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DYNAMIC ANALYSIS OF THE STEERING SYSTEM OF
A PASSENGER CAR WITH MCPHERSON SUSPENSION

The objective of this paper is to present a method of dynamic analysis of the
steering system of a passenger car with McPherson suspension. The links of the
system are modelled as rigid bodies; however, the method enables flexibility of the
steering shaft of the car to be taken into account. The geometry of the system is
described by using homogenous transformations. Equations of motion are derived on
the basis of the Lagrange equations. In the method proposed, the closed loop of links is
cut at selected joints and suitable reaction forces are introduced. Dry friction occurring
in the steering system is reduced to the prismatic joint between the steering rack and
guide. The method can be used in design and optimization of steering systems of
passenger cars with McPherson suspension.

1. Introduction

The steering system of a car should enable one to drive over an uneven
road without disturbances in the direction. At the same time it should enable
the driver to steer and choose the best direction of drive as well as to
efficiently manoeuvre in car parks. Thus there is a contradiction in
requirements — on the one hand there is a tendency to isolate the driver from
the effects of a wheel hitting an uneven surface, and on the other hand it is
necessary for the driver to feel the interaction between the road and the
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wheels. In terms of safety, the car’s response to steering wheel movements
when held to go in a straight line is especially important; it should be
necessary to increase the value of the torque applied to the steering wheel in
order to change the direction in relation to straight driving. Experimental
results show that hysteresis occurs in the courses of those torques (and also
other physical parameters of the system) with respect to the angle of the
steering wheel. Dry friction occurring in the drive system is considered as
a cause of this effect. The friction significantly influences steerability of
a vehicle and also its handling. According to experimental measurements and
also observations, the friction is especially large in ball-and-socket joints
which connect stub axles with suspension arms. It also occurs in joints (rolling
bearings) between piston rods of McPherson columns and the vehicle body.

Reliability and efficiency of steering systems is very important for safe
driving, and thus it is necessary to carry out full analysis of such systems. In
order to examine the dynamics of the steering system of a selected passenger
car it is necessary to analyse motion of its links when subject to defined
forces, i.e. to solve the dynamic problem when taking into account dry friction
in some joints. To this end, a physical model of the system as a multibody
system in the form of a closed spatial kinematic chain must be formulated, and
then its motion must be described using appropriate differential equations.
Conclusions arising from this analysis can be helpful in the design of steering
systems and especially in the optimisation process of the design. Results of
computer simulations of the model formulated can be used to forecast
behaviour of real steering systems. Such results can be reliable if all the
essential features of the system are taken into account in the analysis and real
data are used for numerical calculations. Considerable difficulties occur in
determining parameters of dry friction. Dynamics of steering systems has
been analysed in many textbooks on car design, for example [5], [22], but the
analysis was usually limited.

There is relatively little Polish literature concerned with complex
dynamic analysis of steering systems. These are textbook [11] and mono-
graphs [7], [15] as well as in some respects monograph [8] and paper [26]; in
the latter the author presents a complex mathematical model of the steering
system of a vehicle using calculus of vectors. Papers by Zardecki [32], [33]
and Lozia and Zardecki [17] are also worth mentioning. The authors present
their own method of modelling dry friction and clearance in steering systems
and then analyse how these phenomena influence steerability of the vehicle.
Foreign literature is much richer, especially German, one can mention papers
by Hiller and his team [4], [9] and also monograph by Kolsch [14] and
Wohnhaas [28]. A special attention should be paid to the section of [14] which
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is concerned with dynamic analysis of steering systems of vehicles with
McPherson suspension, in which two phases of friction (kinetic and static) are
modelled in the connection between pistons and cylinders of McPherson
columns. According to the author, the friction occurring in this connection is
especially important for dynamics of a car in motion because in certain
conditions the piston in the cylinder can seize (in terms of dry friction the stick
friction phase occurs in the connection). As a result, the car becomes
unbalanced, and the driver is exposed to a special type of vibration called
wobbling, which makes it difficult to steer the car and can cause an accident.
A similar problem is also a subject of [19]. Authors of [24] deal with dynamic
analysis of steering systems and they describe possibilities of MESA VERDE
software in this respect.

A separate problem is kinetic analysis of steering systems, which to some
extent can be treated as a preparatory stage for dynamic analysis. Analysis of
such systems is especially difficult, since these are spatially complex link
mechanisms; papers [12], [13] and parts of [18] should be mentioned among
Polish literature. Outside Poland, paper [25] discusses the problems of kinetic
analysis of drive systems, whose design involves the steering rack being
driven by a pinion from the side of the steering roller. Its authors formulate
conclusions useful for designers of such systems. Also [9] and [24] deal with
kinetic analysis of steering systems. There are several papers [2], [3], [6], [23]
of ADAMS users which are concerned with solving different problems of
modelling and investigating steering systems of cars, especially analysis of
kinematics.

Interesting results for designer of these systems are presented in [30]. The
authors deal with modelling of dry friction in the steering gear (steering
roller-pinion) in order to improve its efficiency. The results of experimental
measurements of gears analysed are also presented. Authors of [20], [21],
[27], [31] are also concerned with modelling and investigating elements of
such systems.

2. Physical model

The steering system of a passenger car with McPherson suspension (Fig. 1)
consists of the steering rack sliding in the guide of the car body driven by the
pinion connected to the lower roller of the steering column. Movement of the
steering rack is transferred to stub axles by means of steering rods causing
wheel turn. Stub axles are connected with the body by suspension arms and
McPherson columns (shock absorbers).

In order to develop a physical model of the system, it is assumed that the
body of the car is fixed, and thus 9 links of the system are isolated (Fig. 2):
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(1) — steering rack,

(2) — left piston of McPherson column,
(3) — left stub axle with a wheel,

(4) — left steering rod,

(5) — left suspension arm,

(6) — right piston of McPherson column,
(7) — right stub axle with a wheel,

(8) — right steering rod,

(9) — right suspension arm.

right McPherson
column left McPherson
column

right steering

rod steering

steering wheel
column

right
right stub Suspension arm

axle left

left stub
axle

Fig. 1. Steering system of a passenger car with McPherson suspension

It is assumed that the body (1) is connected with a guide placed in the car
body by means of a sliding joint P. In the system, there are also two rotary
joints R; and R,, respectively, between bodies (5) and (9) and the car body,
eight spherical joints S}, S, S3, Ss, Ss, Se, S7, Sg connecting body (2) with the car
body, (1) with (4), (3) with (4), (3) with (5), (6) with the car body, (1) with (8),
(7) with (8), (7) with (9), respectively, and two cylindrical joints C, and C,
between (2) and (3), (6) and (7), respectively, (which are right and left pistons
and cylinders of McPherson columns fixed to stub axles).

A pinion mounted to the roller of the steering column drives the steering
rack. In the model, the assumed stiffness and flexibility of this column is
introduced by means of a spring-damping element SDE; constructed of
a spring element and a parallel damping element. Motion of the elements of
the system is caused by a turn of the steering wheel by an angle @y.
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Fig. 2. Physical model of steering system of a passenger car with McPherson suspension
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Spring-damping elements SDE, and SDE,, constructed like SDE,, are
placed in the connections of piston with McPherson columns (axes of those
elements, determining directions of their actions, coincide with column axes).

The geometry of the system will be described using homogenous
transformations [1]. To this end for further considerations it is assumed:

p"’ — denotes a vector of generalised coordinates defining the position of

body (7) with respect to the local coordinate system X, y, z, assigned to the

preceding body p (the one closer to the car body), (1a)
q; —denotes a vector of generalised coordinates defining the position of
body (i) with respect to the inertial system x y z. (1b)

Coordinate systems are formed by Cartesian unit vectors. The origin of
the inertial system x y z (Fig. 2) is placed in the middle between the articulated
joints S, and Se (having assumed that the wheels of the car are directed straight
ahead). Versor z marks the direction of the gravity force.

If p is a number of the preceding body (7) then the following takes place:

q = L‘H 0

In order to describe the relative position of bodies, the following
notations are used:

x; — translation in direction x; of the local coordinate system,

y; — translation in direction y; of the local coordinate system,

z; — translation in direction z; of the local coordinate system,

@; — rotation about axis x; of the local coordinate system,

6. — rotation about axi-s y; of the local coordinate system,

W; — rotation about axis z; of the local coordinate system.

The generalised coordinate vectors defining the position of each link are
defined below.

(1) Steering rack

Its position with respect to the x y z system is defined by the vector of one
component:

q =q% =Dl (3a)

and the transformation matrix from the X; y; z; system to the x y z system
is as follows:
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1000

010y1
Bi=loo01 0] (3b)

0001

It is assumed that the origin of the x; y; z; system is placed in the mass
centre of the steering rack which lies on a line connecting the centres of
articulated joints S, and S;.

(2) Left piston

Its position with respect to the x y z system is defined by the vector:
©=9%=[y, 6, @i, (4a)

and the transformation matrix from the x, y, z, system to the x y z system
takes the form:

cyy, sy, 0 xzffcB, 0 s6, Of|1 O 0 O
sy, cy, 0 y 0 1 0 00 cp, —s@, 0
B, = : (4b)
0 0 1 22 —592 0 C92 01/0 SQ, CQ, 0
0 0 0 1 0 0 O 1JJ0 O 0 1

where: x,, y,, 2, define the position of origin of the x, y, z, system in the
X y z system.

In general, the following notations are assumed in the case of particular
angles: s = sin & and ca = cosc.

(3) Left stub axle

Its position with respect to the x; y, z, system assigned to body (2) and
with respect to the x y z system is defined by the following vectors:

qQ® = [z wl, (52)

T
9 = LI%T} =[y2 6: ¢ 75 Yl (5b)

The transformation matrix from the x; y; z; system to the X, y, z, and
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X y z systems are as follows:

1 0 0 X3 | CWr —SY; 0 O

A® — 0 1 0 Yiosws ocys 00 ’ 50)
0 0 1 ZZ3+Z3 0 0 1 0
0 0 O 1 0 0 0 1

B3 = BzA(3), (Sd)

where: %x3, %ys, *z; define the position of the origin of the x3 y3 z; system in the
X2 Y22, System.

(4) Left steering rod

Its position with respect to the x; y; z; system of body (1) and with respect
to the x y z system is defined as:

q¥ =[ys 64 @', (6a)
R U T
qs = {q(“)} =D Wi 64 Q4. (6b)

Transformation matrices from the x; y; z, system to the x; y; z; and
X y z systems take the following forms:

CWy —SY, 0 IX4 C94 0 S94 01 0 0 0
1 —
A® = sWs cys 0 yff O 1 0 0|0 cps —s5s¢s O ’ 60)
0 0 1 'z | -s6s 0 cO, 0||0 s@s cps O
0 0 0 1 0O 0 0 1j0 O 0 1
B, =B,AY, (6d)

where: x4, 'y4, 'z, define the origin of the x4 y, z4 system in the X, y, z; system.

(5) Left suspension arm

Its position in the inertial system x y z is defined by the one
component vector:

qs = q” = [os], (7a)



DYNAMIC ANALYSIS OF THE STEERING SYSTEM OF A PASSENGER CAR 189

and the transformation matrix from the Xs ys zs system to the X y z system can
be written as:

1 0 0 Xs

B, = 0w —3@s 3| (7b)

0 s@s c@ps zs
0 O 0

ot

where: xs, ys, zs define the position of the origin of the xs ys zs system in the
X y z system.

(6) Right piston
Its position in the inertial system x y z is defined by the vector:

Q46 =99 =[ys 65 @, (8a)

and the transformation matrix from the Xs ys zs system to the x y z system
takes the form:

CWe —SWYs 0 =xq CQG 0 SQG 0|1 0 0 O
s c 0 0O 1 0 0}|]l0 ¢ —s@s O
B, - Ve CYs Y (08 Qs ’ (8b)
0 0 1 Z6 || — Se(, 0 C96 010 SPs  CQPs 0
0 0 0 1 O 0 O 1|0 0 0 1

where: xs, ys, 26 define the position of the origin of the X ys zs system in the
X y Z system.

(7) Right stub axle

Its position in the X ys Zs system of body (6) and in the x y z system is
defined by the following vectors:

q” = [z7 v, (9a)

qr = L;](g)} =[ws Os @s 22 Y5, (9b)

and the transformation matrices from the x; y; z; system to the X¢ ys Z¢ and
X y z systems are as follows:
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1 O 0 X7 cYy; —syn 0 0
6
A0 | 0y |syy cy; 0 O | -
0 0 1 Sz+z|| O 0 1 0
0 0 O 1 0 0 0 1
B, = BAA?, (9d)

where: °x;, %y, °z; define the position of the origin of the x; y; z; system in the
Xs Yo Zg System.

(8) Right steering rod

Its position with respect to the x; y, z; system assigned to body (1) and the
X y z system is defined by the vectors:

q® =[ys 65 @4l (10a)
_| 9| _ T
qs = |:q(8):| - b}1 Vs 98 q08] s (IOb)

and the transformation matrices from the xs ys zs system to the x; y; z; and
X Yy Z systems can be written in the form:

cys —swy 0 'xyl[ c6: 0 56 O[1 0 0 O

A® = SWg ClYs 0 1)’3 0 1 0 00 cCQPg —SPg 0 ’ (IOC)
0 0 1 78 —‘563 0 Ceg 00 SQPg  CcQPg 0
0 0 0 1 0 0 O 1Jl0 O 0 1

B; = B,A, (10d)

where: 'xg, 'ys, 'z5 define the position of the origin of the X; ys g system in the
X y1 Z; system.

(9) Right suspension arm

Its position with respect to the x y z system is defined by the one
component vector:
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QP =q” =[], (11a)

and the transformation matrix from the X, yy zo system to the X y z system
takes the form:

1 0 0 Xog
0 cops —s5@9 Yo

B, = : (11b)
0 s@o c@y 2o

0 0 0 0]

where: xo, Yo, zo defines the position of the origin of the Xy y; Zo system in the
X y Z system.

3. Mathematical model

The equations of motion are derived from the Lagrange equations.

(O]

. (m)

Fig. 3. Multibody system

Using the relations presented in section 2 and the methodology presented
in [1], it is assumed that the motion of body (7) of the multibody system (where
i=1,2,...,m), showninFig. 3, is described in the x y Z system by the vector of n;
generalised coordinates, which can be written in the following form:
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q: = [(]n ik e qm,-]r, (12)

and the coordinates of an arbitrary point in body (i) are transformed to this
system according to the formula:

r; = Bi(qi)r/ia (13)

where: B, — is the transformation matrix from the x; y; z; system to the
X y Z system,
r; =[xy ¥ Zi 1]"—isacoordinate vector of the point in the X, y; z;
system assigned to body (i),
r,=[x y; z 11" — is a coordinate vector with respect to the
X y Z system.
Kinetic and potential energies of body (i) can be presented as follows [10]:

T, = tr {B;H,;BT}, (14a)

Vi= migegBir,Ci, (14b)

where: tr{} — is the trace of a matrix,
B, — is the matrix derivative with respect to time of matrix B,

H = J'r’,- r'T dm; — is the mass matrix of body (i),

m; — is the mass of body (i),
g — is the acceleration of gravity,
67=[0 0 1 0],
r'c; — is the coordinate vector of the mass centre of body (i) with
respect to the x; y; z; system.
The Lagrange operators, after some transformations, take the form:

d JT JT L, ;
e e alg..+hY, fori=1,...mand k=1,...,n, 15a)
df (9q',;k 5(1,;,( /:21 k’qu] ¢ (
Vv
3C]i.k
where: T, V — are the kinetic and potential energies of the system,

= Vﬁ-i) =mg eBTBi,k rc. (15b)

i T
al; = r{B,H,B[}},
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npnj

hY = > > tr{BuH;B, } G i

j=1 i=1

_ 9B,
iwj = aqivja

s __ OB
i 991, 9qi

If force P defined with respect to the x y z system by the components of the vector:
P=[P, P, P, O] (16)

acts at body (i) at the point with the following coordinates:
r,i,P = [X;‘,P y;-,p Z;‘,P 1 (17)

in the local coordinate system x; y; z;, then the generalised forces arising can
be expressed as:

QP (P) = [Biirip)” P for k=1,...,n. (18)

Potential energy of spring deformation and the function of energy
dissipation of the spring-damping element SDE, of the steering wheel column
can be expressed respectively as follows:

1 . =

PP = 5 ¢ lixkpx — nl%, (19a)
1 .- .

P e 5 b [ixpx — }’1]2, (19b)

where: c¢,,b, — are stiffness and damping coefficients respectively,
i — is the ratio of the steering system.
This ratio can be written in the form:

i 1
g = Ed[{, (20)
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where: dk — is the pitch diameter of the pinion.
Potential energy of deformation and the function of energy dissipation of
SDE, and SDE, can be presented in the forms:

V@ = %cgzg, (21a)

D = b3, (21b)
and

wmzécﬂ% (22a)

DO = 2 b3} (22b)

where: ¢, ¢, b,, by — are stiffness and damping coefficients of respective
spring-damping elements.
Having assumed kinematic drive input of the steering wheel, i.e.
assuming that the following functions are known:

ok = @k (D), (23a)

Pk = Pk (1), (23b)

the vector of generalised coordinates of the whole system takes the
following form:

q= [41 q> 43 44 45 46 47 48 49 10 411 412 413 14 415 16 17 418 419]T =
= w2 02 @2123 W3l Wa Os @ul @s|We Os @olzr Wl ws O @s|@ol’.  (24)

Bearing in mind relations (15a), (15b), (19), (20) and (21), we can write
the equations of motion of the system considered as follows:

Mi=F+Q, (25)
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where: M = (m;);;-1_19 1S @ symmetrical matrix and its non-zero elements
are:

_ 4 8
my, = afy + aff + af?,

4 .
ml,j+6 = a(l,j) ] = 132v3’

my s = a(lgj) I 1,2,3,
mia=a@+ald i=123 j=i..3
M43 = a,(»?j) i=123 j=1,2,
Mii4j+4 = a§3+)3,j+3 i=1,2 ] = I,...,2,
M. 6jr6 = af?l.jﬂ i=123 j=1i..3,
mio,10 = a(ﬂ,

Mmii10j+10 = a,('g) + a,(y 1= 1,2,3 _] = i,...,3,
mi,10j+13 = a?,? i1=1.23 Jj= 1,2,
mii135+13 = 05?3,143 i=12 j=1i,..,2,
Mm;ii55+15 = ag)l,j+1 =123 j=1i..3,

_ 0
Mg 19 = aﬁ,{,

fi = cklixgx =y + b lix px — y1] — b = b = h® = VI = VP — VP,
firn=—hP -VP =123,
fs==h = VP — cpnzs — bz,
fo= —hE¥ — V&Y,

4 4 ,
ﬁ+6:_h§+)1_ VE-{-)I b= 172737
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fio ==k = VP,
Frag==hF =V® =131,
fia=—hY = VP - cqz7: — berza,
fis =—h9 = VD,
ff+15 = —h§§)1 - Vgi)l =123,

9 9,
fio==h$ = VP.

Itis also necessary to define the generalised forces which are components
of vector Q in equation (25). The way in which the generalised coordinates are
chosen requires that the internal forces acting at points A;, B, Az, B (Fig. 4)
are treated as external forces, and they can be defined with respect to the
X Yy z system as:

Rar = [Rax Ray Razd, (26a)
Rs. = [Ree  Rery  Rac), (26b)
Riz = [Rewe Bany. Raund% (26¢)
Rsr = [Rene  Rory Rur”. (26d)

According to Fig. 3 it has to be taken into account that these
forces act as follows:

R4y - on link (3), Ruz — on link (7),
-R4 — on link (4), -Ryz — on link (8),
Rz, — on link (3), Rz — on link (7),

- Rp. — on link (5), -Rgr — on link (9).
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Fig. 4. Reaction forces in spherical joints

If it 1s assumed that:

r'$)| define coordinates of point A; with respect to X; y; z; and X; Y4 Z4
)| systems respectively,

r'§)| define coordinates of point B, with respect to X; y; z; and Xs ys Zs
)| systems respectively,

r'{}| define coordinates of point Az with respect to X; y; z; and Xg ys Zg
r'$)| systems respectively,

r'g}| define coordinates of point Bg with respect to X; y; z; and X, Yo Zo
r’§)| systems respectively,

then the generalised forces arising from reaction forces in spherical joints
according to (18) can be presented in the forms:

_1(3) (RAL) = (9B3,j r,/(‘l:;[),)T RAL for J = 192’3 5435’ (273)
j(4) (— RAL) = (0B4,j r,,(A‘?)TRAL for J = 192’314’ (27b)
1(3) (RBL) . (9B3,j rlgl)/)TRBL forj = 132s3a4a5’ (27C)

 (~Ra) = = (8Bs;1'5) Ry, forj =1, (27d)
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and
7 (Rag) = (6B, r" ) Ry forj=123475, (28a)
/('8) (—=Rur) = _(BBS.j l'/ﬁxg/%)TRAR forj = 1,2,3.4, (28b)
1(7) (RBR) = (0B7j r,g/%)TRBR for_] = 172’374757 (280)
P (—Rgr) = —(0By, ') Rz for j = 1, (28d)
1 000
where: =10 1 0 0}
0010
Finally the following can be written:
Q = DR, (29)
where:
Dy, 0 Dy 0]
D, D, 0 O
D31 D32 0 0 RAL
D, O 0 0 R
Q = 0 D52 0 O B R: RAR ’
0 0 D63 D64 B
0 0 Dy Dy Rer
0 0 Dg3 O
0 0 0 Doy

D, = Q(14) —Ra) = _9B4,1r,,%412,
D;; = Q(lg) (—Rur) = ‘GBs,lr,,(«xs s

D] [0 Ra)]
'D21 = D21,2 = Qg) (RAL)
| Dais| | OF Ru) |

Dy, _Q (13) (RBL)_
D,, = Dzzﬁ = Qg) (RBL)

= 9B3,2r/£132

- 23
=|0B;.r %Z

Dyns| | O P (Ray) |

—9B3,1 r’EfZ—

ﬁ B33 rlflf_

§ 7 (3)7]
0B r fgL)

10B;; r %32_

-

-
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D- = Dy 513) (RAL) _ 0 B3,4 K'IQL)
W _D31,2_ (53) (RAL)_ _9 Bis T’ARL)
D., = D32,1 513) (Rpr) _ 0 B3,4 r 5932 ,
. _Dzz.z_ i i (RBL)_ _9 Bisr’ gﬁ_
Dy, Q%A) = RAL)_ - 93471'/(4
Dy = D41,2 (34) g RAL) = = 9B4 31"( Al
Dy 5 QEA) (- RAL)_ - 0B, r'y
Ds, = Q(15) (-Rg) = - 9Bs,l I'/,(BSL),
—D63,1_ _Q {? (RAR)— 0 B, 'y vl
Dgs = | Dgs Qg) (Rar) |=| 0B, | Ik
_D63,3_ _Q .37) (RAR)_ 9 B Y Y,
_D64,1 _Q (17) (RBR)_ 6 B r d 5371%
Dgs = | Dgas» 0 % (Rgr) |=| 0B, '}
| Dess| O § (Rzr) | |9Bs3 r' 53 |
_D73,1_ | 317) (RAR)_ —937 4 1'/ 0]
Dy, = M = 49
_D73.z_ 5 (RAR)_ 9B7 s A
= - - . . N
D, = D14, (@) 57) (Rgr) _ 9B7,4 r g/% ’
= _D74,2_ _Qg) (RBR)_ _9 B;s l’/gﬁ
Dys 0 38) — RAR)h —0Bs, r'y ¢
Dg; = | Dgs, | = QSS) (—Rur) |=|—0Bgsr'y (8) ’
Dgs 5 Q(48) = RAR) - 913341'/(8
Dy, = Qgg) (=Rgr) = — 9B9 1B (9)

Having presented the generalised forces in form (29) we can write the

equations of motion as follows:

M{ - DR =F.

(30)

The number of unknowns is 19+ 12 = 31, while there are only 19
equations. Thus, additional 12 constraint equations have to be formulated and

they are as follows:
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or§) =0rf?, (31a)
ors) = 0ry), 31b)
ori} = 0rf, (31a)
ord} = 0rsy, (31b)
while:
r§) = B;r'§, (32a)
ril = Bar'f), (32b)
rj = Bsr'§), (32¢)
r§l = Bsr'§), (32d)
and
ri = Br'Q, (33a)
ri% = Bsr’'$, (33b)
ri = Br'g), (33c)
r&; = Bor' 5. (33d)

Having differentiated equations (31) with respect to time one can write the
following:

-D7g=W, (34)

W,
W,
W;
W,

where: W =

W, =0 |:i=1 S (B3, r')G3: G, —izzlj; (B4,i,jl"fq42)6]4,i44,j},
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M ns oy ns  ns
Wa = 0] 20 20 (Bayyt'8D dsidoy —2 2 (Bsiyt'idsids |
n, n, ng  ng 7
W;=60 ke (B7,i,jr/§§71%)q7,i g7, —2;]; (Bs.i,jr/g}%)q.&iq&j s
Mn, ng Ny ]
W,=6 Py (B, X8 G7.: G _21:]; (Boi T80 o o) |-

Finally, the equations of motion (30) and constraint equations (34) can be
presented together:

MG - DR =F, (35a)

D7 =W. (35b)

Numerical integration of equations (35) enables us to calculate vectors of
displacements q, generalised velocities ¢ and vector of reaction forces R.

ol
2 2
Yz
Ry, N < R,
NRZ A ZZ‘ z NLz“ “
D, RDLX Bl
yz Y
-N
O
’
2

Fig. 5. Reaction forces in sliding joint of steering rack

These equations have to be modified when dry friction in the systems is
taken into account [8], [29]. In the problem considered, it is assumed that
friction is reduced to the sliding joint P which connects the steering rack
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—body (4) with the guide in the car body. Two phases of dry friction can be
considered: kinetic friction when the steering rack moves and static friction
when this motion is “blocked”. The way of considering the friction depends
on the model of the joint assumed. The model assumed for these con-
siderations is presented in Fig. 5. It is assumed that the steering rack with
length [ is connected with the guide by means of two slide bearings ,,B,” and
,»Br” with zero width (the distance between the bearings is a).

Having projected reaction forces Rp, and Rpr (Rpy,, Ropr,, Rpr, Rpg, are
the respective projections on axes x and z of the X y z system) and the force of
gravity m,g, (Fig. 5): one can calculate the moments of normal reaction forces
acting from the bearings on the steering rack as follows:

N, a = RDLX(é + yl), (36a)
d= R( + ylj, (36b)
l
Npa= RDLZ(E"“ )’1), (36¢)
[
NRZa = RDRZ(Q + yl 5 (36d)
Na = m gy, (36¢)

where: Rpy, Rpr, Rpr, Rpr, — are components of forces Rp, and Rpg

respectively.

Thus normal reaction forces N, Ng, N, and N, can be easily calculated.
Components of normal reaction forces at the left bearing are defined

as follows:

1
zF.('XL) = Ng,— N, — E(RDLX + Rpr), (37a)

ZF(L) = NL + N — —(RDL + RDR - mg). (37b)

The resultant force at this bearing is then calculated according to
the formula:
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FL =S FO? + (3 FOy. (38)
The force of kinetic friction is defined as:

1, = UFy, (39)

where: u — is the coefficient of kinetic friction.
Similarly, the components of normal reaction forces at the right bearing
are defined as:

1
ZF,('f) =Ny, — Ng, — 5 (Rpr, + Rpr)s (40a)
1
ZF(-R) =Ny, — Ng, = N = E(RDLZ + Rpr, — m g), (40b)

z

and the resultant force is calculated from the formula:

Fr=\(X F®) + (X FP®, (41)
The force of kinetic friction can be calculated as follows:

Ty = 155, (42)

In addition, a sliding stone connected with the guide acts on the steering
rack by means of a compression spring and this results in additional friction
force T, dependent on compression of the spring.

Reaction forces Rp, and Rpy acting at points D, and Dy (Fig. 6) can be
calculated using the Newton equations:

R[)[l = ”149.1.'((‘7‘) + RALv (438)

RDR= mgeizg) + RAR- (43b)
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Ok

Fig. 6. Reaction forces at chosen spherical joints

Vectors of accelerations of mass centres of links (4) and (8) can be
calculated according to the formulae:

B = {2 (Bas,iGa +_§1: ;B4,i,144,i Ga,j 'Y, (44a)
i=1 i=1 j=

P = {Z(Bs,,-qg,,- +22 2 By jgads, 1/, (44b)
i=1 i=1 j=

where: ' —is the vector of coordinates of the mass centre of link (4) in the
X4 V4 Z4 SyStem,
r'® —is the vector of coordinates of the mass centre of link (8) in the
Xg Ys Zg System.
Two phases of dry friction in joint P are signalled by means of
a friction index i

) 0, for static friction, (45)
lf = g - § %
. 1, for kinetic friction.
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1.i,=0

In this case the steering rack does not move in relation to the guide in
the car body and the force of static friction is not known. Lack of
motion in the joint is signalled by the constraint equations:

yi=0. (46)

In order to calculate the force of static friction 7, it becomes
a component of the reaction force vector which now takes the form:

R
Ry = [T} (47)

and matrix D is also modified as follows:

D:=[D D7, (48)

where: D" =[1 0 ... 0]"
) S

w 19

The equations of motion and constraint equations in this case
take the form:

Mg - D:R; =F, (49a)

-DIg =W, (49b)

0

Transition from the static to the kinetic friction phase (i = 1) occurs
when the following condition is fulfilled:

w
where: Wr = { }

|T| > us (F® + F®), (50)

where: T — is the force of static friction,
U, — is the coefficient of static friction in bearing ,,B;”
and ,,Bg”.
In this case the steering rack moves along the guide in the car body
and kinetic friction occurs in joint P. Then the first component of
vector F has to be changed by the component:
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T=- sgn }31 (TL+ TR+ To) (51)

Transition from the kinetic friction phase to the static friction phase
(iy = 0) occurs when the following condition is fulfilled:

sgny, (t — h) # sgny, (t) 52)

that is, when the velocity of the steering rack y; changes sign at
a given integration step (7 — integration step, ¢ — time).
A computer program using Object Pascal (Delphi 6.0) has been developed
on the basis of the algorithm formulated.
Initial conditions are calculated assuming that:

q=q=0, (53a)
Wi=@Qs= Y7 = @s=0, (53b)

which means that generalised velocities and accelerations as well as rotation
angles of stub axles about pistons and turn angles of steering rods about their
axes X, and xg respectively equal zero. The following system of nonlinear
algebraic equations:

DTRT = F = 0, (543)
S(q) =0, (54b)

where: [S; S: S5]”" = 0[r$) — r{Y],
[Ss S5 Se]” = O[r§) — ri/l,
[S7 Ss Sol” = O[riz — rl,
[Sio Su Si2l” = O[r R — rl,
Si3 =y,
has been solved without equations referring to generalised coordinates /3, @,
W4, Qs by using Newton’s iterative method.
In the equations of motion presented external forces acting on the wheels
can be taken into account. It is assumed that the wheels do not turn about the

stub axles and thus it can be assumed that the following forces act directly on
bodies (3) and (7):

P, =[P, P, P, 0, (55a)
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Pr = [PR_\. PR,. PRZ O]T, (55b)

at points with coordinates defined by vectors:
r’sp — in the X5 y; z; system,
r’;p, — in the X; y; Z; system.
This means that vectors Q(P;) and Q(Px) have to added to the vector F in
equations (25). The components of these vectors can be calculated according
to formula (18), and the following is obtained:

}3) P = [B3,jl"3,PL]T P, for j=1.2,345, (562)

}7) (PR) = [B7Jr’7,pR]TPR for _] = 1,2,3,4,5. (56b)

Thus, vectors Q(P;) and Q(Py) take the forms:

Q@) =1[0 [BB,lr/3,PL]TPL [B3,51"3,PL]TPL 0 . O]T,

1 2 7 8 w 18

(57a)

Q®Pr =1[0 .. O[B7.lrl7,Pk]TPR [B7,5r’7,PR]TPR 0 w 0]T~
1

.10 11 15 6 .. 19

(57b)

4. Computer simulations

Data for calculations have been assumed on the basis of technical
documentation of a car with McPherson suspension made available by the
manufacturer. In order to calculate mass parameters of links, their geometry
has been imaged using AutoDesk Inventor software. Simulations were carried
out on the assumption that the car is placed on a jack, and its wheels hang
down freely and are not loaded by any forces acting from the surface.

Dry friction in sliding joint P is considered in numerical simulations on
the assumption that kinetic and static coefficients of friction are the same:
u = u, =0.2. Coefficients of stiffness and damping of SDE, are as follows

N N
[16]: @, = 00 and By = 01—
rad

. Coefficients of stiffness and damping
ra

N
for SDE, and SDE; are assumed as ¢; = ¢; = 10° —, b, = b; = 0.
m

Results of numerical simulations presented are obtained for the drive
input in the steering wheel shown in Fig. 7.
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0 D.‘1 O.‘Z 0.3 0..4 0..5 0.‘5 O,.7
1[s]
Fig. 7. Change of rotation angle of steering wheel defined as function of time:
@x = 0.15m sin 2.8

Fig. 8a presents displacement y; of the steering rack in time, while Fig. 8b
presents its velocity y;. In terms of dry friction, static friction phases of short
duration can be observed (at the beginning or at the end of motion and also
when changing direction). Occurrence of these phases is marked by bold lines
in the course of the friction index iy

The course of rotation angle w; of the left stub axle is shown
in Fig. 9. This angle, after some simplification, can be treated as the
steer angle of the left wheel.

The course of rotation angle ¢s of the left suspension arm is shown in
Fig. 10. Relatively large vibrations of the suspension arm result from omitting
the damping in shock absorbers in simulations.
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1 [10°m]

1[s]

| B

lfu 0 0

Fig. 8. Motion of steering rack: a) displacement y,; b) velocity y,
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(5]

Fig. 9. Course of rotation angle 5 of left stub axle
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The method of dynamic analysis presented will be of interest to designers
of passenger cars, it can be useful especially in the process of computer aided

t[s]

Fig. 10. Course of rotation angle ¢s of left suspension arm

5. Conclusions

design and optimisation of steering systems.
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Results of numerical calculations can be reliable when real data are used
for analysis. In order to calculate mass parameters of links AutoDesk Inventor
can be used. Special difficulties occur when the parameters of dry friction
(which is not fully researched but inevitably occur in joints of the system) are
to be defined.

Since they are aware that only a complex model of the whole car would be
useful, the authors are working now on physical and mathematical models of
a car in motion, where the model of the steering system presented will be
included.

This research was financed by Grant No. 8 T12C 061 20 founded by
Polish Committee of Science.

Manuscript received by Editorial Board, November 04, 2003;
final version, June 15, 2004.
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Analiza dynamiczna ukladu kierowniczego samochodu osobowego
z zawieszeniem typu McPherson

Streszczenie

W pracy przedstawiono pewna metodg analizy dynamicznej (w zakresie tzw. prostego zadania
dynamiki) ukladu wieloczlonowego bedacego modelem fizycznym uktadu kierowniczego wy-
branego samochodu osobowego z zawieszeniem typu McPherson. Analizowany uktad stanowiacy
przestrzenny mechanizm dZwigniowy zbudowany jest z dziesigciu czlondw modelujacych:
kierownice, zebatke, drazki kierownicze, zwrotnice wraz z kotami, tloczyska kolumn typu
McPherson oraz wahacze. W przyjetym modelu cztony traktowane sa jako ciala sztywne, mozna
natomniast uwzgledni¢ podatno$¢ skretna kolumny kierownicy. Geometri¢ uktadu opisano przy
wykorzystaniu tzw. macierzy jednorodnych. Réwnania ruchu uktadu wyprowadzono, bazujac na
formalizmie réwnan Lagrange’a. Réwnania te uzupetniono odpowiednimi réwnaniami wigzéw
geometrycznych. Przyjety model daje mozliwo$¢ uwzglednienia tarcia suchego wystepujacego
w potlaczeniach czlonéw ukiadéw kierowniczych samochodéw, przy czym dla potrzeb prze-
prowadzonej analizy tarcie to zredukowano do przesuwnego potaczenia miedzy zebatka a obudowa.
Dane do obliczen przyjeto na podstawie analizy dokumentacji technicznej dotyczacej wybranej
marki samochodu osobowego z zawieszeniem typu McPherson, udost¢pnionej przez jego
producenta. W celu wyznaczenia potrzebnych parametréw masowych poszczegélnych czlonéw
odwzorowano ich rzeczywista geometri¢, korzystajac z pakietu oprogramowania Autodesk
Inventor. Proponowana metoda analizy dynamicznej uktadéw kierowniczych moze zainteresowaé
projektantéw mechanizméw samochodowych, a w szczegdlnosci moze by¢ uzyteczna w procesie
wspomagania projektowania uktadéw kierowniczych.



