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ANTONI SIWIEC*

RELATIONSHIPS BETWEEN PARTICLE SIZE DISTRIBUTION AND WORK IN A GRINDING
PROCESS

ZWIAZEK POMIEDZY SKEADEM ZIARNOWYM A PRACA W PROCESIE ROZDRABNIANIA

The model presented consists of two steps. In the first step the kinematics of the grinding process is
determined. It was obtained after selecting appropriate coefficients and applying the theory of the Markov
processes. The obtained function is connected with the Rosin-Ramnler equation but the inclusion of the
time in thesc equations enables the work-consumption to be determined. These formulae are somewhat
similar to Rittinger’s and Bond’s hypotheses. Nevertheless there are some differences.

Key words: Markov processes, Rittinger and Bond Hypotheses, grinding process, grinding kinetics,
work consumption

W procesach rozdrabniania waznym zagadnicniem jest znajomos$¢ energii zwiazancj z roz-
drabnianiem mincratéw. Najbardziej znanc hipotczy rozdrabniania zwiazanc sa z nazwiskami Kick,
Rittinger, Hond (Skokotowski 1990). Stosunkowo mato znana jest hipotcza Hrocha (Sokotowski
1990). Hipotczy Rittingera i Bonda wykazuja pewne podobiefistwo, a mianowicic obic wiaza energig
rozdrabniania zc zmiang powicrzchni, dodatkowo w hipotezic Bonda uwzglednia sig objgtos$¢ ziarn
rozdrabnianego materiatu. W trakcic wyprowadzania wzoréw w obu hipotezach zaktada si¢ zc roz-
drabnianc ziarna posiadaja jednakowe wiclkosci 1 ksztatt. W rzeczywistych procesach rozdrabniana
mamy do czynicnia z krzywymi skfadu ziarnowego, w zwiazku z czym w hipotezie Bonda przyjmuje
si¢ ziarno 80%, natomiast w hipotczic Rittingera $rednia harmoniczng. Nasuwa si¢ wige wniosek
o koniecznosci uwzglednicnia krzywych sktadu ziarnowego. W picrwszym etapie nalczy okresli¢
kinetykg procesu rozdrabniania. W tych wzorach powinien wystgpowac czas. Pracami tymi zajmowali
si¢ migdzy innymi Scdlatschek i Hass (1953) oraz Pudto i Szczepaniska (1976). W pracach tych, przy
zatozeniu okre$lonych klas ziarnowych, na podstawic bilansu masy wprowadza si¢ odpowicdnic
wzory. Zatozenic statosci wspotezynnikéw w tych rownaniach prowadzi do szybkicgo wzrostu ich
ilosci przy zwigkszeniu ilosci klas ziarnowych, co czyni tc wzory trudne do interpretacji. Réwnicz
wzory tc zwiazanc sa z ustalonymi klasami ziarnowymi.

[stotny postgp stanowito rozbicic tych stalych na dwa czynniki zwane z angiclska selection
function 1 breakage function (Lynch 1977). Analiz¢ procesu rozdrabniania przedstawia si¢ czgsto
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w postaci macicrzowej (Broadbent i in. 1956). Ciagty opis procesu rozdrabniania prowadzi do réwnan
rézniczkowo-catkowych. Réwnania tc dla ggstosci prawdopodobicnstwa wystgpuja w teorii procesdéw
Markowa (Kazakow 1973), dla proceséw rozdrabniania np. w pracach Gardner, Austin (1962) oraz
Bass i in. (1954).

W ninicjszcj pracy okreslono encrgig rozdrabniania w dwoch ctapach. W etapic picrwszym
okreslono kinctykg procesu na podstawic tcorii procesow Markowa. Wprowadzone réwnania zwiazane
sa z teoria dyskretnych proceséw Markowa z ciagtym zbiorem stanéw (Kazakow 1973). Nastepnic
okreslono pracg rozdrabniania. Otrzymane réwnania odpowiadaja hipotczom Rittingera i Bonda,
jednak z mozliwosci dowolnego wyboru charakterystycznej wiclkosci ziarna produktu. Prowadzi to
jednoczes$nie do zmiany , statej”. Szczegotowy przypadck rozwiazania tego problemu przedstawiono
w pracy Siwicc (1999)

Stowa kluczowe: hipotezy encrgetyczne rozdrabniania, procesy Markowa, kinetyka rozdrabiania,
sktad ziarnowy

1. Introduction

The grinding process is determined by two characteristic features:

* particle size distribution of ground the product being ground for a given feed,

« amount of energy consumed.

It is also very important to know the reciprocal connection between the size of the
ground-off particles distribution and energy consumed in that process.

Both the size distribution and grinding energy are functions of time, so this parameter
should appear in the particle size distribution functions. Among the energy hypotheses
of grinding the best known are (Andreew, Zwierewicz, Pierow 1961; Sokotowski 1990)

» Rittinger,
« Kick,

* Bond,

« Brach.

These hypotheses are characterized by the particle size distribution of feed and
product by one parameter only, as this being a parameter of the particle size distribution
different size; mean and quantiles are used. The most usual quantile is a quantile of order
p=0.8(80%). It is to be expected that using different size characteristics the constants in
these hypotheses should change respectively. In this paper the grinding process is descri-
bed by the discrete Markov process (Bailey 1964; Fisz 1967). On assumption of
formulae for the coefficients in differential equations of this process, the final function
of particle-size distribution was obtained. Next the size distribution was compared with
the grinding energy.

2. The equations of the grinding process model

Grinding products of a narrow size fraction range characterized by particle size
x1 will be considered. After grinding the fragments will be distributed in size fractions
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(x1,Xx2), (x2,x3) ... (xn_1, 0). The probabilities for the given size fractions are p(x;, x;+1, £)
and are equal to the yields of size fractions y(x;, x;+1, #). The notations p(x;, x;+1, t) =
= pi+1(2) and y(x;, xj+1, £) = v;+1 will be used.

We also have pj(f) = p(+xi, f). According to the Markov process (Baily 196;
Kazakow 1973; Fish 1967) the following equations can be written:

pi(t+An) = p(H(1-1, A1) (1)
j=i-1

J
pi(t+AD)=p,(OA-1;A)+ Y p kAL j=2.3,...

J=1

These equations correspond to the theorem of complete probabilities. It can be
interpreted in the following manner: within time A¢ the particles were not ground, if
grinding occurred the particle fragments are scattered on the lower size fractions. The
coefficients A; mean the susceptibility to grinding) and A;; are the transition coefficients.
The probabilities A;Az, 1;; resemble a selection function and a breakage function des-
cribed, for example in equation (Sokotowski 1990). This equation is a counterpart of the
integral — differential equation of the Markov process for continuous states (Kazakow
1973). For density w(x,?) it has the form:

+00 la
2D — AW+ [ 0 M OO0 5,0 (e
1
According to the Markov theory we have:
N
2 My =1 =

J=i+l

Itis an important limit on the choice ofcoefficients A;;, and the obvious relationship
g (22)
z pi=1
i=1

The equations system (1) is a recurrence system so it can be easily solved when all
coefficients are independent of time. But the number of coefficients is so numerous that
it is impractical to attempt to apply these solutions. In the following considerations the
coefficients A;, A;; are of the form.

A =hkx” (3)

The first equation states that grinding susceptibility (A;) is proportional to particle
size at power 7, the transition coefficients (A;) are proportional to the size fraction width
at power n divided by total width (x;, 0) at power n.
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It can be checked that we have

y

Jj=i+1 Jj=i+l X

On substitution (3) into equations (1) and after transformation we have:

PO @
dt
dpz(f) n n n
L2210 N S v
dt 2Pz +h(x1 —x3)P) k=23, ..
i=k—-1
L — i pe+ 3 K -3,

i=1
The solution of these equations is as follows (Siwiec, Nowakowski 1991):

i =Rt (5)
: i=2,3, ..

_ okt ket
p;=e€ —=i@

From these equations the following relationship can be obtained:
: — " 6
2 FilD)=¢ £ (6)
i=1

which shows the probability (yield) of the material of particle-size greater than x;.
Division of the ground material into size fractions is arbitrary so as a consequence of (5)
and (6) it can be written:

F(x,t)=1—e " Q)

It 1s a distribution of particle size of ground material (the yield), of material passing
through apertures of size x.

Function ® = e~ ®"* shows the yield of material retaing on the screen of apertures x.

Functions (7) is the distributions of Rosin-Rammler (Andreew et al. 1961) (1 — ¢™)
where the constant b has a form b = k. For characterization of size distribution, quantiles
of the order p are sometimes used. The quantile x, (position parameter) indicates the
proportion of material (p) passing through the screen apertures x,,.

So we have:

In(1 - p) = —kx ¢ ()
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The quantile of order p = 0.8 (80%) is frequently used and we have:
In0.2 = —kx gt 9)

The formula (9) means that the product of grinding susceptibility (k), quantile (x,)
and grinding time (¢) 1s constant. It changes when the order of the quantile is changed.
The density function of the distribution (7) has a form:

f(x,0)=F,(x,t) =nktx"" e (10)
For a special case when n = 1 we have:
£ (x,1) =kte ™™ (11)

Additionally in this case, the following relations exist:

¥ =g = 1 (12)
X=X, =X0.63 T
where:
x — mean value,
X,  — value of x where f{(x,f) has a maximum as a function of parameter ¢
(maximum value of f{x,£) for a given narrow size fraction),
X063 — quantile of an order p = 0.63.

For n >1 a maximum value of density function occurs at point:

n-11 (12a)
n kt

xm =n

At the point x = the value of the distribution equals 0.63, and at the same point

Nkt
the maximum of the density function occurs as a function of parameter ¢.

3. Work done in the grinding process

The grinding process, especially the milling process is strictly connected with time.
It can be assumed (8) that the work done in this process is proportional to time (£ ~ ¢).
In this paper the following relationship is assumed.

E =M
Now the formulae (8) has a form:

M -In(1- p)=—kxE (13)
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when feed and ground product are characterized by D, d respectively (mean value,
quantile x,) the formulae (13) acquires a form:

AE:MM[L—LJ (14)
k D” d"

the only condition for exponent n is n > 0.
It can be assumed that the coefficient & has a form (dimension analysis):

re L1 (15)
ty dj

Now the formulae (14) has a form:

AE = Mtyd? 1n(1—p)[ LI j (16)
Dn dn
or (because Mty = Ey)
AE = Eyd? In(1- p)(L _Lj (17)
DII dﬂ

the coefficient k is determined from the particle size distribution of the ground product.

For n =1 the Rittinger hypothesis applies. (Including Brach’s hypothesis). For n = %
the Bond hypothesis applies. In this case the sizes d, D are the quantiles of order p = 0.8
for product and feed.

In the special case n = 1 formula (17) has the form:

AE=Eyd, In(l—p)(%—;j (172)

The mean value is equal x = i, S0ty —t; = l(i - _i} and energy consumption is
X

it k fz 1
17b
AE:EOdO(_L—_L] (175)
Xy X

The formulae (17a) and (17b) are equivalent because x =x,4; and |In(1 — p) =
=1n 0.37 = -1|.

The Kick’s hypothesis cannot be obtained from the of applied Markov processes for
grinding processes.

From formulae (7) for different time ¢;, #, and the same value of x = d is obtained.
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In(1- p,)=—kt,d"
In(l1- p,)=—kt7d"

=l

After transformations according to (17) the following relationship emerges:

AE = [n L= 2 E,-dl Ly (17¢)
l—p; dn

It allows the energy consumption to be calculated in a different way.

4. Conclusions

1. Itis assumed that the coefficients in the discrete Markov process have the form:

L; =kl

which leads to the distribution of particle size of ground product of a form:

Flx,0)=1-¢7 "
O<x<o0

which is the Rosin-Rammler distribution when kt = b.

2. The value of A, A;; are connected with particle size (power 1) and range of particle
size (power n).

3. The transition to a continuous value of x leads to the assumption that x lies in
interval 0 <x < oo,

4. The exponent in the Markov equation has to be n > 0.

5. For the x =%kt the distribution F(x, 1) has a value 0.63.

6. For a specific value n, n = 1 we have x =x,, =x¢3.

7. When considering the grinding process of a narrow size fraction the maximum
density function occurs at point x =%/kt. This value corresponds to the quantile x,
for p = 0.63.

8. For the quantile of order p we have following relationship In(1 —p) = —/ctx;; which
implies that the product of grinding susceptibility (), grinding time (¢) and quantile x,, is
constant.

9. On assumption that £ = Mt the following theorem is obtained:

gy 00-P) p>( _L)
k Dn dﬂ
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or

AE =E,d" ln(l—p)( 1 _1 j
D" d”

10. The value of Aln(lk—_p) depends on the order of quantile and grinding suscep-

tibility (k) of material.
11. For n=1 the Rittinger’s hypothesis is obtained. For n = % the Bond’s theorem is

obtained.
12. Kick’s theorem can not be obtained on this way. The distribution of a given size
fraction assumes the form of the Goudin-Schuman (sometime the name Andreyev is

added) equation.
X n
F(x)=| =
0=(%)
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