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Bacteriophages, viruses that can infect bacteria, are promising alternatives for antibiotic treatment
caused by antibiotic-resistant bacteria strains. For that reason, the production of bacteriophages is ex-
tensively studied. Mathematical modelling can lead to the improvement of bioprocess by identification
of critical process parameters and their impact on the demanded product. Dynamic modelling considers
a system (i.e. bioreactor or bioprocess) as a dynamic object focusing on changes in the initial and final
parameters (such as biomass concentration and product formation) in time, so-called signals and treats
the studied system as a “black box” that processes signals. This work aimed to develop a mathematical
model that describes bacteriophage production process. As result, we created a dynamic model that
can estimate the number of bacteriophages released from cells as plaque-forming units at specific time
points based on the changes in the bacteria host-cell concentration. Moreover, the proposed model
allowed us to analyze the impact of the initial virus concentration given by multiplicity of infection
(MOI) on the amount of produced bacteriophages.

Keywords: bacteriophages, mathematical modelling, dynamic modelling, bioprocess engineering,
Simulink

1. INTRODUCTION

Bacterial infections cause a real problem in the global healthcare system. It is estimated that every year
about 25,000 EU citizens die due to infection with antibiotic-resistant bacteria strains because the common
treatment is very hard or nearly impossible (Ackermann, 2012). Microorganisms becoming highly resistant
to antibiotics such as Enterococcus faecium, Staphylococcus aureus, Klebsiella pneumoniae, Acinetobacter
baumannii, Pseudomonas aeruginosa, Enterobacter spp. were described as the “ESKAPE” group. Those
bacteria cause high morbidity and mortality (Santajit and Indrawattana, 2016). A published report estimates
that even 50 million people can die every year because of such infections if no worldwide protection action
will be taken (O’Neill, 2014). In this reality, novel methods of bacterial infection treatment are being
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sought. One of the promising alternatives is the bacteriophage treatment, which uses viruses infecting
bacteria cells, due to its high specificity, ability to form a bacteria film (Basu et al., 2015; Drilling et al.,
2014; Parasion et al., 2014), and potential safety in human treatment applications (Bruttin and Briissow,
2005; Sarker et al., 2012).

Bacteriophages (or commonly phages) have more potential applications in the industry than in medicine.
First of all, phages can be used in livestock breeding as an alternative to prohibited EU antibiotic growth
stimulators. Moreover, in veterinary bacteriophages can be utilized as a preventive and therapeutic measure
(Lim et al., 2012; Wang et al., 2006a; Wang et al., 2016b). Some reports show the potential of phage therapy
applications in aquacultures (Crothers-Stomps et al., 2010; Kalatzis et al., 2016; Luo et al., 2015). Sanitation
of post-production wastes originating from animal farms can be also cheaper by using bacteriophages with
common chemical and thermal sanitation (Grygorcewicz et al., 2017; Heringa et al., 2010; Otawa et al.,
2012). Additionally, phages can be employed in biosensors (Bhardwaj et al., 2017; Byeon et al., 2015;
Hiremath et al., 2015), nanoparticle synthesis (Ahiwale et al., 2017; Brun et al., 2017; Chen et al., 2015),
and battery electrodes (Winton, 2015). For that reason, improvement or novel methods of phage production
are being sought.

Bacteriophages on the industrial scale are commonly produced in batch fermenters with small working
volumes, but this method is characterized by limited efficiency (De Czekala et al., 1972; Sargeant, 1970;
Sargeant et al., 1968; Siquet-Descans et al., 1973; Warner et al., 2014). One of the key parameters to obtain
high phage titers and high volumetric throughput are the concentration of bacteria host-cell biomass,
a moment of phage infection (phase of bacteria growth when viruses are introduced), and the initial
concentration of phages given by the multiplicity of infection (MOI). MOI is the ratio of the number of
phage particles to the bacteria host cells in a fermentor working volume. Proper control of those parameters
can lead to a high improvement in bacteriophage production. Mathematical modelling is a very useful tool
for selecting such process parameters. First of all, modelling can be used to better understand physical
phenomena. For example, the dynamics of the contractile injection machinery of phage T4 was described
with a nonlinear dynamic model (Maghsoodi et al., 2017). This model might be used to estimate the
energy, time scales, and pathway of T4 injection process as well as the maximum amiable force for
cell rupture. Moreover, the mathematical model can help in the evaluation of process development by
predicting results that could be achieved. For example, previous studies have reported that the dynamic
model of photosynthesis can give accurate predictions in photobioreactors (Brindley et al., 2016). It
should be highlighted that no previous work has studied the application of the mathematical model to the
bacteriophage production process.

This work aims to analyze the bacteriophage production process using the dynamic modelling approach.
First of all, the bacteria growth curves (biomass vs. time) with the addition of phages will be described
mathematically, resulting in a model input function. Then the mathematical description of the received
amount of viruses in time, given by the plaque formation units, will be used as a model output function.
Then the Laplace transform approach will be used to establish a transfer function and create a dynamic
model. Finally, a proposed model will be used to the prediction of the initial MOI impact on the final
concentration of the produced bacteriophages.

2. MATERIALS AND METHODS

2.1. Cell cultivation and bacteriophage growth
Escherichia coli ATCC® 11775™ (gram-negative) bacteria strain was employed as the phage host cells.

For the determination of bacteriophage lysis, wild-type T4-like bacteriophage was used. The bacteria
growth curves and bacteriophage lytic curves were prepared using an En-Vision®2105 multimode plate
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reader (Perkin—Elmer), by measuring the optical density at 600 nm wavelength. Bacteria cultures of a given
strain were cultivated overnight. Then cell suspension was diluted at 1:100 in a Luria—Bertani medium and
incubated in shaken flasks (150 rpm) at 37 °C. Incubation was carried on until the high rate of bacteria cell
multiplication occurred (the early logarithmic phase, optical density of about 0.1). In the current study, it
was observed after about 60 min of the process. Following, bacteriophage suspension was added to the
bacterial culture at different initial MOIs (0.01, 0.1, and 1). The optical density at 600 nm of each culture
was monitored at 60 min intervals for at least 4 hours after phage addition, until the end of the lysis process.
Each experiment was triplicated.

For selected processes, the® amount of produced bacteriophages was evaluated every 1h with the use of
the standard double layer method described elsewhere. Obtained data were presented as plaque-forming
units (PFU/mL) (Augustyniak et al., 2018; Grygorcewicz et al., 2022; Konopacki et al., 2020; Roszak et
al., 2022).

2.2. Dynamic modelling of bacteriophage production

Bacteria growth curve, as model input, was firstly described by a polynomial equation of fourth-order:
q(t) =a1t4+blt3+clt2+d1t+€1 (D)
where: ay, by, c1, d1, e] — parameters of Eq. (1).

The amount of produced bacteriophages was described by the following exponential function:

t
f(0) =plexr>(—) +p3 2)
p2
where: p1, p2, p3 — parameters of Eq. (2).

To establish the transfer function both above formulas were transferred from the time to the s domain (the
complex number domain) using the Laplace transform definition given by:

oo

X(s) = £ [x(1)] = / x(D)e™ di 3)

0

where: x(t) — function in the time domain, X (s) — function in the complex domain.

Therefore, the input and output functions given by Eq. (1) and Eq. (2) in the complex domain will be
defined as follows:

24 6b; 2 d
Q(s):#+—41+%+—21+6—1 4)
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Transfer function H(s) is a ratio between model output F(s) and input Q(s). Commonly, it is presented in
the form of two simple polynomial equations. Combining Eq. (4) and Eq. (5) and simplifying the result,
we will get the following form of transfer function:

_F(s) _ Zs$® + Zys* + Z35® + Zos + Zys + Zo
S 0(s) P57 + PgsS

H(s) (6)

where: Z,—Zs — numerator parameters, P7, P — denominator parameters of Eq. (6).
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It should be noted that the roots of the numerator of the transfer function are called zeros while the roots
of the denominator of the transfer function are called poles of the transfer function. The transfer function
is casual when the number of poles is equal to or greater than the number of zeros. This means that the
output of the model and its internal states depend only on current and previous input values. As presented
in Eq. (6) the order of denominator polynomial is higher than the order of numerator polynomial, so this
requirement is fulfilled in the current study. In such a case, the transfer function is called strictly proper.

Transfer function H(s) allows for the prediction of the model response (in this case the amount of produced
bacteriophages) by introducing various input (forcing) functions (in this case amount of bacteria host-cell
biomass). Firstly, forcing function ¢(z) should be transferred from the time to the complex domain using
Eq. (3) to receive function Q(s).Then, based on the transfer function H(s) it is possible to predict the
output function f(¢) using the formula:

F(s)

H(s) = —— — F(s) = H(s)Q(s) (7

O(s)
To switch back function F(s) to the time domain the inverse Laplace transform operation is required,
which is defined as follows:

R+iw

L7UF(9)] - f(r) = ﬁ / F(s)e*'ds for t >0 8)

R-iw

where: R— real value, i — imaginary number.

Combining Eq. (7) and Eq. (8) we will get the final form:

R+iw

f@) = ﬁ / [H(s)O(s)] e’ds for t >0 9)

R-iw

3. RESULTS AND DISCUSSION

The growth of E. coli cells was monitored using optical density (OD). A typical growth curve has the
shape of a sigmoid, with clearly highlighted growth phases: lag, exponential and stationary. An addition of
bacteriophages in the early part of the exponential phase changed this curve making it decay again. This is
because of the virus infection on bacteria cells and the lysis process which finally freed new virus particles.
A typical growth curve with and without the addition of bacteriophages is presented in Fig. 1.

In the current study, bacteriophages were added after 1 hour of the process. We can observe that the
bacterial growth after the next 60 min is not changed (relating to control process without bacteriophages),
but the next time point (3h) indicates clear bacterial growth inhibition due to virus activity. During the next
few hours the amount of bacterial cells dropped at an approximately constant rate. From the second hour
of the process, we were measuring the number of released bacteriophages in form of plaque-forming units
(PFU). Typical changes of PFU during the process are shown in Fig. 2.

It could be noted that the amount of phages changed rapidly between 2 and 3 h and then changes were
rather small, reaching the final concentration of about 1.5 - 10'° PFU/ml.

Experimental data presented in Figs. 1 and 2 were described by the mathematical functions given by Eq. (1)
and Eq. (2), respectively. Using the Laplace transform (Eq. (3)) we were able to find out those function
formulas in the complex domain s, which are given by Eq. (4) and Eq. (5). Finally, a transfer function
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Fig. 1. The typical bacterial growth curve in the current study with and without the addition of bacteriophages
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Fig. 2. Amount of released bacteriophages during the process

H(s) was calculated as the ratio between the output and input function, as stated in Eq. (6). This transfer
function gives us a dynamic model of bacteriophage multiplication that depends on the bacteria biomass
changes given by the growth curve. The growth curve can be described by the more complex function,
which could be treated as the model forcing function. It should be highlighted, that the adjustment of the
forcing function to the real data has a big impact on the accuracy of the result. In the current studies we
used the following formula of a double-logistic function:

L

q(1) = 1 + by exp(—kt) + cr exp(ht) (19)

where: L, by, c;, k, h — parameters of Eq. (10).
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The adjustment of forcing function ¢(¢) (given by Eq. (10) to the experimental data of bacterial growth
with the addition of bacteriophages is depicted in Fig. 3.
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Fig. 3. Forcing function fitted to the experimental data of bacterial growth

Having both forcing and transfer functions allowed us to build a dynamic model. We created a block
structure model using Matlab Simulink (MathWorks, USA). Each block of this model represents some
mathematical operation, such as sum or multiplication. The created dynamic model structure is presented
in Fig. 4.

Forcing function —
bacteria growth
Transfer function —
| bacteriophages multiplication

T+

Clock block — time input

Scope block — results preview /

Fig. 4. Dynamic model structure created in Matlab and Simulink software representing Eq. (6) and Eq. (10)

The dynamic model presented in Fig. 4 treats mathematical formulas as continuous signal operations. As
the initial signal a time input, simulating running time (up to 7 hours), was created which is connected to
the forcing function simulating the bacteria growth with the addition of bacteriophages. Then the signal
was introduced to the transfer function block which simulated the bacteriophage multiplication process. As
a result, we received a continuous change of bacteriophage amount. We limited the result to start from the
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second hour, to validate the dynamic model response, and compare it with the experimental data, which is
presented in Fig. 5.
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Fig. 5. Response of the created dynamic model

Obtained results indicate that the proposed dynamic model has good agreement with the experimental data.
It allows to predict the final concentration of bacteriophages at the end of the process. The only difference
with the experimental data is the slower adaptation of the model curve to the rapid changes, which could be
seen at the third hour of the process. Nevertheless, the proposed dynamic model can estimate the produced
amount of bacteriophages after a few hours of the process with high accuracy, based only on the bacterial
growth curve behaviour. It gives a very important opportunity to predict the phage production process using
only the optical density measurement of the bacteria host cells. Moreover, this allows for the optimization
of the process parameters to find out the highest yield of bacteriophage concentrations.

To verify the model’s usefulness, we decided to test the proposed dynamic model on a few various
bacteriophage production processes. For this purpose, we used the growth curves for E. coli with the
addition of phages we received previously (Konopacki et al., 2020). First of all, using the forcing function
formula (Eq. (10) we described the bacterial growth with the addition of phages and then we made an
extrapolation to have 7 hour long input signal. These curves are presented in Fig. 6.

Obtained data show that the seven hours of the process is enough to almost totally reduce the produced
amount of bacterial biomass. It should be noted that the data presented in Fig. 6 were received by introducing
bacteriophages at the first hour of the process with various initial MOlIs in the range from 0.01 to 1. For
the presented data we did not measure the amount of produced phages previously. Therefore, we can use
the model to make such prediction and verify which initial MOI can yield the highest amount of phages.
For this purpose, we introduced to the dynamic model all three forcing functions received for the growth
curves with various MOI. Results are illustrated in Fig. 7.

The obtained results show that the initial MOI value has a significant impact on the amount of bacterial
biomass but also the produced bacteriophages. The highest concentration of phages was received for
the lowest initial MOI. This could be connected with a relatively higher amount of remaining bacterial
biomass at the process with lower MOI (see Fig. 6), thus more available host cells for virus multiplication.
In other cases, bacteria may be killed too fast to reach a higher concentration of bacteriophages, which
are dying when no more host cells are present. The delicate interaction between the virus concentration
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Fig. 6. Growth curves of E. coli with the addition of phages at various MOIs
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Fig. 7. Model response for various MOIs forcing functions (Eq. 10)

and the number of bacteria must be closely monitored, even the slightest fluctuations in it may affect
the effectiveness of bacteriophage production (Ali et al., 2019; Mancuso et al., 2018; Siquet-Descans et
al., 1973). Modeling results suggest that the highest amount of bacteriophages is possible to be achieved
after 5-5.5 hours of the process for the studied conditions. After this time the amount of bacteriophages
decreased. This is connected to the very low amount of remaining bacteria host cells in the last 6 and 7
hours which caused the death of phages.
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4. CONCLUSIONS

Bacteriophages could be a promising alternative for antibiotic treatment and provide many other valuable
applications. However, the production methods are still in development and should be improved. In the
current study, we proposed a novel dynamic model that describes bacteriophage production based on
the bacterial host-cell growth curve. Measuring such growth is simple, so using the model can provide
important information, such as the impact of various parameters like initial MOI, a moment of phage
addition, and temperature at a low cost. We proposed a dynamic model created in Matlab Simuling that
was validated against experimental data with good agreement. Moreover, we proved that this model can
be used to predict bacteriophage production for various process parameters. In the current study, we tested
the impact of initial MOI on the number of phages. Using the proposed dynamic model we found that the
lowest MOI resulted in the highest final concentration of bacteriophages and we estimated the optimum
time for given conditions to be around 5-5.5 hours to maximize bacteriophage production.

This study was supported by the National Science Centre, Poland [OPUS 16, Project No. UMO-2018/31/B/
ST8/03170, granted to Rafat Rakoczy].

SYMBOLS

a function parameter
b function parameter

c function parameter

d function parameter

e function parameter

F(s) output signal in complex domain

f(t) output signal in time domain

h function parameter

H(s) transfer function

i imaginary number

k function parameter

L function parameter

p function parameter

P transfer function denominator parameter (pole parameter)
Q(s) input signal in complex domain (forcing function)

q(t)  input signal in time domain (forcing function)

R real part of complex number
s complex (Laplace) domain
t time (domain), h

X(s) function in complex domain
x(t)  function in time domain
Zz transfer function numerator parameter (zero parameter)

Mathematical operators

L Laplace operator

Subscripts

1,2  number of parameters
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APPENDIX
Table Al. Parameters of bacterial growth curves
Figure Curve Parameters
L by k c2 h

Fig. 3 0.3345 201.42 5.12365 3.53E-04 1.47384
MOI =1 1.056 3.528883 1.089216 0.144768 0.802686
Fig. 6 MOI = 0.1 1.36 6.530341 1.123615 0.048561 1.141313
MOI = 0.01 2.172 15.34346 1.207997 0.013956 1.406864

a b X0 Yo

Fig. 6 Control 2.7381 0.5229 2.6566 0.2007
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