
 

1. Introduction 

This paper explains the control process of a PEM cell concern-

ing the utilisation of waste heat within buildings. The supply of 

fuel and oxidant to the fuel cell is facilitated through a valve 

system actuated by stepper motors. Given the proportional de-

mand for reaction substrates, it becomes feasible to employ 

a single regulator with suitably chosen stepper motor-driven 

valves to energize the PEM cell. The second regulator finds ap-

plication in the PEM cell's cooling system – this configuration 

could also function as a means to distribute heat to the building's 

rooms. Based on existing literature, this paper introduces a new 

continuous control system employing a singular SIMO (Single 

Input, Multiple Output) type regulator for the PEM cell. Further-

more, the article presents an innovative fuel cell temperature 

control system, that exploits the potential for waste heat recov-

ery and subsequent utilization for heating purposes. A novel 

mathematical model, encompassing the fuel cell's temperature 

control process to meet heat demands within buildings is pro-

posed. 
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Abstract 

In the paper, a model of a heated building using a PEM (proton exchange membrane) fuel cell is presented. This work 
introduces a novel and more comprehensive depiction of the thermal processes occurring within a fuel cell under transient 
conditions. The developed PEM fuel cell model was synergistically incorporated with a thermodynamic model of a build-
ing. The resulting mathematical framework provides insights into the building's performance concerning fluctuating am-
bient temperatures and the heating system powered by the PEM cell. The developed mathematical model delineates the 
interplay between the building's thermodynamics and the fuel cell in the context of the devised heating control system 
featuring an indirect heat distribution mechanism.  
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Nomenclature 

A –  heat transfer surface, channel cross-section normal to flow, m2 

c – specific heat, J/(kg K) 

ci – molar specific heat (i = H2, O2, H2O), J/(mol K) 

e(t) – control deviation 

G – Laplace transform transfer function 

h – specific enthalpy, J/kg 

H – enthalpy of formation, J/mol 

I – electric current, A 

k – overall heat transfer coefficient, W/(m2K) 

m – mass, kg 

𝑛̇ – molar flow, mol/s 

P – electrical power, W 

𝑄̇ – heat flux, W 

s – Laplace operator 

S – channel cross-section normal to flow, m2 

t – time, s 

T – temperature, K 

U – voltage, V 

w – flow velocity, m/s 

x – flow path between inlet and outlet of the heat exchanger, m 

 

Greek symbols 

ρ  – density, kg/m3 

 

Subscripts and Superscripts 

b – room under study 

bw – solid wall (without glazing) between the room under study 

and the external environment 

d – differentiating (in reference to gain) 

gd – ground 

h – heater 

i – integrating (in reference to gain) 

in – inlet 

k1 – corridor 

k2  – corridor 

l – saturated liquid water 

net – total heat balance 

o – external environment 

out – outlet 

p – proportional (in reference to gain) 

pn – adjacent rooms (n = 1,…,5) 

s – ceiling, saturated water vapour 

set – controller setting 

str – acquired stream 

uj – latent and sensible heat 

w – glazed wall between the room under study and the external 

environment 

win – inlet water 

chem – chemical reaction 

wout – outlet water  

 

Abbreviations and Acronyms 

PEM – proton exchange membrane 

PID – proportional-integral-derivative 

Over the past century, a variety of power systems dedicated 

to energy conversion has emerged – extending beyond the con-

fines of the Rankine vapour cycle. Among these systems, fuel 

cells stand out as prominent examples. Fuel cells are predomi-

nantly associated with energy conversion mechanisms rooted in 

hydrogen oxidation without combustion. The fuel cell landscape 

encompasses a variety of types, including Solid Oxide Fuel 

Cells (SOFC), Proton Exchange Membrane Fuel Cells (PEM-

FCs), Alkaline Fuel Cells (AFC), and Phosphoric Acid Fuel 

Cells (PAFC), among others. Fuel cells readily lend themselves 

to mathematical modelling concerning the thermodynamic pro-

cesses involved. The control process of PEM fuel cells was de-

scribed by Nehrir and Wang [1]. Their study offers a relatively 

comprehensive model of the PEM fuel cell, and while the heat 

exchange with the surroundings is somewhat simplified, the 

mathematical description precludes the estimation of tempera-

ture elevation in the fuel cell's coolant. 

The current body of literature not only encompasses transi-

ent models for PEM cells [1] but also includes more intricate 

elucidations of the processes occurring in these cells. Notably, 

certain papers offer more detailed insights into phenomena like 

two-phase flow [2]. However, these models are predominantly 

tailored to PEM cells operating under steady-state conditions. 

Consequently, they are inadequate for simulating the behaviour 

of PEM cells during start-up, shutdown, or when subjected to 

varying heat loads over time – scenarios that include heat recov-

ery, a factor that directly affects the energy efficiency of fuel 

cells. 

In the Abdin et al. study [3], a transient model was meticu-

lously developed to delineate the chemical and electrochemical 

processes in a fuel cell. Although somewhat lacking precision in 

explaining thermal processes, it proved useful in understanding 

PEM fuel cell dynamics from an electro-technical perspective. 

Taner [4] characterised electrical parameters related to substrate 

pressure in the fuel cell, employing a steady-state PEM cell 

model to determine cell exergy He evaluated a PEM fuel cell's 

performance based on operating pressure and voltage parame-

ters, finding energy and exergy efficiencies of 47.6% and 

50.4%, respectively, and highlighting wastewater management's 

importance in fuel cell lifespan. In another study [5], Taner com-

pared traditional PEM fuel cell systems with nano-designed ver-

sions, demonstrating significantly higher energy (72.4%) and 

exergy (85.22%) efficiencies in the latter, and suggesting that 

pressure and flow rate optimizations can greatly enhance ther-

modynamic efficiency. Naqvi et al. [6] conducted a techno-eco-

nomic and enviro-economic analysis of hydrogen production us-

ing an optimised alkaline electrolyser. The authors developed 

a prototype that efficiently produced oxyhydrogen gas, evidenc-

ing economic feasibility with a favourable payback period. 

Lastly, paper [7] introduces an innovative PEM electrolyser pro-

totype for hydrogen generation, featuring Cr-C coated SS304 bi-

polar plates and a specialized chemical mixture, achieving a pro-

duction rate of 6 m³/h and an economically advantageous pay-

back period, showcasing efficiency and cost-effectiveness. 

In the context of the study of Sudarshan and Dhananjay [8], 

PEM cell dynamics is characterised by assuming equal partial 
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pressures for hydrogen and oxygen. Notably, the model's imple-

mentation in SIMULINK software falls short of accommodating 

temperature variations in the PEM fuel cell's cooling medium. 

A detailed description of physical models situating the PEM cell 

in a three-dimensional space under steady-state conditions is 

presented in the study of Mingruo et al. [9]. Herein, the authors 

presented the PEM cell voltage/current characteristic observed 

under steady conditions. 

Moving forward, Ziogou et al. [10] not only modelled the 

PEM cell but also confirmed the model predictions through ex-

perimental validation, focusing on the cell's electrodynamic at-

tributes. The work [11] details PEM cell test outcomes while in-

corporating PI and Fuzzy Logic regulators for control. Describ-

ing an alternative configuration, Waseem and Ghait [12] out-

lined a PEM cell model wherein substrate production was driven 

by PV cells. A distinct model, as presented in [13], explicates 

the dynamics of proton diffusive transport through the PEM 

cell's membrane. 

Given that the primary application of PEM fuel cells re-

volves around electricity generation, the prevailing literature 

predominantly emphasizes models aimed at calculating electric-

ity and voltage parameters. Notably, software tools like 

Matlab/Simulink, particularly within the Simscape™ Electri-

cal™ toolbox [14], have integrated models of diverse fuel cell 

types (e.g., PEM, SOFC, AFC), primarily focused on configur-

ing electricity and voltage attributes. Regrettably, the models in-

tegrated within this software fail to account for the thermal char-

acteristics of the cell arising from heat dissipation into the sur-

roundings and the cell's interaction with heating systems.  

Within the realm of literature, the examination of building 

dynamics finds expression through the utilisation of the thermo-

electric analogy, a concept comprehensively expounded upon in 

studies [15,16]. In [17], fundamental principles related to heat 

management and the quantification of energy balances within 

buildings are elucidated, alongside the presentation of guide-

lines for constructing such energy balances. Mathematically de-

tailing heat flow between heated and unheated spaces is a rela-

tively straightforward task. Nevertheless, due to the reliance on 

factors such as wall materials, inter-room thermal processes, and 

ambient thermal conditions, the actual process of formulating 

equations governing heat transfer becomes protracted and intri-

cate. 

Windows significantly influence building energy use and 

thermal comfort. While many models exist for assessing indoor 

thermal comfort, the effect of solar radiation is often neglected. 

Song et al. [18] applied the SMRT (simplified mean radiant tem-

perature)-air temperature deviation method to evaluate solar ra-

diation's impact on indoor comfort during the initial design 

phase. Focusing on office buildings in various orientations and 

climates, the findings indicate a more pronounced impact of so-

lar radiation in colder climates, especially through east and west-

facing windows. Adjusting the Solar Heat Gain Coefficient 

(SHGC) of windows could reduce discomfort by over 86% 

across all climates, aiding designers in enhancing indoor thermal 

comfort. Wonorahardjo et al. [19] explored how various façade 

systems impact thermal comfort and Urban Heat Island (UHI) 

effects. Their study involved outdoor field measurements on 

materials like brick, concrete, low-E (low-emissivity) glass, and 

Aluminium Composite Panel (ACP), focusing on solar exposure 

effects on façade surface temperatures. Additional lab experi-

ments under simulated solar exposure assessed the thermal be-

haviour of these materials. Findings showed that brick walls 

stored and emitted heat, affecting both indoor and outdoor tem-

peratures. Adding ACP to brick walls significantly lowered in-

door temperatures but may contribute to UHI. Insulation mate-

rials like newspaper and corn husk mats were effective in reduc-

ing indoor temperatures during the heating period but slightly 

increased outdoor temperatures. The study underscored the im-

portance of considering both indoor and outdoor temperatures in 

building design for thermal comfort and UHI mitigation. 

In HVAC system design, balancing user comfort and energy 

consumption often leads to a conflict, requiring Pareto-optimal 

controls. While indoor air temperature is a common control pa-

rameter, it does not always accurately capture perceived thermal 

comfort due to sensor placement. Computational fluid dynamics 

(CFD) can help develop more effective control strategies [20]. 

A comparative study between PMV (predicted mean vote)-

based thermal comfort control and traditional temperature-based 

control in a sunlit office room showed that an iterative approach 

for adjusting air supply flow can better meet ISO 7730 comfort 

standards. CFD simulations compared air temperature distribu-

tion and ventilation effectiveness for both strategies, analysing 

thermal indices and energy savings. The PMV-based control not 

only enhanced thermal comfort in the glazed office but also re-

duced energy use by 1.6% daily. 

A numerical study in research [21] examines the energy con-

sumption of bedroom task/ambient air conditioning (TAC) 

across different climate zones, focusing on a PMV-based control 

strategy for night-time energy use. Two traditional operating 

modes were analysed: variable supply air temperature (VAT) 

and variable supply air flow rate (VAF). Results showed that 

VAT mode reduces energy consumption significantly more than 

VAF, with savings of at least 10% in Beijing, 19% in Shanghai, 

and 18% in Guangzhou. An optimized mode, VFT-LowE, 

which combines variable flow rate and temperature, was found 

to save up to 6.5% more energy than VAT mode in Guangzhou. 

The study also highlighted that the highest energy-saving poten-

tial is observed in warmer climates, reaching up to 403 kJ per 

night in Beijing and around 1100 kJ in Shanghai and Guang-

zhou. The findings suggested the effectiveness of optimized 

TAC operation modes in reducing energy consumption, partic-

ularly in hotter climates. 

Buyak et al., in the previous work [23], based on experi-

mental analysis demonstrated that enhancing thermal insulation 

to Swedish standards and adopting intermittent heating can sig-

nificantly reduce energy consumption. However, they also high-

lighted the need for additional electric heating during transition 

periods to maintain comfort, potentially increasing energy con-

sumption. The results of the research might be useful for identi-

fying the thermal characteristics of a building, even though they 

did not include a mathematical description of the building that 

could be used to simulate its thermal dynamics. A mathematical 

model of such a building is presented in the present work. 
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2. Mathematical modelling of a building heated 

by a PEM cell  

This section provides an in-depth analysis of a mathematical 

model that comprehensively covers various facets of the PEM 

cell control system. Specifically, the focus lies on both electric-

ity generation and the recovery process of waste heat. The model 

incorporates the utilization of logarithmic temperature differ-

ences as output parameters, serving as a metric for assessing the 

stability of the PEM cell. Furthermore, the chapter introduces 

a mathematical model adapted to a building with a PEM cell, 

utilized primarily for heating purposes. 

The thermal dynamics of room, subject to temperature fluc-

tuations, is influenced by a myriad of factors. These factors en-

compass solar radiation exposure within the room, the operation 

of electrical and heating appliances, occupancy levels, the effec-

tiveness of the ventilation system, as well as heat exchange with 

the external environment and the ground. 

The ambient temperature within a designated room is an out-

come of achieving a balance between heat influx and dissipa-

tion. When heat dissipation surpasses influx, a gradual temper-

ature decrease is observed. Conversely, heat influx higher than 

dissipation leads to temperature elevation. The equilibrium be-

tween these heat factors holds pivotal importance in maintaining 

the desired room temperature. Notably, such equilibrium is pre-

dominantly attainable under stable operating conditions, a crite-

rion upon which heat-providing systems are designed. Real-

world scenarios, however, entail dynamic heat influx and dissi-

pation, resulting in fluctuating and occasionally uneven heat dis-

tribution across various rooms. 

Accurately quantifying heat flow through the walls delineat-

ing the volume of a heated room proves to be a complex task. 

This section presents a mathematical model that determines the 

diurnal oscillations of the temperature (Tb) in the analysed room. 

These fluctuations are driven by the introduction of warm water 

sourced from the PEM fuel cell. The spatial proximity of the 

room to heated chambers (Tp1, Tp2, Tp3, Tp4, Tp5) and unheated 

halls (Tk1 and Tk2) establishes boundaries with the external envi-

ronment, potentially extending to the ground surface based on 

geographical nuances (Fig. 1). 

The computations were performed to determine the temper-

ature changes that occur due to the difference between the heat 

demand (losses) and the heat supplied (gains) from the PEM fuel 

cell. 

Figure 2 depicts a negative feedback loop where the con-

trolled variables of molar hydrogen expenditure (nH2) and molar 

oxygen expenditure (nO2) depend on the temperature T3 of the 

water (H2O) exiting the fuel cell and PID (proportional-integral-

derivative) controller settings. 

The mathematical model of the room operates under the fol-

lowing assumptions and simplifications [23]: 

1) It depicts daily temperature fluctuations during winter. 

2) Heat gains from solar radiation and electrical appliances 

have been excluded. 

3) Changes in humidity, as well as gains and losses through 

the ventilation system, have not been considered. 

4) The anticipated sinusoidal temperature changes within the 

room are linked to the controller. 

5) The ambient temperature is represented by a signal that lin-

early increases and decreases. 

6) Heat transfer coefficients are assumed to be the same for 

walls adjacent to external surroundings and unheated 

rooms. 

While in operation, the PEM fuel cell (Fig. 2) generates elec-

tricity and concurrently produces thermal energy. The model ap-

plied to the fuel cell is based on  the following assumptions [1]: 

1) It operates transiently. 

2) The fuel cell's characterisation employs spatial parameters. 

3) Control of the modelled fuel cell is based on the logarith-

mic temperature difference between the cell and the cool-

ing water. The temperature of  cooling water is set at a level 

that optimizes its applicability for heating purposes. 

4) The entire heat generated during the reaction is effectively 

transferred to the heating system. 

5) Fluid flow within the fuel cell is turbulent, characterised by 

a Reynolds number (Re) exceeding 10000. 

6) The discrepancy in enthalpy during the phase transition be-

tween steam and water is determined by a value dependent 

on the saturation pressure of the two-phase mixture. 

The mathematical model for the building includes the equa-

tions describing the temperature changes over the time within: 

(i) the analysed room, (ii) room p1, (ii) room p2, (iii) room p3, 

(iv) room p4, and (v) hall k1, and (vi) hall k2, respectively: 

 

Fig. 2. PID control system for the PEM fuel cell. 

 

Fig. 1. Diagram depicting the configuration of the simulated rooms. 
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𝑑𝑇𝑏

𝑑𝑡
𝑚𝑏𝑐𝑏 = 𝐴𝑏−𝑝1𝑘𝑏−𝑝1(𝑇𝑝1 − 𝑇𝑏) + 𝐴𝑏−𝑝2𝑘𝑏−𝑝2(𝑇𝑝2 − 𝑇𝑏) + 𝐴𝑏−𝑝3𝑘𝑏−𝑝3(𝑇𝑝3 − 𝑇𝑏) + 𝐴𝑏−𝑝4𝑘𝑏−𝑝4(𝑇𝑝4 − 𝑇𝑏) +

        +𝐴𝑏−𝑝5𝑘𝑏−𝑝5(𝑇𝑝5 − 𝑇𝑏) + 𝐴𝑏−𝑠𝑘𝑏−𝑠(𝑇𝑜 − 𝑇𝑏) + 𝐴𝑏−𝑤𝑘𝑏−𝑤(𝑇𝑜 − 𝑇𝑏) + 𝐴𝑏−𝑘1𝑘𝑏−𝑘1(𝑇𝑘1 − 𝑇𝑏) +  

+𝐴𝑏−𝑘2𝑘𝑏−𝑘2(𝑇𝑘2 − 𝑇𝑏) + 𝐴ℎ−𝑝𝑏𝑘ℎ−𝑝𝑏(𝑇ℎ − 𝑇𝑝𝑏) ,                                                                                

 (1) 

 

𝑑𝑇𝑝1

𝑑𝑡
𝑚𝑝1𝑐𝑝1 = 𝐴𝑏−𝑝1𝑘𝑏−𝑝1(𝑇𝑏 − 𝑇𝑝1) + 𝐴𝑘1−𝑝1𝑘𝑘1−𝑝1(𝑇𝑘1 − 𝑇𝑝1) + 𝐴𝑘2−𝑝1𝑘𝑘2−𝑝1(𝑇𝑘2 − 𝑇𝑝1) +

                         +𝐴𝑝1−𝑝3𝑘𝑝1−𝑝3(𝑇𝑝3 − 𝑇𝑝1) + 𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝4 − 𝑇𝑝1) + 𝐴𝑝1−𝑤𝑘𝑝1−𝑤(𝑇𝑜 − 𝑇𝑝1) + 

           +𝐴𝑝1−𝑏𝑤𝑘𝑝1−𝑏𝑤(𝑇𝑜 − 𝑇𝑝1) + 𝐴𝑝1−𝑠𝑘𝑝1−𝑠(𝑇𝑜 − 𝑇𝑝1) + 𝐴ℎ−𝑝1𝑘ℎ−𝑝1(𝑇ℎ − 𝑇𝑝1),

 (2) 

 

𝑑𝑇𝑝2

𝑑𝑡
𝑚𝑝2𝑐𝑝2 = 𝐴𝑏−𝑝2𝑘𝑏−𝑝2(𝑇𝑏 − 𝑇𝑝2) + 𝐴𝑘1−𝑝2𝑘𝑘1−𝑝2(𝑇𝑘1 − 𝑇𝑝2) + 𝐴𝑘2−𝑝2𝑘𝑘2−𝑝2(𝑇𝑘2 − 𝑇𝑝2) +

                         +𝐴𝑝4−𝑝2𝑘𝑝4−𝑝2(𝑇𝑝4 − 𝑇𝑝2) + 𝐴𝑝5−𝑝2𝑘𝑝5−𝑝2(𝑇𝑝5 − 𝑇𝑝2) + 𝐴𝑝2−𝑤𝑘𝑝2−𝑤(𝑇𝑜 − 𝑇𝑝2) + 

           +𝐴𝑝2−𝑏𝑤𝑘𝑝2−𝑏𝑤(𝑇𝑜 − 𝑇𝑝2) + 𝐴𝑝2−𝑠𝑘𝑝2−𝑠(𝑇𝑜 − 𝑇𝑝2) + 𝐴ℎ−𝑝2𝑘ℎ−𝑝2(𝑇ℎ − 𝑇𝑝2)

 (3) 

 

𝑑𝑇𝑝3

𝑑𝑡
𝑚𝑝3𝑐𝑝3 = 𝐴𝑏−𝑝3𝑘𝑏−𝑝3(𝑇𝑏 − 𝑇𝑝3) + 𝐴𝑘1−𝑝3𝑘𝑘1−𝑝3(𝑇𝑘1 − 𝑇𝑝3) + 𝐴𝑘2−𝑝3𝑘𝑘2−𝑝3(𝑇𝑘2 − 𝑇𝑝3) +

                         +𝐴𝑝4−𝑝3𝑘𝑝4−𝑝3(𝑇𝑝4 − 𝑇𝑝3) + 𝐴𝑝3−𝑤𝑘𝑝3−𝑤(𝑇𝑜 − 𝑇𝑝3) + 𝐴𝑝3−𝑏𝑤𝑘𝑝3−𝑏𝑤(𝑇𝑜 − 𝑇𝑝3) + 

           +𝐴𝑝3−𝑔𝑑𝑘𝑝2−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑝3) + 𝐴ℎ−𝑝3𝑘ℎ−𝑝3(𝑇ℎ − 𝑇𝑝3),                                           

 (4) 

 

𝑑𝑇𝑝4

𝑑𝑡
𝑚𝑝4𝑐𝑝4 = 𝐴𝑏−𝑝4𝑘𝑏−𝑝4(𝑇𝑏 − 𝑇𝑝4) + 𝐴𝑘1−𝑝4𝑘𝑘1−𝑝4(𝑇𝑘1 − 𝑇𝑝4) + 𝐴𝑘2−𝑝4𝑘𝑘2−𝑝4(𝑇𝑘2 − 𝑇𝑝4) +

                         +𝐴𝑝4−𝑤𝑘𝑝4−𝑤(𝑇𝑜 − 𝑇𝑝4) + 𝐴𝑝4−𝑔𝑑𝑘𝑝4−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑝4) + 𝐴ℎ−𝑝4𝑘ℎ−𝑝4(𝑇ℎ − 𝑇𝑝4) +

           +𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝1 − 𝑇𝑝4) + 𝐴𝑝2−𝑝4𝑘𝑝2𝑝4(𝑇𝑝2 − 𝑇𝑝4) + 𝐴𝑝3−𝑝4𝑘𝑝3−𝑝4(𝑇𝑝3 − 𝑇𝑝4) + 𝐴𝑝5−𝑝4𝑘𝑝5−𝑝4(𝑇𝑝5 − 𝑇𝑝4),

 (5) 

𝑑𝑇𝑝5

𝑑𝑡
𝑚𝑝5𝑐𝑝5 = 𝐴𝑏−𝑝5𝑘𝑏−𝑝5(𝑇𝑏 − 𝑇𝑝5) + 𝐴𝑘1−𝑝5𝑘𝑘1−𝑝5(𝑇𝑘1 − 𝑇𝑝5) + 𝐴𝑘2−𝑝5𝑘𝑘2−𝑝5(𝑇𝑘2 − 𝑇𝑝5) +        

        +𝐴𝑝5−𝑤𝑘𝑝5−𝑤(𝑇𝑜 − 𝑇𝑝5) + 𝐴𝑝5−𝑏𝑤𝑘𝑝5−𝑏𝑤(𝑇𝑜 − 𝑇𝑝5) + 𝐴𝑝5−𝑔𝑑𝑘𝑝5−𝑔𝑑(𝑇𝑔𝑟 − 𝑇𝑝5) + 𝐴ℎ−𝑝5𝑘ℎ−𝑝5(𝑇ℎ − 𝑇𝑝5) +

               +𝐴𝑝1−𝑝4𝑘𝑝1−𝑝4(𝑇𝑝1 − 𝑇𝑝4) + 𝐴𝑝2−𝑝5𝑘𝑝2−𝑝5(𝑇𝑝2 − 𝑇𝑝5) + 𝐴𝑝5−𝑝4𝑘𝑝5−𝑝4(𝑇𝑝4 − 𝑇𝑝5),

 (6) 

 

𝑑𝑇𝑘1

𝑑𝑡
𝑚𝑘1𝑐𝑘1 = 𝐴𝑏−𝑘1𝑘𝑏−𝑘1(𝑇𝑏 − 𝑇𝑘1) + 𝐴𝑘1−𝑝1𝑘𝑘1−𝑝1(𝑇𝑝1 − 𝑇𝑘1) + 𝐴𝑘1−𝑝2𝑘𝑘1−𝑝2(𝑇𝑝2 − 𝑇𝑘1) +        

                   +𝐴𝑘1−𝑝3𝑘𝑘1−𝑝3(𝑇𝑝3 − 𝑇𝑘1) + 𝐴𝑘1−𝑝4𝑘𝑘1−𝑝4(𝑇𝑝4 − 𝑇𝑘1) + 𝐴𝑘1−𝑝5𝑘𝑘1−𝑝5(𝑇𝑝5 − 𝑇𝑘1) +

         +𝐴𝑘1−𝑘2𝑘𝑘1−𝑘2(𝑇𝑘2 − 𝑇𝑘1) + 2 ⋅ 𝐴𝑘1−𝑤𝑘𝑘1−𝑤(𝑇𝑜 − 𝑇𝑘1) + 𝐴𝑘1−𝑠𝑘𝑘1−𝑠(𝑇𝑠 − 𝑇𝑘1),

 (7) 

 

𝑑𝑇𝑘2

𝑑𝑡
𝑚𝑘2𝑐𝑘2 = 𝐴𝑏−𝑘2𝑘𝑏−𝑘2(𝑇𝑏 − 𝑇𝑘2) + 𝐴𝑘2−𝑝1𝑘𝑘2−𝑝1(𝑇𝑝1 − 𝑇𝑘2) + 𝐴𝑘2−𝑝2𝑘𝑘2−𝑝2(𝑇𝑝2 − 𝑇𝑘2) +        

                   +𝐴𝑘2−𝑝3𝑘𝑘2−𝑝3(𝑇𝑝3 − 𝑇𝑘2) + 𝐴𝑘2−𝑝4𝑘𝑘2−𝑝4(𝑇𝑝4 − 𝑇𝑘2) + 𝐴𝑘2−𝑝5𝑘𝑘2−𝑝5(𝑇𝑝5 − 𝑇𝑘2) +

                  +𝐴𝑘1−𝑘2𝑘𝑘1−𝑘2(𝑇𝑘1 − 𝑇𝑘2) + 2 ⋅ 𝐴𝑘2−𝑤𝑘𝑘2−𝑤(𝑇𝑜 − 𝑇𝑘2) + 𝐴𝑘2−𝑔𝑑𝑘𝑘2−𝑔𝑑(𝑇𝑔𝑑 − 𝑇𝑘2),

 (8) 

 

where: m – mass, T – temperature, c – specific heat, A – heat transfer 

surface area, channel cross-section normal to flow, k – overall heat trans-

fer coefficient, t  time. In Eqs. (1)(8), the subscripts refer to the follow-

ing, respectively: k1, k2 – corridor, gd – ground, h – heater; b – room 

under study, bw – solid wall (without glazing) between the room under 

study and the external environment, o – external environment; p1,…, p5 

– adjacent rooms, w – glazed wall between the room under study and the 

external environment. 

Heating for the building is obtained by utilising water from the fuel 

cell's cooling system, which is controlled by a PID controller. The math-

ematical representation of both the control system for the hot water sup-

ply and the controller is presented below. 

The heating process is described by the equation: 

 

 ρcS
𝑑𝑇ℎ

𝑑𝑡
= ρwcS

𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ
∆𝑥

2⁄
− ρwcS

𝑇ℎ−𝑇𝑤𝑜𝑢𝑡,ℎ
∆𝑥

2⁄
−  

     −𝐴ℎ𝑘ℎ
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)− (𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)

ln(
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)

(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)
)

,  (9) 

where: S  pipeline cross-section,  – density, x – flow path between 

inlet and outlet of the heat exchanger, w – flow velocity, win  inlet water; 

wout – outlet water. 

The process of regulation of flow through the heat exchanger 

is determined by the correlation: 

 
𝐺𝑃𝐼𝐷(𝑠) = (𝐾𝑝 +

𝐾𝑖

𝑠
+ 𝐾𝑑𝑠) =                                 

            = 𝑘𝑝 (𝑒(𝑡) +
1

𝑇𝑖
∫ 𝑒(𝑡)𝑑𝑡

𝑡

0
+ 𝑇𝑑

𝑑𝑒(𝑡)

𝑑𝑡
) ,

 (10) 

 𝑒(𝑡) = (𝑤𝑠𝑒𝑡 − 𝑤), (11) 

 𝐾𝑝 = 𝑘𝑝, 𝐾𝑖 =
𝑘𝑝

𝑇𝑖
, 𝐾𝑑 = 𝑘𝑑𝑇𝑑, (12) 

where: e(t)– control deviation; s – Laplace operator, k – gain of the PID 

controller; T– time constant. The respective subscripts are: p – propor-

tional; d – differentiation; i – integration; set – controller setting. 

The PEM cell model addresses transient conditions; none-

theless, this model takes into account heat exchange with the 
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surroundings, phase transitions, and chemical reactions occur-

ring within the PEM fuel cell. The electrical impedance of the 

materials used to construct the PEM cell was not considered. 

The energy balance of the PEM cell can be formulated by 

the following equation: 

 𝑄̇𝑛𝑒𝑡 = 𝑄̇𝑐ℎ𝑒𝑚 − 𝑃 − 𝑄̇𝑢𝑗 − 𝑄̇𝑠𝑡𝑟, (13) 

where 𝑄̇ is the heat flux, P is the electrical power. Subscript net refers to 

the total heat balance, chem to the chemical reaction, uj to the latent and 

sensible heat, and str to the acquired stream. 

The heat generated by hydrogen consumption in the PEM 

cell can be described by the equation: 

 𝑄̇𝑐ℎ𝑒𝑚 = 𝑛̇H2
∆𝐻, (14) 

where ṅH2
 is the molar concentration of the reacted hydrogen 

and ΔH represents the overall enthalpy change during the chem-

ical reaction. 

The electrical power generated in the PEM cell is dependent 

on voltage and current, according to: 

 𝑃 = 𝑈𝐼, (15) 

where I is an electric current and U stands for voltage. 

The latent and sensible heat depends on the molar energy 

fluxes of the individual components (hydrogen (H2), oxygen 

(O2), and water (H2O)) involved in reactions within the PEM 

cell, as well as the gas-liquid phase transitions that occur, and is 

expressed by: 

 
 𝑄̇𝑢𝑗=𝑛̇H2,𝑜𝑢𝑡𝑐H2

(𝑇 − 𝑇𝑜) + 𝑛̇O2,𝑜𝑢𝑡𝑐O2
(𝑇 − 𝑇𝑜) +

+𝑛̇H2O𝑐H2O(𝑇 − 𝑇𝑜) + 𝑛̇H2O(ℎ𝑆 − ℎ𝑙)
, (16) 

where: ṅ – molar flow rate of a substance, hs – molar enthalpy 

of water steam, J/mol; hl – molar enthalpy of liquid water, J/mol; 

ci (i = H2, O2, H2O)  molar specific heat. 

The heat transferred from the fuel cell to the heating system 

is connected to the rate of heat transfer (k), the surface area for 

heat exchange, and the logarithmic temperature difference 

(ΔTlog), according to equations: 

  𝑄̇𝑠𝑡𝑟 = 𝐴𝑃𝐸𝑀𝑘𝑃𝐸𝑀
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)−(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)

ln(
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)

(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)
)

, (17) 

 𝑄̇𝑠𝑡𝑟 = 𝐴ℎ𝑘ℎ
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)−(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)

ln(
(𝑇𝑤𝑖𝑛,ℎ−𝑇ℎ)

(𝑇𝑤𝑜𝑢𝑡,ℎ−𝑇ℎ)
)

, (18) 

Additionally, the transferred heat is defined by the energy bal-

ance: 

   
𝑄̇𝑠𝑡𝑟 = ρwcS(𝑇𝑤𝑖𝑛,ℎ  - 𝑇𝑤𝑜𝑢𝑡,ℎ) =

         = ρwcS(𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀 - 𝑇𝑤𝑖𝑛,𝑃𝐸𝑀).
 (19) 

During transient conditions, the term 𝑄̇𝑛𝑒𝑡 representing the 

change in dynamic heat flux is variable. Under steady conditions 

𝑄̇𝑛𝑒𝑡=0. Since the computations were carried out considering 

transient conditions, the dynamic heat flux is related to the mass 

of the PEM cell, its overall specific heat, and the temporal tem-

perature change, following the equation: 

 𝑄̇𝑛𝑒𝑡 = 𝑚𝑐
𝑑𝑇

𝑑𝑡
. (20) 

The model equations were formulated within the 

SIMULINK software environment. In the context of the PEM 

cell, the input parameters were selected to match the parameters 

reported in [1]. 

3. Determination of dynamic parameters for 

building and the PEM fuel cell  

3.1. Calculation results for the PEM cell 

While examining the fuel cell, its operation was simulated in 

scenarios both with and without negative feedback. The PID 

controller (Fig. 1) was incorporated within the negative feed-

back loop (Fig. 2). Given that the water temperature leaving the 

fuel cell must remain above 320 K for the underfloor heating 

system, the logarithmic temperature difference was identified as 

the analysed state parameter within the negative feedback loop. 

The flowchart outlining the equations describing the PEM cell 

model is presented in Fig. 3, and Fig. 4 displays the chart of the 

PID continuous control system within the negative feedback 

loop. 

The regulatory system of the PEM cell model encompasses 

an output variable, Tout, along with two input variables. These 

inputs are managed utilising the output signal from the PID sys-

tem – the molar stream ṅH2
 and the molar stream ṅO2

. 

The process of linearizing the open feedback loop system 

was conducted for a MISO (multi-input, single-output) configu-

ration. This was carried out with the purpose of evaluating the 

stability of the cell model's response to variations in hydrogen 

and oxygen supply caused by logarithmic temperature fluctua-

tions. The outcomes of the linearization procedure for the input 

variable ṅH2
, and the output variable ΔTlog of the control object 

defined as: 

 ∆𝑇𝑙𝑜𝑔 =
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)−(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)

ln(
(𝑇𝑃𝐸𝑀−𝑇𝑤𝑜𝑢𝑡,𝑃𝐸𝑀)

(𝑇𝑃𝐸𝑀−𝑇𝑤𝑖𝑛,𝑃𝐸𝑀)
)

, (21) 

is exhibited in the form of a transfer function: 

 𝐺𝑛̇𝐻2
(𝑠) =

−0.0001512

𝑠+0.002122
, (22) 

where s stands for the Laplace operator. 

Similarly, the outcomes of linearizing the control system 

with respect to the input molar oxygen flow rate (ṅO2
) and the 

same ΔTlog (Eq. (21)) as an output variable, is expressed in the 

form of a transfer function: 

 𝐺𝑛̇𝑂2
(𝑠) =

−0.00007748

𝑠+0.002122
. (23) 

Linearization of the closed-loop feedback system was car-

ried out, employing the fuel cell's setpoint temperature as the 

input variable and the fuel cell's logarithmic temperature differ- 
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ence as the output variable. This linearization was specifically 

applied to a single-input single-output (SISO) object featuring 

an internal feedback loop responsible for regulating the fuel 

cell's operating temperature: 

 𝐺𝑇𝑖𝑛
(𝑠) =

0,00005913𝑠+0,0000001578

𝑠3+0,01241𝑠2+0,00006092𝑠2+0,0000001042
. (24) 

The behaviour of the closed-loop control system, in conjunc-

tion with the designated regulator's setpoint parameters, con-

cerning the stability of the logarithmic temperature difference, 

is of utmost importance due to its impact on the ability to uphold 

the thermal characteristics of the simulated building's heating 

system. 

The calculation results for the fuel cell's operation with and 

without a feedback loop are presented in Figs. 57. Figure 5 il-

lustrates the power produced by the fuel cell, while Fig. 6 dis-

plays the voltage generated within the fuel cell.  

 

Fig. 4. The flowchart illustrating input and output parameters pertaining to PEM fuel cell with a feedback loop 

that integrates the PID regulation system. 

 

Fig. 3. The flowchart depicting input and output parameters concerning a PEM fuel cell operating 

in an open feedback loop configuration, excluding any regulatory mechanisms. 

 

Fig. 5. The power output of the PEM fuel cell under open and closed-

loop feedback conditions. 
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In Figs. 5 and 6, two responses can be observed, where both 

power and voltage exhibit a more flattened characteristic in the 

case of an open feedback loop. For the feedback loop, over-

shooting occurs due to the regulation process involving the mass 

flow rate of individual streams feeding the PEM cell. 

Figure 7 depicts the logarithmic temperature difference, 

which is significant for the heating system of a building. 

Furthermore, Fig. 8 provides a graphical representation of 

the heat generated by the fuel cell, and Fig. 9 exhibits the tem-

perature of the liquid leaving the fuel cell. As it can be seen, the 

fuel cell temperature increases abruptly in response to the chem-

ical processes occurring in the fuel cell. The results of calcula-

tions for the molar oxygen and hydrogen flow rates are shown 

in Figs. 10 and 11, respectively. They indicate that the molar 

flow rates of reactants supplied over time cause an overshoot of 

the fuel cell temperature above the setpoint. Once the tempera-

ture exceeds the setpoint (320 K), the molar flowrates are stabi-

lized, resulting in maintaining both thermal and electrical power 

at a higher level.  

 

Fig. 6. Voltage on the PEM fuel cell during open and closed-loop 

feedback operation. 

 

Fig. 7. The logarithmic temperature difference of the PEM fuel cell 

during operation within an open and closed feedback loop. 

 

Fig. 8. The heat flow directed to the cooling water during operation 

within an open and closed feedback loop. 

 

Fig. 9. The operational temperature of the PEM fuel cell during 

operation within an open and closed feedback loop. 

 

Fig. 10. The molar oxygen flow rate during operation within 

an open and closed feedback loop. 

 

Fig. 11. The molar hydrogen flow rate during operation within an 

open and closed feedback loop. 
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In the case of implementing a feedback loop associated with 

maintaining the outlet temperature of the PEM cell at a specified 

useful level in the space heating process, an increase in the log-

arithmic temperature difference is observed (Fig. 7) as well as 

an increase in the thermal power of the fuel cell (Fig. 8). 

Figures from 4 to 9 depict a slight over-regulation of the fuel 

cell's parameters associated with the regulator's operation, from 

which the control signals are transmitted to the actuator systems  

(supply valves). As a result, it becomes essential that the actua-

tor systems (valves) facilitate a wide range of molar flow rates, 

as illustrated in Fig. 10 and Fig. 11. The molar flow rate experi-

ences a sevenfold increase during transient conditions compared 

to steady conditions, which corresponds to the initial phases of 

the fuel cell's chemical reactions. During the initial period, the 

actuator systems should enable achieving significantly high mo-

lar flow rates for both the fuel and the oxidant. Failure of the 

actuator systems to provide adequately high molar flow rates of 

reaction substrates could potentially extend the startup time and 

the duration required to attain the conditions required by the 

heating systems. For this PEM cell, the elongation of this time 

could range from 2500 to 4000 seconds.  

Figure 12 presents the control error values before processing 

the signal in the PID controller and the output signal from this 

controller, whereas Fig. 13 displays the Bode plots, showing 

both the amplitude and phase characteristics of the controlled 

system within the closed feedback loop. Upon scrutinizing the 

Bode plots constructed for the PEM cell control system 

(Fig. 13), it can be inferred that the system remains stable across 

the entire amplitude spectrum and exhibits a notably substantial 

phase margin (approximately 90 degrees).  

2.2. Transient analysis of a building heated by the PEM 

cell 

The investigation involved calculations for determining the ther-

modynamics of a building heated by a PEM cell. Figure 14 il-

lustrates the signal connections among the PEM cell model, the 

heating system, and the building, all designed within the SIM-

ULINK software. 

Figure 15 demonstrates variations in the logarithmic temper-

ature difference between the PEM cell and the heating system 

within heated rooms. The predicted variations of ambient tem-

perature, heated room temperature, and the setpoint temperature 

of the regulatory system are displayed in Fig. 16. Figure 17 ex-

hibits fluctuations in the operating temperature of the PEM cell. 

Figure 18 portrays the heat supplied to the heated room (Q) and 

the electric power produced by the PEM cell (P).  

Based on the conducted calculations, it is evident that un-

heated rooms, such as adjacent halls without heating, exert a no-

table influence on heat losses from the heated rooms. This effect 

is primarily due to the lack of insulation in the separating walls 

 

Fig. 13. The Bode plots of the PEM cell system  

with a closed feedback loop. 

 

Fig. 14. Implementation of the simulated building heated by the PEM 

cell, developed in SIMULINK software. 

 

Fig. 15. The logarithmic temperature difference between the PEM cell 

and the heated water. 

 

Fig. 12. The control signals at the input and output 

of the PID regulator. 
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and the inherent lack of airtightness in front doors and windows 

in stairwells. Heating of these halls, coupled with ventilation-

related losses, can significantly perturb a building's energy bal-

ance, subsequently leading to escalated operating costs for the 

heating system. Addressing this concern, enhancing insulation 

within the halls becomes imperative.  
This situation is especially evident in Fig. 5, where the tem-

perature rise in the halls contiguous to the heated rooms occurs 

at a relatively gradual pace. This behaviour is attributed to the 

interplay of ambient temperature and the heat transfer coeffi-

cient of the non-insulated walls. The oscillation in ambient tem-

perature To (variation between approximately 3°C and +3°C as 

in Fig. 16) is attenuated due to heat penetration through the 

walls, having minimal effect on room temperatures. The minor 

temperature fluctuations (Fig. 17), arising from the operation of 

the thermostatic valve within the building's heating system, are 

mitigated by the mass flow rate of heating water obtained from 

the PEM fuel cell via the PID regulator, as described by Eq. (10). 

Consequently, the fuel cell maintains stable thermal parameters 

for the cooling system. As a result, the heat derived from the 

PEM fuel cell also remains stable. 

Discussing the potential use of waste heat from fuel cells for 

heating purposes is intriguing, yet it requires in-depth analysis. 

Understanding the heat transfer processes from cells to the 

building's heating system and the technical aspects of integrat-

ing these two systems are pivotal. Optimal utilisation of waste 

heat can significantly amplify the overall energy efficiency of 

the system. 

One crucial aspect worth highlighting is the efficiency of 

proton exchange membranes (PEM) in fuel cells. This mem-

brane plays a pivotal role by enabling the flow of protons be-

tween the anode and cathode, thereby generating electric cur-

rent. However, in practice, the effectiveness of PEMs can be 

hindered by factors such as humidity, temperature, and the pres-

ence of impurities. Hence, continuous research into refining 

membrane technology is essential to ensure reliability and effi-

ciency. 

3. Conclusions 

In the realm of cutting-edge building technology, this work pre-

sents a pioneering exploration in the field of sustainable thermal 

management by integrating Proton Exchange Membrane (PEM) 

fuel cells into the heating systems of modern structures. At its 

core, this investigation pivots on the innovative utilisation of 

waste heat emanating from PEM fuel cells, repurposing it as a 

strategic asset to foster a more energy-efficient and sustainable 

approach to building heating. 

The cornerstone of this research lies in the development and 

presentation of a robust mathematical model. This model serves 

as a sophisticated analytical tool, meticulously mapping out the 

intricate interactions between the thermal dynamics inherent to 

PEM fuel cells and the variable heating demands typical of con-

temporary buildings. This is particularly emphasized under tran-

sient operational conditions, a crucial factor in optimizing the 

system’s overall performance. 

A focal point of the study is the operational parameters of 

the PEM cells. When situated within a closed feedback loop, 

these cells exhibit an operating temperature orbiting around 

320 K. This is contrasted with their performance in an open 

feedback loop, where the temperature is capped at a slightly 

lower threshold of 312 K. The research underscores the efficacy 

of a regulatory system capable of modulating the molar flow 

rates of hydrogen and oxygen, adjusting them to the stoichio-

metric amounts required for the cell's chemical reactions. The 

ingenuity of this system lies in its dual-regulation capability, al-

lowing for controlling both oxygen and hydrogen molar flow 

rates with precision. 

When the PEM cell is configured to function as a cogenera-

tion unit, the study reveals its capacity to achieve optimal cool-

ing water thermal parameters. This facilitates the concurrent 

generation of both heat and electrical power, a testament to the 

cell's versatility and efficiency. Theoretical analyses deduce that 

the thermal inertia of adjoining unheated rooms plays a signifi-

cant role in the overall thermal balance, mainly governed by the 

 

Fig. 17. The operating temperature of the fuel cell. 

 

Fig. 16. Ambient temperature, the heated building's temperature 

and the regulator's setpoint. 

 

Fig. 18. The thermal power (Q) employed for heating purposes and 

the electrical power (P) produced by the PEM cell. 
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heat transfer coefficients, and the physical characteristics of the 

walls. 

The research highlights the stabilizing role of the propor-

tional-integral-derivative (PID) regulator in maintaining the 

cooling water supply to the fuel cell. This regulator effectively 

mitigates minor fluctuations induced by the building’s heating 

system thermostat, ensuring consistent operational conditions. 

The paper further delves into the thermal implications of un-

heated rooms on the overall heat loss in heated spaces, advocat-

ing for the strategic insulation of these areas. This insight holds 

particular relevance for older buildings that may lack modern 

insulation standards, suggesting potential retrofitting solutions 

to enhance their energy efficiency. 

In conclusion, this work not only charts new territory in the 

field of building heating systems but also sets forth a compre-

hensive roadmap for future research. It calls for an in-depth ex-

ploration into areas such as membrane efficiency, advanced con-

trol strategies, and the integration of renewable energy sources. 

This forward-thinking perspective holds the promise of harness-

ing the full potential of PEM fuel cell technology, potentially 

leadinga transformative shift in the landscape of heating tech-

nology.  
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