

(H,) there exists a function A € L' ([0, 7], R) such that for any pair (x, ) € A
folt,x1(t), ..., x, (), u(t)) > A(r), t€[0,T] a.e.
We have
Theorem 2 Assume that « = (ay,...,a,), 0 < % <ai<li=1,...,nand M

is a compact set. If assumptions (H,) — (H4) are satisfied then problem (1)—(2)
has an optimal solution (x*,u™) € CACg;p X Uy

Proof. Let us consider problem (3)—(4) with functions

gi(ta}””):ﬁ(taY‘FxO’u)a iIO,l,...,l’l, (9)

where xo = (x19,...,Xn0). It is easy to verify that if a pair (y*(:),u*(-)) €
I[g;p (L?) x Uy is an optimal solution to problem (3)—(4) with functions g;,
i=0,1,...,n given by (9) then the pair

("), u*(-)) = (") +x0,u" () € cAC)Y X Uy
is an optimal solution to problem (1)—(2). Consequenth/, it is _sufﬁcient to show
that if functions f;,i = 0, 1, ..., n satisfy assumptions (H) — (H4) then functions
gi given by (9) satisfy conditions (H;)—(Hy). First, let us note that controllability

of system (2) guarantees controllability of system (4) with functions g; given by
(9). Moreover, fori = 1,...,n we have

lgi(t, y1, .o Yo W g = | fi(t,y1 + X105« - - Y + Xn0, W) |Rri
< Ai([yr +x10lrr + -+ |yn + Xpo|rr) +a; (1)

< Ai([ytlrr + -+ |ynlrm) + Ai(|x10lRN + - - + [X00|Rm ) +@;(2)
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fora.e.t € [0,T] and all (yq,...,y,) € R'"™""*n y € M, so condition (Hy) is
satisfied. Of course, conditions (H») and (H3) imply conditions (H») and (H3),
respectively. Now, let (y(-), u(-)) € A. Then (y(-)+xo, u(-)) € A. Consequently,
from (H,) we obtain

gi(t’ yl(t)9 s ’yn(t)’ M(f)) = ﬁ(t’ yl(t) + X105 .- 9yn(t) + Xn0, u(t))
> A(t), te[0.T] a.e.,

so condition (Hy) is fulfilled.
The proof is completed. g

5. Theoretical example

Example 1 Let us consider the following optimal control problem

+

(CDS’ZXz) (1) = Apix1 (1) + Apxa (1) + Bou(t), t € [0,2] ae. (10)

(CDf1x1) () = Anxi(0) + Az (o) + Bu (1)

x1(0) = x10, x2(0) = x20,
u(t) € [-1,1], t€][0,2] a.e.

2
H((x1,x2),u) = / Jo(t,x1(2), x2(2), u(r))dt — min, (11)
0
2 1
where o = 3 ®2=5 P 3,
-1
xl_[ii;] [O,T]—>R2, 1_172’ -xl()_ 2]9x20:[1]7

fo: [0,2] xR?xR>x [-1,1] > R,

fo(t, x1, X2, 1) = x11 — 2x12 + X21 + x5 + 2°.
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From Theorem [2, Theorem 1] it follows that if the pair ((x](-),x5(-)), u.(-)) €
(2,H),3

ACOi 2 21 2

exists a function A(:) = (4;1(+),2(+)) € Hgi’i)(L%) = I;_(L%([0,2],R2)) X

1
12 (L3([0,2],R?)) such that
-1
2

N

(12%_41) (2) =0, (12%_42) (2) =0, (13)

X Uy is a locally optimal solution to problem (10)—(11) then there

(Df_al) (1) = AT 24(1) +

, te0,2] a.e. (12)
(Dg_/lz) (1) = AL (0) +

and

Furthermore,

2ul(t) — A1 (1) Byu (t) — Ao (1) Bou (1)
= rFilnl]{zf 4 () B’ = (1) B’} (14)
ue|—1,
fora.e.t € [0,2].

From [15, Theorem 11] it follows that a solution A(:) = (4;(-),A2(+)) to
system (12)—(13) is given by

2-05 22-05  (2-07]

r(2 r(s r(z
-l B O e

r(3)

Consequently, condition (14) is equivalent to the following one:

(t —(2- t)%) W) = min | {(z —(2- t)%) u3}

ue[-1,1
e-@-03, ifre(0,1] ae.
(2-1)3—1, if te(1,2] ae.



www.czasopisma.pan.pl N www.journals.pan.pl
Y
S~

EXISTENCE OF OPTIMAL CONTROL FOR MULTI-ORDER FRACTIONAL

OPTIMAL CONTROL PROBLEMS 293
Hence
I, ifrel0,1] a.e
«(f) = . 15
(1) {—1, if 1€ (1,2] a.e. (15)

Finally, using [12, Theorem 1] we conclude that the solution (xj(-),x5(-)) to
system (10)—(11), corresponding to u.(-) is given by

t

X2 (1) = Dio(F)xi0 + / ®,(1 - ) B (5)ds

0
t

/ ®;(r — s)B;ds te[0,1] a.e.

0
=®p(H)xio+1 .

/CI)i(t—s)Bids—/<I>,-(t—s)Bids t€[1,2] a.e

0 1

where

Akgke 0 gk pa(k+l)-1
t d o= =12
Pio(0) = Z F(ka+ n (1) ;)r(a(m ny

Hence,

) , t€[0,1]

1 | )
x, () =97
7
4 4 r (5) % ZI%

3
7 b
F(g) 2

te(1,2]

(16)
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and 1
t2
r3)| r€[0, 1]
1-1¢
() =20t -1)4 1} A (17)
r(3)
2r 1)1 , te(1,2].
— —-1)2
—_— 41
3
r(3)

This means that the pair

(Xuy Uy) = ((xl,xf), u*)

given by (16), (17) and (15) is the only pair which can be a locally optimal
solution to problem (10)—(11). Now, we check that all_assumptions of Theorem
2 are satisfied. It is clear that f; satisfies assumption (H;). Moreover, functions

filt,x1,x0,u) = Ajixy + Ainxz + Bu’, i=1,2
are measurable on [0, 2], continuous on R? x R? x [-1, 1] and

for a.e. t € [0,2] and all (x;,x2) € R2x R, u € [-1, 1], so (H;) holds. Using
similar arguments as in the proof of Lemma 1 we conclude that x; and x, are
bounded on [0, 2]. Consequently, there exists a constant C > 0 such that for all

(3.3)3
0+ X Un

fo(t,x1(2),x2(t),u(t)) > C, t€][0,2] a.e.,

pairs ((x1,x2),u) € AC

so (H,) is satisfied. Now, we show that sets Q(z, x) are convex for a.e. t € [0,2]
andallx = (x1,x2) € R?xR?.Letusfixsuchar € [0,2] andx = (x1,x2) € R?XR?

and let y € [0, 1], (o, (11, #2)), (Bo, (B1,B2)) € Q(t,x). This means that there
exist uy,up € [—1, 1] such that

o = fo(t,x1,x2,u1), w1 = fi(t,x1,x2,u1), po = fr(t,x1,x2,u1)
and

Bo = fo(t,x1,x2,u1), B1 = fi(t,x1,x2,u1), Ba= folt,x1,x2,u1).
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Putting

us = Ayl + (1= y)ud € [-1,1]

we obtain
ypo+ (1= y)Bo > x11 — 2x12 + X1 + X220 + 2(yus + (1 = y)u3) = fo(t, x1, %2, u3),

ypui + (1 =y)B1 = Anxy + Axa + Bi(yus + (1 —y)u3) = fi(t,x1, %2, u3),
yio + (1 =) = Apixi + Apxa + Ba(yui + (1 - y)u3) = fo(t, x1, %2, u3).

Consequently, condition (H3) holds.
Using Theorem 2, we assert that the pair (x., u,) is the optimal solution of

(10)—(11).

6. Conclusions

In the paper, a nonlinear control systems, involving Caputo derivatives of
different orders, associated to an integral performance index have been studied.
In the first part, using a lower closure theorem and measurable selection theorem
of Filippov type for multivalued mappings, the existence of optimal solutions for
a problem with zero initial conditions has been proved. Next, due to obtained
existence result for problem with zero initial conditions, the result of such a
type for problem (1)—(2) has been derived (problem (1)—(2) is replaced with an
equivalent problem with zero initial conditions by substitution (9)). In conclusion,
we presented one illustrative example.

Appendix

In the first part of this section, we provide a some useful corollary of the
following fractional version of Gronwall’s lemma ( [10, Theorem 3])

Lemma 2 (fractional multi-term Gronwall lemma) Let 0 < y; < -+ < 7y,
a(t) be a nonnegative function integrable on J = [a,b], gi(t),...,g,(t) be
nonnegative, measurable, essentially bounded functions on J and v(t) be a non-
negative function integrable on J with

v(t) < a(t)+g1(t)/% . p(t)/ 7 v(s) s, a.e.onlJ.

— S)l 7])
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Then

t

G'p" [ Wals) G"p" (b-ay"!
0 <a)+ 3 055 [ marmest X ey [wases

/ﬂ a

t
> G " (b—a)? " (1+(b—q) Y2 yV)nt+(yp=yi)n-1
+EZ p'(b-a)""( +IE( a)+1) ’ ) a(s)ds, a.e. onJ,
nyi
n=1 a

(18)

where

G =essup{G(t): te€J}, G(t)=max {F(yl)gl(t), - F(yp)gp(t)} ,
1

- min{I'(s); s > 1}

and
¥, (1) = max {Igz_yl)szrer(y”_%)jpz(t); J2,--+»Jp € Np,

(Yv2=vyDj2+-+(¥p=y1)Jjp < 1}

for z integrable on J.

Corollary 1 If all assumptions of Lemma 2 are satisfied, whereby
a(t) = co, git)y=c¢, i=1,...,p,
(c; >0,i=0,...,p)then there exists C > 0 such that
v(t) <C, a.e.onl. (19)
Proof. First, let us note that

I((IZZ_YI)].Z‘*‘"""(VP_?’I)jpa(t)
C((r2=yDj2+--+(yp—y)ip+ 1)
< EC()(b _ a)(72_71)j2+"'+(7p_71)jp < ECO max{l’ (b — a)}

(t — a)(72_71)j2+”'+(7p_71)jp

Consequently,
Y, (t) < Ecomax{l,(b—a)} =: D.
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Moreover,
G =max{['(y1)c1,....I'(yp)cp}.
Condition (18) can be written as follows:
t
Gn n \I/u G p" (b—a)"Y 1
v(t) < co+ Z F(nyl)/ (t_s),(ffm ds+ Z Pr((n;:)) 1~ /\Pa(s)ds
n<— n>—

a

G p" (b=a)"1" (1+(b=a) P2 YDm+Opynly
+E Z Ty 7D co(b—a)

n=1

=co+S;1+S5,+S53, a.e.onl.

We have

t

— G"p" Ya(s) (Gp(b—a)’)"
Sl - Z F(n'}’l) / (t_s)l—ny1 ds D Z F(ny1+1) = Cl.
I’l<_

1
— a
n<1

Furthermore, for sufficiently large n, using the following Gauss-Legandre formula
(cf. [24, formula (1.62)])

we get

Z - Trm) L(ny1)
1
—_ a —
27 n>71

G"p (b=a)™ ! / ¥, (s)ds <D (Gpb-a)1)"
1

(2rEGp(b—a)’1)" a)71 )"
nyl——

//\

>L
1z

From the Cauchy root test it follows that there exists a constant C; > 0 such that
Sy < Gy,

Now, let us note that for sufficiently large n (such that (y> —y)n+---+(y, -
v1)n > 1 and ny; > 1), using inequality (cf. [30, Lemma 3.1])

'x+1)> (E)XM(1+é) > (E)x, x>1,
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we obtain

(o]
non(hL_4)Y1"n _g)(2-ypInt+(yp-yy)n-1
S; :EZ G"p"(b—a)"1" (1+(b—a) P )Co(b—a)
n=1

I'(ny;+1)
o\ (G- (ba)t(bma) 2O N (KGp(b-a)?1)”
=eoE ) Ty 1) <260E 2, T
n=1 n=1
<2eoF ), KGPleGan),
1

n=1

where K = max{1, (b — a)277)++»=y)} Using the Cauchy root test once
again we assert that there exists a constant Cz > 0 such that S3 < Cs.

Putting C = co + C1 + C2 + C3 we get condition (19).

The proof is completed. g

Now, for a convenience of the reader, we present some necessary facts regard-
ing multifunctions (cf. [7,23]) that are required in this paper.

Let S be an arbitrary nonempty set equipped with a o — algebra B and
A:S>s5— A(s) C R" be a closed-valued multifunction.

We shall say that A is measurable if for each closed set C ¢ R” the set A~!(C)
given by
ANC):={seS: A(s)NC # @}

is measurable (i.e. A1 (C) € B).
Let us define the set:
domA:={seS: A(s)# 0}

A function A: dom A — R’ such that A(s) € A(s) for all s € dom A, is called a
selection of the multifunction A.

We shall say that a function f : S X R” — R U {+o0} is a normal integrand
on § X R" if f is lower semicontinuous on R” for all s € S and the epigraph

Ef(s) = epi f(5.) = {(w,v) € R™ 0 v > fs,w))
is a measurable multifunction.

In the proof of the main result of this paper we apply the following version of
Filippov’s lemma (cf. [23, Theorem 2J]):
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Theorem 3 (Measurable selection theorem) Ler A : S 5 s — A(s) C R” be
a multifunction of the form

A(s) :={weC(s): F(s,w)=a(s) and fi(s,w)<k; 1i€J},

where C : S 5 s — A(s) C R is a measurable (closed-valued) multifunction,
F : S xR — RFK is a Carathéodory mapping, (f; : i € J) is a countable
collection of normal integrands on S x R" and a : S — R¥, k; 1 § = R U {+c0}
are measurable. Then A is the measurable (closed-valued) multifunction and
hence A\ has a measurable selection A : dom A — R”.

Now, let us assume that (S, p) is a metric space and A : § 3 s — A(s) C R"is
an arbitrary multifunction.

We say that A : § 5 s — A(s) € R” has property (K) at the point sg € S iff
A(so) = ()¢l (U{A(s) C p(s, 80) < 5}),
0>0

where clZ denotes the closure of the set Z.
We say that A has property (K) in § if it has property (K) at every point s € S.

We have (cf. [7, Theorem 8.5.1ii])

Theorem 4 Let A : S 5 s — A(s) C R" be a multifunction. Then A has
property (K) if and only if the graph of A given by

GrA = {(s,w): s€eS8, weA(s)},
is closed in the product space S X R".

Remark 3 From the above theorem it follows that if A has property (K) then its
values are closed.

In conclusion, we formulate a key result in our study, namely, a lower closure
theorem ( [7, Theorem 10.7.1]). First, we give the necessary notation.

Let G ¢ R” be a measurable set of finite measure, for every x = (xl ,...,x") €
G let A(x) be a given nonempty subset of R” and let

A={(x,2): xeG, zeAX)},

whereby z = (z!,...,7"). For every (x,z) € A let Q(x, 7) be a given subset of
the space R"*!.
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Theorem 5 Let us assume that for almost all x € G, the set A(x) is closed, the
sets Q(x, z) are closed, convex and have property (K) with respect to 7 € A(x).
Let £,¢6, : G - R, 2,z : G > R, L,n,A4g,ne : G = R, k=1,2,..., be
measurable functions, &,&, € (L'(G))’, nr € L'(G), with zx — z in measure
on G, & — & weakly in (L'(G))" as k — oo,

w(x) € AW), (m(x),&(x) €0(x,z(x), xe€G, k=12, ..,

—00 <[ = lilgninf/ ni(x)dx < +o0,
G

nk(x) > L (x), A, € LY(G), Ax — A weakly in L'(G).

Then there exists a function 1 € L'(G) such that

x(x) € Ax),  (n(x),£(x) € Qx,2(x)), x€G, /U(X)dx <i.

G
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