
 

 

1. Introduction 

Nanofluids are preferred to other conventional viscous and mi-

crofluids for their effective heat transfer properties. Addition-

ally, they keep the flow channels from obstruction, deposition 

and erosion. Literature suggests that thermophoresis and Brown-

ian motion affect the sole significant slip mechanisms in 

nanofluid flows [1]. The performance of nanofluids varies ac-

cording to the volume fraction, choice of geometry, base fluids  

and hybridized nanoparticles, and the needs in demand [2‒4]. 

However, the results from computational studies conclude that 

graphene oxide (GO) aids in maximizing heat transfer rates be- 

cause of its excellent thermal conductivity [5‒8]. Some of the 

applications of graphene-based nanofluids include their use in 

lithium-ion batteries, biosensors, supercapacitors, medical sus-

pensions, etc.  

Some classical numerical studies on the fluid flow in in-

clined channels include the study of fully developed laminar 

flow in the channel of two parallel plates with an inclination an-

gle. The opposing flow was studied under uniform flux condi-

tions with actual flow characteristics [9]. Choi and Eastman [10] 

studied the impacts of natural convective flow with a heat source 

between two parallel plates. The results show a strong depend-

ence of the Nusselt number on the inclination angle for values 
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Nomenclature 

B0 – magnetic field strength 

Be – Bejan number, Be = NSh/NS 

C – concentration, -  

Cp – specific heat capacity, J/(kg∙K) 

Cf  – skin friction  

DB – Brownian diffusivity 

Ec – Eckert number, Ec = U0
2/(κbfCpbf(T2-T1)) 

g – gravity, m/s2 

Gr – Grashof number  

h – domain height, m  

Ha – Hartmann number  

J – Joule heating parameter  

Mm – parameter of combined mass and heat transfer, Mm = RDBC0/κbf 

Nb – Brownian motion parameter 

Nr – Buoyancy ratio 

Ns – nondimensional entropy generation number 

Nu – Nusselt number  

p – pressure, Pa 

Pr – Prandtl number, Pr = μCpbf/κbf 

Re – Reynolds number  

RSC – suction/injection parameter 

S – slip parameter  

SG – entropy generation rate  

Sh – Sherwood number  

Su – velocity slip length/factor, m 

T  – temperature, K 

u  – velocity, m/s 

v0  – suction/injection velocity 

x, y  – Cartesian coordinates, m  

 

Greek symbols 

α – inclination angle, rad 

β – thermal expansion coefficient, 1/K 

κ – thermal conductivity, W/(m K) 

µ – dynamic viscosity, Pa s 

ρ – density, kg/m3 

σ – electrical conductivity 

τ – heat capacity ratio 

ΩT – temperature parameter, ΩT = T2/T1 

 

Subscripts and Superscripts 

a – upper plate  

b – lower plate  

bf – base fluid  

nf – nanofluid 

sp – solid particle 

SG – irreversibilities caused by combined heat and mass transfer 

Sh – irreversibilities caused by heat transfer and fluid friction  

 

Abbreviations and Acronyms 

GO  – graphene oxide  

MHD – magnetohydrodynamics 

ODE – ordinary differential equation 

PHP – pulsating heat pipe 

SLM – successive linearization method 

 

 

higher than π/4. Talabi and Nwabuko [11] numerically analysed 

the convective heat transfer flow in an inclined channel com-

prising a parabolic and a horizontal wall under isothermal and 

constant heat flux conditions. Solutions using the staggered dif-

ferencing (SD) technique suggest that Grashof and Prandtl num-

bers improve the Nusselt number for both isothermal and heat 

flux cases. 

Literature suggests that GO and hybrid graphene nanoparti-

cles suspended in ethylene glycol (EG) and water (H2O) are the 

common graphene-based nanofluids in theoretical and experi-

mental studies [12]. Analytical investigations on GO nanofluid 

flow in moving plates suggest a significant improvement in heat 

transfer with improved nanoparticle volume fractions [13]. Gul 

et al. [14] conducted a comparative analysis of GO flow dis-

persed in water and ethylene glycol (W-EG) in an upright chan-

nel with interpretations that the ethylene glycol (EG) based 

nanofluid has a higher thermal efficiency than water. Shahzad  

et al. [15] analysed the experimental and theoretical impacts of 

kerosene-based GO nanofluid flow on a parabolic trough surface 

accumulator (PTSC). A 15% enhancement in heat transfer rate 

of the nanofluid in comparison to kerosene is documented. Naz-

ari et al. [16] experimented to study the impacts of varying con-

centrations of W-GO nanofluids on pulsating heat pipe (PHP). 

From the results, it is interpreted that the nanoparticles posi-

tively impacted the heat transfer of water in lower concentra-

tions. The impacts were negative for a high concentration of 1.5 

grams per litre. Dehghan et al. [17] analysed the effects of forced 

convective flow of GO nanofluids in an inclined backwards-fac-

ing step (BFS). Simulations of the microchannel of double BFS  

 

show a 12.3% enhancement in heat transfer coefficient com-

pared to that of water. Pashikanti et al. [18] conducted an en-

tropy generation analysis on the flow of graphene oxide 

nanofluid in an inclined channel in the presence of a magnetic 

field. They concluded that the flow velocity enhancement by the 

Hartmann number is remarked. 

Graphene-based nanofluids yield amplified industrial signif-

icance when hybridised with other metal or semi-conductor na-

noparticles and polymers. For instance, they are used in adsor-

bent materials, lubricant additives, humidity sensors, photoca-

talysis and heat transfer applications. Javanmard et al. [19] in-

vestigated the magnetohydrodynamic (MHD) flow of W-GO 

nanofluids in a horizontal channel due to forced convection. Nu-

merical results are interpreted to enhance the convection at the 

walls with nanoparticle volume fraction. 

Hafeez et al. [20] numerically analysed the Jeffery-Hamel 

flow of copper and GO nanoparticles in convergent and diver-

gent channels. The magnetic parameter is seen to lower the skin 

friction drag in the magnetohydrodynamic flow. Raza et al. [21] 

investigated the impacts of the convective flow of Casson fluid 

dispersed with GO and molybdenum disulphide (MoS2) nano-

particles. A fractional derivative model is developed, and the re-

sults show that the Atangana-Baleanu (AB) model is stable com-

pared to the Caputo-Fabrizio (CF) model, and the velocity pro-

files decrease with the fractional parameters. Computational 

fluid flow investigations on hybrid graphene nanofluids, such as 

the study of the impacts of shape factors due to the flow of ker-

osene-based GO and MoS2 nanofluids in an inclined porous 

channel, reveal the enhancement  of  heat  transfer  with  lamina-  
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shaped nanoparticles [22]. 

Combining the magnetohydrodynamic studies with nanoflu-

idics is essential for their applications in industries and biomed-

icine, such as molten pumps contributing to coolants in nuclear 

reactors, drug delivery, etc. Similarly, studying the impacts of 

viscous dissipation on fluid flow helps with a better understand-

ing of the energy loss due to the interactions of liquid particles, 

thereby aiding the utilisation of the fluids as better lubricants. 

Akram et al. [23] studied the flow of Oldroyd 4-constant 

nanofluids in a non-uniform inclined channel with magnetic 

field and cross-diffusion effects. From the results obtained, 

chemical reaction and Brownian motion are interpreted to re-

duce mass transfer. Nazeer [24] analysed Eyring-Powell fluid 

flow suspended with gold and silver particles, including mag-

netic field effects. The results document a lesser skin friction 

drag for gold particles than for silver particles. Yasin et al. [25] 

analysed the impacts of an inclined magnetic field on the flow 

of blood-based nanofluid hybridised with silver and copper na-

noparticles in a symmetric channel. Studying the effects of Joule 

heating, viscous dissipation, heat sink/source and thermal radia-

tion, the conclusions reveal that the magnetic effects positively 

affect velocity while reducing the temperature, and the homoge-

neous reactions are found to improve blood circulation. 

Computational fluid flow studies under convective condi-

tions, such as the analysis of entropy in an inclined channel due 

to micropolar fluid flow under convective and slip conditions by 

Srinivasacharya and Hima Bindu reveal that the Reynolds num-

ber and coupling number keep the entropy in check [26]. The 

interesting works on steady Maxwell fluid past an exponentially 

stretching/shrinking sheet with various effects along multiple 

slip conditions show that the values of the skin friction, Nusselt 

number and Sherwood number decline due to enhancement in 

the time relaxation parameter; temperature and concentration 

distribution decline due to thermal and concentration stratifica-

tion parameters and incline due to the relaxation parameter, and 

the mass transfer rate augments due to the thermophoretic pa-

rameter [27‒29]. Further studies on micropolar fluids over ex-

ponentially stretching cylinders under slip conditions with mi-

croorganisms reveal that skin friction declines. At the same 

time, the Nusselt number inclines with stretching and micropo-

lar parameters; velocity, thermal energy, and microorganism 

numbers enhances by the slip parameter, while temperature in-

creases with the time relaxation parameter. A transient two-di-

mensional radiative Oldroyd-B nanofluid flow is examined by 

e.g. Khan, Nadeem and Ahmad et al. [30−34] on an exponen-

tially stretching porous surface with microorganisms to improve 

the stability of the nanofluid. The results reveal that the higher 

values of the relaxation parameter correspond to the maximum 

heat and mass transfer rate. 

The contribution of graphene-based nanoparticles to renew-

able energy and thermal conductivity enhancement reassures 

economically large-scale applications as coolants and in power 

storage and capacity. Hence, computationally investigating gra-

phene-based nanofluids flow in several geometries is significant 

for qualitative references. The novelty of this paper is that it 

aims to bridge the gap of computationally studying the impacts 

of Joule heating due to the flow of GO nanoparticles dispersed 

in water in an inclined channel, which is an unexplored problem. 

The flow is modelled, and the equations are numerically solved 

to graph the results. 

2. Mathematical formulation  

The flow geometry comprises two parallel plates aligned with 

an angle of inclination α (in radians). Water with dispersed GO 

nanoparticles flows steadily in the channel. The representative 

flow picture is shown in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We consider the body forces due to gravity and the charac-

teristic effects such as Brownian motion and thermophoresis, 

which are the only significant slip mechanisms in nanofluid 

flows. Irrespective of the flow, Brownian motion is the random 

motion of nanoparticles in the fluid, and thermophoresis is the 

movement of the nanoparticles from hotter to colder regions. 

Thus, the problem is modelled, taking into account the afore-

mentioned effects and adapting the Buongiorno nanofluid model 

[1] as follows: 

 
𝜕𝑢

𝜕𝑥
= 0, (1) 

 𝜌𝑛𝑓𝜈0
𝜕𝑢

𝜕𝑦
+

𝜕𝑝

𝜕𝑥
= 𝜇𝑛𝑓

𝜕2𝑢

𝜕𝑦2 + ((𝜌𝛽)𝑛𝑓(𝑇 − 𝑇𝑎)(1 − 𝐶𝑎) +

                      −(𝜌𝑠𝑝 − 𝜌𝑏𝑓)(𝐶 − 𝐶𝑎)) 𝑔sin𝛼 − 𝜎𝑛𝑓𝐵0
2𝑢, (2) 

 
𝜅𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

(
𝜕2𝑇

𝜕𝑦2) + 𝜏𝐷𝐵
𝜕𝐶

𝜕𝑦
+ 𝜏

𝐷𝑇

𝑇𝑎
(

𝜕𝑇

𝜕𝑦
)

2

+
𝜎𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

𝐵0
2𝑢2 = 0   (3) 

 𝐷𝐵
𝜕2𝐶

𝜕𝑦2 +
𝐷𝑇

𝑇𝑎

𝜕2𝑇

𝜕𝑦2 = 0, (4) 

and the slip boundary conditions are 

 at y = ‒h:       𝑢 = 𝑆𝑢
𝜕𝑢

𝜕𝑦
,     𝑇 = 𝑇𝑎 ,    𝐶 = 𝐶𝑎, (5a) 

 at y = h:        𝑢 = −𝑆𝑢
𝜕𝑢

𝜕𝑦
, 𝑇 = 𝑇𝑏 ,    𝐶 = 𝐶𝑏 . (5b) 

The notations Ta, Tb, Ca and Cb represent fluid temperatures 

(in Kelvin) and concentrations at the upper and lower plates, 

respectively and Su is the velocity slip length/factor (in meter) 

which reflects the amount of liquid slip at a given surface. The 

 

Fig. 1. Representative picture of the problem. 
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slip length is the distance beyond the solid–liquid interface 

where the liquid velocity linearly extrapolates to zero.  

Table 1 presents the values of thermophysical properties 

[35,36], and their definitions are as follows: 

 

 𝜇𝑛𝑓 =
𝜇𝑏𝑓

(1−𝛷)2.5, (6a) 

 𝜌𝑛𝑓 = (1 − 𝛷)𝜌𝑏𝑓 + 𝛷𝜌𝑠𝑝, (6b) 

 (𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝛷)(𝜌𝐶𝑝)
𝑏𝑓

+ 𝛷(𝜌𝐶𝑝)
𝑠𝑝

, (6c) 

 (𝜌𝛽)𝑛𝑓 = (1 − 𝛷)(𝜌𝛽)𝑏𝑓 + 𝛷(𝜌𝛽)𝑠𝑝, (6d) 

 
𝜅𝑛𝑓

𝜅𝑏𝑓
=

𝜅𝑠𝑝+2𝜅𝑏𝑓+2𝛷(𝜅𝑏𝑓−𝜅𝑠𝑝)

𝜅𝑠𝑝+2𝜅𝑏𝑓−𝛷(𝜅𝑏𝑓−𝜅𝑠𝑝)
, (6e) 

 𝛼𝑛𝑓 =
𝜅𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

. (6f) 

The subscripts nf, sp and bf indicate nanofluid, solid particle 

and base fluid. In contrast, the quantities κ, Cp, β, μ and ρ, re-

spectively, denote thermal conductivity, specific heat capacity, 

thermal expansion coefficient, dynamic viscosity and density. 

 

 

 

 

 

 

 

 

 

 

The following similarity variables are used to transform the 

modelled equations Eqs. (1)−(5): 

 𝜂 =
𝑦

ℎ
,       𝑢 = 𝑈0𝑓(𝜂),        𝜃 =

𝑇−𝑇𝑎

𝑇𝑏−𝑇𝑎
,         𝜑 =

𝐶−𝐶𝑎

𝐶𝑏−𝐶𝑎
. (7) 

The transformed ODEs are given as: 

𝑓′′ − 𝐴1𝑅𝑆𝐶𝑓′ +
Gr

Re
𝐴2(𝐴3𝜃 − 𝑁𝑟𝜙)sin𝛼 − 𝐴2𝑃1 − 𝐴4Ha𝑓 = 0, (8) 

 𝜃′′ + 𝐴5(𝑁𝑏𝜃′′ + 𝑁𝑡𝜙′2) + 𝐴6𝐽 𝑓2 = 0, (9) 

 𝜙′′ +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0, (10) 

such that 

 at 𝜂 = −1:     𝑓 − 𝑆 𝑓′ = 0,        𝜃 = 0,        𝜙 = 0, (11a) 

 at 𝜂 = 1:        𝑓 + 𝑆 𝑓′ = 0,        𝜃 = 1,        𝜙 = 1 . (11b) 

The constant coefficients (Ai, I = 1 to 6) and the dimension-

less parameters used namely the suction/injection parameter 

RSC, the buoyancy ratio Nr, heat capacity ratio τ, thermophoresis 

parameter Nt, Brownian motion parameter Nb, Grashof number 

Gr, Reynolds number Re, Hartmann number Ha, Joule heating 

parameter J and slip parameter S are defined as: 

 𝐴1 = 1 − 𝛷 + 𝛷
𝜌𝑠𝑝

𝜌𝑏𝑓
 ,          𝐴2 = (1 − 𝛷)2.5,  

 𝐴3 = 1 − 𝛷 +
𝛷(𝜌𝛽)𝑠𝑝

(𝜌𝛽)𝑏𝑓
,         𝐴4 =

𝜎𝑛𝑓

𝜎𝑏𝑓
(1 − 𝛷)2.5,  

 𝐴5 = 1 − 𝛷 +
𝛷(𝜌𝐶𝑝)

𝑠𝑝

(𝜌𝐶𝑝)
𝑏𝑓

,          𝐴6 =
𝜎𝑛𝑓

𝜎𝑏𝑓

𝜅𝑏𝑓

𝜅𝑛𝑓
,  

 Pr =
𝜇𝑏𝑓𝐶𝑝𝑏𝑓

𝐾𝑏𝑓
,          Ha =

𝜎𝑏𝑓𝐵0
2ℎ2

𝜇𝑏𝑓
,         𝐽 =

𝜎𝑏𝑓𝐵0
2𝑈0

2ℎ2

𝜅𝑏𝑓(𝑇𝑏−𝑇𝑎)
,  

 𝑅𝑠𝑐 =
𝜌𝑏𝑓

𝜇𝑏𝑓
𝜈0ℎ,            Gr =

𝑔𝛽𝑏𝑓(1−𝐶𝑎)(𝑇𝑏−𝑇𝑎)ℎ3𝜌𝑏𝑓
2

𝜇𝑏𝑓
2 ,  

 𝑁𝑟 =
(𝜌𝑠𝑝−𝜌𝑏𝑓)(𝐶𝑏−𝐶𝑎)

(𝜌𝛽)𝑏𝑓(𝑇𝑏−𝑇𝑎)(1−𝐶𝑎)
 ,       𝑁𝑡 =

𝜏𝐷𝑇(𝑇𝑏−𝑇𝑎)

𝛼𝑏𝑓𝑇𝑎
,       𝑆 =

𝑆𝑢

𝑑
,  

 𝑃1 =
ℎ2

𝜈0𝜇𝑏𝑓

𝜕𝑝

𝜕𝑥
,            Re =

𝜌𝑏𝑓𝑈0ℎ

𝜇𝑏𝑓
,            𝑁𝑏 =

𝜏𝐷𝐵(𝐶𝑏−𝐶𝑎)

𝛼𝑏𝑓
.  

Practically significant values such as Sherwood number Sh, 

skin friction Cf and Nusselt number Nu are derived as: 

 at 𝜂 = ±1 

 Nu = −𝜃′(𝜂),       Sh = −𝜙′(𝜂),     𝐶𝑓 = 𝑐1𝑓′(𝜂),  

where the constant c1 is given by: 

 𝑐1 = (1 − 𝛷)−2.5 ((1 − 𝛷) + 𝛷(𝜌𝑠𝑝/𝜌𝑏𝑓))
−1

.  

In the next section, a derivation and an analysis for the en-

tropy is presented. 

3. Entropy analysis  

The entropy generation analysis is done in order to under-

stand and minimize the loss of energy and thereby enhancing the 

efficiency of the model and performance of the device. By the 

law of increased entropy, the generated entropy is contributed 

from temperature, viscous dissipation and concentration. Thus, 

the entropy generation rate, SG is written as [41]:  

 𝑆𝐺 =
𝜅𝑛𝑓

𝑇𝑎
2 (

𝜕𝑇

𝜕𝑦
)

2

+
𝜇𝑛𝑓

𝑇𝑎
(

𝜕𝑢

𝜕𝑦
)

2

+ 𝑅𝐷𝑏 (
1

𝐶𝑎
(

𝜕𝐶

𝜕𝑦
)

2

+

                                      
1

𝑇𝑎
(

𝜕𝑇

𝜕𝑦
) (

𝜕𝐶

𝜕𝑦
)) +

𝜎𝑛𝑓𝐵0
2

𝑇𝑎
𝑢2. (12) 

Here, the expressions on the right side are ascribed to the 

thermodynamic irreversibilities caused by temperature, fluid 

friction and combined mass and heat transfer. From SG and char-

acteristic entropy generation rate, SG0 = κnf(T2-T1)2/(T1L)2, we 

write the nondimensional entropy generation number as 

NS = SG/SG0. 

From Eqs. (7) and (12), we have:  

 
𝜂2

4
𝑁𝑠 =

1

𝜒
(𝜃′2

+ 𝑐2
EcPr

𝛺𝑇
𝑓′2 + 𝑐3𝑀𝑚

𝛺𝐶

𝛺𝑇
(

𝛺𝐶

𝛺𝑇
𝜙′ + 𝜃′) +

                                  𝑐4
𝐽

𝛺𝑇
𝑓2) = 𝑁𝑆ℎ

+ 𝑁𝑆𝐺
+ 𝑁𝑆𝐽

 , (13) 

where the subscripts Sh, SG and SJ respectively correspond to the 

irreversibilities caused by heat transfer and fluid friction, com-

bined heat and mass transfer and Joule heating. The parameters 

in Eq. (13) are given by constant χ = h2/L2, temperature param- 

Table 1. Thermophysical properties  [37‒40]. 

Property and units Water GO 

ρ, kg/m3 997.1 1800 

Cp, J/(kg K) 4179 717 

κ, W/(m K) 0.613 5000 

β, 10‒5/K  21 28.4 

Ϭ, S/m 0.005 107 
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eter ΩT = T2/T1, concentration parameter ΩC = C2/C1, and the pa-

rameter of combined mass and heat transfer Mm = RDBC0/κbf, 

Eckert number Ec = U0
2/(κbfCpbf(T2T1)), Prandtl number 

Pr = μCpbf/κbf and the constants are given by c2 = (1Φ)-2.5κbf/κnf 

and c3 = (1Φ)2.5, c4 = (κbfσnf)/(κnfσbf). 

Bejan number, Be = NSh/NS determines the principal source 

for entropy generation [42]. From this ratio, it is dictated that 

heat transfer mainly influences the entropy if Be > 0.5, while, 

fluid friction and mass and heat transfer fundamentally contrib-

utes to the entropy if Be < 0.5 and all the three irreversibilities 

contribute equally if Be = 0.5 [43]. 

4. Numerical solution  

The ODEs (8)–(11) are solved by adapting the spectral quasilin-

earization method (SQLM) [26,44,45] and the solution proce-

dure is as follows:  

i. The nonlinear terms about the solution are expanded using 

the Taylor series, and the higher-order derivatives are ne-

glected. 

ii. The spectral collocation method is applied to the linearised 

equations, and the functions are iterated using Chebyshev 

polynomials at the collocation points. 

iii. A suitable bijection is mapped from the domain to the col-

location points. 

iv. Approximations and the derivatives are substituted in the 

linearized equations to obtain a matrix equation, which is 

solved using MATLAB. 

We linearize the nonlinear terms by using the expansion of 

Taylor series. Let fr, θr and ϕr be the solution of the differential 

equations. Then, assuming fr+1, θr+1 and ϕr+1 to be the improved 

solutions, the system of ODEs is solved using an iterative 

method. By expanding the nonlinear terms using the expansion 

of Taylor series about the solution and discarding the higher de-

rivatives, the following linearized equations and their associated 

boundary conditions are obtained: 

𝑓𝑟+1
′′ + 𝑎1,𝑟𝑓𝑟+1

′ + 𝑎2,𝑟𝑓𝑟+1 + 𝑎3,𝑟𝜃𝑟+1 + 𝑎4,𝑟𝜙𝑟+1 = 𝑎5,𝑟, (14) 

 𝑏1,𝑟𝑓𝑟 + 𝜃𝑟+1
′′ + 𝑏2,𝑟𝜃𝑟

′ + 𝑏3,𝑟𝜙𝑟 = 𝑏4,𝑟, (15) 

 𝑐1,𝑟𝜃𝑟+1
′′ + 𝜙𝑟+1

′′ = 0, (16) 

such that 

 at 𝜂 = −1:  𝑓𝑟+1 − 𝑆 𝑓𝑟+1
′ = 0,    𝜃𝑟+1 = 𝜙𝑟+1 = 0,  (17a) 

 at 𝜂 = 1:     𝑓𝑟+1 + 𝑆 𝑓𝑟+1
′ = 0,    𝜃𝑟+1 = 𝜙𝑟+1 = 1. (17b) 

The coefficients in the above equations are given by: 

 𝑎1,𝑟 = −𝐴1𝑅𝑠𝑐 ,       𝑎2,𝑟 = −𝐴4Ha,       𝑎3,𝑟 = 𝐴2𝐴3
Gr

Re
sin 𝛼,  

 𝑎4,𝑟 = −𝐴2
Gr

Re
Nr sin 𝛼 ,      𝑎5,𝑟 = 𝐴2𝑃1,       𝑏1,𝑟 = 2𝐴6𝐽 𝑓𝑟,  

 𝑏2,𝑟 = 𝐴5𝑁𝑏𝜙′𝑟 + 2𝐴5𝑁𝑡𝜙′𝑟 , 𝑏3,𝑟 = 𝐴5𝑁𝑏𝜃𝑟
′ ,  

 𝑏4,𝑟 = 𝐴5𝑁𝑏𝜃𝑟
′𝜙′𝑟 + 𝐴5𝑁𝑡𝜃𝑟

′2
+ 𝐴6𝐽 𝑓𝑟

2,         𝑐1,𝑟 =
𝑁𝑡

𝑁𝑏
.  

We apply the collocation method by using Chebyshev poly-

nomials and iterating f, θ and ϕ at the Gauss-Lobatto collocation 

points ξj = cos(πj/N), j = 0, 1, 2, ..., N [45]. Thus, we approximate 

the unknown functions as: 

 𝑓𝑟+1(𝜉) = ∑ 𝑓𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 ,  

 𝜃𝑟+1(𝜉) = ∑ 𝜃𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 , (18) 

 𝜙𝑟+1(𝜉) = ∑ 𝜙𝑟+1(𝜉𝑘)𝑇𝑘(𝜉𝑗)𝑁
𝑘=0 ,  

where Chebyshev polynomial Tk(ξ) is given by:  

 Tk(ξ) = cos(kcos-1(ξ)).   

Further, the following equations give the derivatives: 

 
𝑑𝑟𝑓𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝑓𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,         𝑗 = 0, 1, … , 𝑁,  

 
𝑑𝑟𝜃𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝜃𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,        𝑗 = 0, 1, … , 𝑁, (19) 

 
𝑑𝑟𝜙𝑟+1

𝑑 𝜂𝑟 = ∑ 𝐷𝑘𝑗
𝑟 𝜙𝑟+1(𝜉𝑘)𝑁

𝑘=0 ,       𝑗 = 0, 1, … , 𝑁.  

Here D = D/2 is called the Chebyshev differentiation matrix.  

On substituting Eq. (18) and Eq. (19) in Eqs. (14)–(17), we 

obtain: 

 𝐴𝑌𝑟+1 = 𝑅𝑟, (20) 

associated with the conditions: 

 (1 + 𝑆𝐷00)𝑓𝑟+1(𝜉0) + 𝑆 ∑ 𝐷0𝑘𝑓𝑟+1(𝜉𝑘)𝑁
𝑘=1 = 0, (21a) 

 𝜃𝑟+1(𝜉0) = 𝜙𝑟+1(𝜉0) = 0, (21b) 

 −𝑆 ∑ 𝐷𝑁𝑘𝑓𝑟+1(𝜉𝑘)𝑁−1
𝑘=0 + (1 − 𝑆𝐷𝑁𝑁)𝑓𝑟+1(𝜉𝑁) = 0, (21c) 

 𝜃𝑟+1(𝜉𝑁) = 𝜙𝑟+1(𝜉𝑁) = 1.  (21d) 

We choose the initial approximations f0 = 0, θ0 = ϕ0 = (1−η)/2 

in order to satisfy Eq. (17) and the Eq. (20) is recursively iterated 

at ξj, j = 0, 1, ..., N by substituting Eq. (21), to the order of ap-

proximation. Hence, the obtained solution is graphed and inter-

preted. These initial conditions are iterated to obtain the numer-

ical solution. 

5. Results  

The equation (20) is solved to graphically depict the results with 

interpretations. The parameters are varied in the practical range 

and the effects of different parameters are studied [46,47]. Since, 

the Newtonian behavior of water based nanofluid is considered, 

fixed values of Φ = 0.01 and Pr = 6.5 are taken. The other pa-

rameter values are taken to be as Ec = 10-5, Gr = 2×105, S = 0.5, 

Nb = 4×10-4, Re = 300, Nt = 2×10-4, Rsc = 5, α = π/4, J = 3×10-5, 

Ha = 2 and Nr = 2, unless mentioned otherwise. The order of 

SLM approximation is taken to be N = 100 and the convergence 

of results is obtained at a tenth iteration. The results for the case 
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of Ec = Rsc = 1, P1 = −1, Pr = 0.71 and S = J = Ha = 0 agree with 

the results from Makinde and Eegunjobi [48] (refer to Table 2). 

Figure 2 depicts the influence of Re on f, NS and Be. With the 

rising Reynolds number, viscous forces decrease and the nano-

fluid moves with a greater velocity. Hence, the flow velocity in-

creases in the proximity of the upper plate and a lesser velocity 

is observed near the lower plate (Fig. 2a). Similarly, entropy 

number decreases near the upper plate and increases near the 

lower plate (Fig. 2b). There is a consequent increase in Bejan 

number, suggesting the contribution of mass transfer and fluid 

friction and to the generated entropy (Fig. 2c). 

The impacts of α on f, NS and Be are presented in Fig. 3. As 

the angle of inclination increases, a drop in velocity is observed 

(Fig. 3a). Whereas, an increase in angle of inclination values 

causes an enhancement in NS values (Fig. 3b). This consequently 

causes the Bejan number to decrease (Fig. 3c), thus pronouncing 

the contribution of fluid friction and mass transfer to the gener-

ated entropy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4 presents the effects of Rsc on f, NS and Be. As the 

suction parameter is enhanced, the fluid velocity depletes 

throughout the channel except near the upper plate. Whereas, the 

injection parameter increases, the fluid velocity increases 

throughout the channel except near the upper plate. In the mid-

dle of the channel, both suction and injection parameters en-

hance the velocity (Fig. 4a). Figure 4b represents that the en-

tropy number increases in the middle of the flow channel. This 

results in the reverse trend of Bejan number (Fig. 4c), indicating 

the contribution of fluid friction and mass transfer irreversibili-

ties to the generated entropy throughout the channel.  

Figure 5 shows the impacts of J on NS and Be. Increasing the 

Joule heating parameter increases the entropy generation and 

hence, NS increases (Fig. 5a). It impacts on depletion of Bejan 

number (Fig. 5b). Hence, the Joule heating parameter contrib-

utes to entropy generation from combined heat and mass transfer 

and fluid friction.  

It is clear from Fig. 6a that the enhancement in Ha, enhances 

the fluid velocity, contradicting the anticipated reduction due to 

the Lorentz force. Similarly, as Ha increases, an increase in en-

tropy number is observed (Fig. 6b). This results in an enhanced 

Be (Fig. 6c), which signifies the contribution of mass transfer 

and fluid friction to the generated entropy. 

Figure 7 depicts the impacts of S on f, NS and Be. It is clear 

from Fig. 7a that the increasing slip velocity values reduce the 

nanofluid flow velocity near the upper plate. Whereas, it is seen 

Table 2. Comparison of f(η) calculated by the present method for 

Ec =  RSC = 1, P1 = -1, Pr = 0.71 and S = J = Ha = 0 and Ai = 1, (i = 1, 2, 

3, 4, 5, 6) [48] (an approximation of η values is taken, because of the use 

of Gauss-Lobatto collocation points). 

Present study Makinde and Eegunjobi [48] 

η f(η) η f(η) 

0 0 0 0 

0.100158 0.038849 0.1 0.038793 

0.201048 0.071451 0.2 0.071149 

0.299985 0.096387 0.3 0.09639 

0.400145 0.113789 0.4 0.113769 

0.500000 0.122459 0.5 0.122459 

0.601394 0.121461 0.6 0.121546 

0.700015 0.110017 0.7 0.11002 

0.80021 0.086702 0.8 0.086764 

0.900783 0.050207 0.9 0.050545 

1 0 1 0 

 

a)      b)       c)  

Fig. 2. Impacts of Re on:(a) f, b) NS and c) Be. 

a)      b)       c)  

Fig. 3. Impacts of α on: a) f, b) NS and c) Be. 
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from Fig. 7b that when S increases, the entropy near the surface 

of the plates decreases and that in the middle of the flow channel 

increases. This causes an opposite trend in Be (Fig. 7c) thus  

implying the dominance of fluid friction and mass transfer  

irreversibilities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)      b)      c)  

Fig. 4. Impacts of RSC on: a) f, b) NS and c) Be. 

a)           b)  

Fig. 5. Impacts of 𝑱 × 𝟏𝟎−𝟓on:(a) Ns and b) Be. 

a)       b)       c)  

Fig. 6. Impacts of Ha on: a) f, b) NS and (c) Be. 

a)       b)       c)  

Fig. 7. Impacts of S on: a) f, b) NS and c) Be. 
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Table 3 presents the values for Nu, Sh and Cf at the lower 

plate for different values of the input parameters. The Nusselt 

number, by definition, is the ratio of heat transfer due to convec-

tion to conduction. Clearly, when the parameters Rsc, α, Ha and 

S are increased, Nu and thereby, convective heat transfer quality 

enhances. While the values of Ha increase, Nu values are sup-

posed to increase, and an enhancement is observed, thus imply-

ing the improvement in convective heat transfer quality. Where-

as, the injection parameter, Nb, Nt and J reduce the values of Nu. 

This means, the Joule heating parameter heats up the surface of 

the channels by conduction and hence a reduction in Nu is ob-

served. Similarly, when Re, Nb, injection parameter and J values 

are increased, convective mass transfer increases and hence Sh 

improves, causing an enhancement in convective mass transfer. 

Likewise, Ha has an improving effect on mass diffusivity, thus 

resulting in lesser Sh values. Considering the skin friction drag, 

the parameter Nb, suction parameter, α and J values have a con-

trolling effect on Cf. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusions  

On examining the flow of water suspended with GO nanoparti-

cles in between two plates aligned with an angle of inclination 

and including the impacts of Joule heating, we infer the follow-

ing: 

 Velocity is improved by enhancing the Hartman number, 

Reynolds number and injection parameter values. Hence, 

the flow is better in the presence of magnetic field. 

 Convective heat transfer is improved by the Hartman num-

ber, suction parameter, angle of inclination and slip param-

eter. Therefore, compared to the flow in a horizontal chan-

nel where the slip condition is ignored, better thermal per-

formance is achieved with the inclined channel in the pres-

ence of a magnetic field and considering slip conditions. 

 Brownian motion of the nanoparticles significantly con-

tributes to mass transfer since convective mass transfer is 

increased by raising values of the Brownian motion param-

eter, Reynolds number, injection parameter and Joule heat-

ing parameter.  

 Since Be > 0.9, heat transfer primarily causes the entropy 

generation, even though the varying parameter values fee-

bly contribute to entropy due to mass transfer and fluid 

friction. 

Table 3. Nusselt number, Sherwood number and skin friction values, where 𝑱 × 𝟏𝟎−𝟓. 

Re Nb Nt RSC α J Ha S −𝜽′(𝟏) −𝝓′(𝟏) 𝑨𝟕𝒇′(𝟏) 

100 0.0004 0.0002 5 π/4 3 2 0.5 1.066592 0.966704 -40.024441 

200 0.0004 0.0002 5 π/4 3 2 0.5 1.018198 0.990901 -20.920922 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

400 0.0004 0.0002 5 π/4 3 2 0.5 1.00445 0.997775 -10.586109 

300 0.0002 0.0002 5 π/4 3 2 0.5 1.008119 0.991881 -14.021619 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0006 0.0002 5 π/4 3 2 0.5 1.008008 0.997331 -14.086336 

300 0.0008 0.0002 5 π/4 3 2 0.5 1.007919 0.99802 -14.09466 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0003 5 π/4 3 2 0.5 1.008003 0.993998 -14.046363 

300 0.0004 0.0004 5 π/4 3 2 0.5 1.007921 0.992079 -14.022999 

300 0.0004 0.0005 5 π/4 3 2 0.5 1.00784 0.990201 -13.999866 

300 0.0004 0.0002 -5 π/4 3 2 0.5 1.015474 0.992263 -18.912752 

300 0.0004 0.0002 0 π/4 3 2 0.5 1.019284 0.990358 -20.936399 

300 0.0004 0.0002 2 π/4 3 2 0.5 1.014996 0.992502 -18.553952 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/6 3 2 0.5 1.003926 0.998037 -9.985362 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/3 3 2 0.5 1.012178 0.993911 -17.17123 

300 0.0004 0.0002 5 π/2 3 2 0.5 1.016207 0.991896 -19.75859 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 6 2 0.5 1.006763 0.996619 -14.072372 

300 0.0004 0.0002 5 π/4 9 2 0.5 1.00544 0.99728 -14.074783 

300 0.0004 0.0002 5 π/4 12 2 0.5 1.004118 0.997941 -14.077193 

300 0.0004 0.0002 5 π/4 3 1 0.5 1.007139 0.99643 -15.725448 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 3 3 0.5 1.008418 0.995791 -13.496468 

300 0.0004 0.0002 5 π/4 3 4 0.5 1.008588 0.995706 -13.205481 

300 0.0004 0.0002 5 π/4 3 2 0 1.006043 0.996978 -27.092764 

300 0.0004 0.0002 5 π/4 3 2 0.3 1.0066 0.9967 -17.493855 

300 0.0004 0.0002 5 π/4 3 2 0.5 1.008085 0.995957 -14.06996 

300 0.0004 0.0002 5 π/4 3 2 1 1.011167 0.994416 -9.433658 
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The problem considered is useful in automobile radiators, 

heat exchangers, manufacturing polymers and fertilizers, and 

food processing. The investigation can be further extended by 

examining the flow of graphene oxide nanofluid in various other 

geometries and exploring the nanofluid's non-Newtonian behav-

iour. 
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