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Abstract: Finite element modeling is the main tool in the design of internal permanent
magnet electric machines for which accurate analytical designs are hard to be developed.
Despite the high accuracy, the main drawback of this type of numerical modeling is the
immense burden of calculation and time especially for implementation of complex structures.
On the other hand, most of the fast analytical methods have been ineffective in accurate
modeling of Internal Permanent Magnet (IPM) machines. This inefficiency is due to the
complexity of the IPM segments and their inconsistencywith other polar subdomains in rotary
machines. In this research, one successful approach which divides the inconsistent domains
into several polar-consistent subdomains is applied for fast and accurate analytical calculation
of the quantities and objective functions. On the basis of this efficient analytical model and by
evolutionary optimization tools, the loss and volume of a spoke PM machine are minimized,
then the optimal machine is verified satisfactorily by the Finite Element Method (FEM).
Key words: evolutionary optimization, spoke IPM machines design, subdomain analytic
modeling

1. Introduction

Designing and optimizing electromagnetic devices benefit greatly from accurate analytical
models, offering speed and flexibility compared to numerical FEMs. However, analytical models
are constrained by specific conditions and may involve approximations, potentially leading to
inaccuracies in estimating electromagnetic quantities for complex structures. In contrast, FEMs
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excel in analyzing intricate electric machine structures with high accuracy. Despite this, the
substantial computational burden and time required for each scenario make FEMs less favorable
compared to fast and reasonably accurate analytical models. Various types of machines with interior
PM structures, such as buried, spoke, V-shaped, and multi-layer PMs (PM assisted reluctance
machines), pose challenges in direct modeling as a polar subdomain within the cylindrical shape of
rotary machines. Nonetheless, analytical design has been employed in studying the mechanical and
electrical aspects of interior PM machines. For instance, Weiwen Ye et al. [8] conducted a thermal
analysis of PM motors for Electric Vehicle (EV) applications, while Chengxu Sun et al. [9]
proposed a 1-D analytical model for analyzing the noise and vibration of a double-layer PM motor.
Additionally, 0-D analytical approaches have been utilized in [10,11] to minimize average loss and
input current using genetic algorithms in a Spoke Internal Permanent Magnet (SIPM) machine.
Furthermore, [12] employed 0-D analytical modeling to compare the performance of V-shaped
IPM with surface PM structures.

2-D analytical models with significant precision are commonly utilized for surface mounted
or surface inset permanent magnet brushless machines, as these surface PM structures can be
accurately defined as subdomains in polar coordinates [13]. However, in some studies, internal PM
segments have been approximated directly as a single arc-shaped subdomain in polar coordinates
for faster, albeit less accurate, 2-D analysis [14–17].

The design of PM electric machines poses a constrained nonlinear optimization problem with
numerous parameters [18]. Typically, the design problem is a multi-objective optimization problem
with conflicting goals. Due to the complex interrelation of various machine quantities, defining the
appropriate objective function is a critical task. Inmost cases [18], the objectives includeminimizing
power losses (implying maximum efficiency), cost, volume, and/or mass, while maximizing
performance metrics such as minimum cogging torque, harmonics, vibration, and maximum torque
density. Constraints may also be imposed on the problem, arising from mechanical (nominal torque
and speed) and electrical (voltage level and saturation) requirements, as well as cost, manufacturing,
and dimensional limitations. The optimization technique can take various forms, including nonlinear
programming approaches like sequential quadratic programming, or evolutionary approaches
such as Genetic Algorithms (GAs) [10, 19], Differential Evolution (DE) [20], Particle Swarm
Optimization (PSO) [21–23], Ant Colony (AC) [23, 24], Simulated Annealing (SA) [25, 26], Bee
Colony (BC) [27], Harmony Search (HS) [28], and many other random search tools.

This research focuses on designing an SIPM motor with minimal loss and size. Its primary con-
tribution lies in utilizing a highly accurate and fast analytical model [13] for calculating objectives
and constraints (including teeth flux density and electromagnetic torque limits) to optimize the SIPM
machine. The swift and accurate calculation capability of this approach enables the examination
of the search power of three powerful evolutionary search tools – GA, PSO, and DE – for optimal
design. Additionally, the Finite Element Method (FEM) is utilized for post-design validation.

2. Methodology of analytic modeling

In many brushless machines featuring a spoke magnet configuration, the internal magnet
is typically positioned within the rotor iron in a cubic form. However, cubic structures lack
consistency with other symmetric polar shapes found in machine domains. This inconsistency
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poses a challenge for two-dimensional models aiming to handle both polar and rectangular domains
concurrently. To assess the effectiveness of the two-dimensional analytical model in predicting
variables of the spoke machine, it is assumed that the internal magnet of the spoke is situated
in a rectangular shape within the two-dimensional space of the machine, as depicted in Fig. 1.
The following assumptions are taken into account for the two-dimensional analytical modeling of
a machine with a rectangular spoke magnet.

– The spoke magnet is assumed to be rectangular and with tangential magnetization in the
polar coordinates of the rotor.

– The hub magnet is considered rectangular and its magnetization is radial.
– Magnetic flux density vector includes radial and tangential components. Also, along the

z axis, these components are constant.
– Rotor and stator iron have infinite magnetic permeability.
– The end effect and the effect of iron saturation have been neglected.
– The effect of the eddy current reaction is ignored.
– The magnetization of magnets is independent of the radius.

Fig. 1. Cross-section of permanent magnet machine with slotted rectangular spoke with hub magnet

Figure 1 illustrates the stator iron, slot, tooth, slot opening, tooth tip, air gap, rotor iron, spoke
magnet, hub magnet, and axis iron, numbered sequentially from 1 to 10. Figure 2 presents the
concept of segmenting a rectangular spoke magnet within the polar coordinates of the rotor. To
withstand centrifugal forces, rigid non-ferromagnetic retainers encase and secure the hub and
spoke magnets, as well as the rotor flux channels, to the shaft.
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Fig. 2. An approximation of a rectangular spoke magnet with a set of arc-shaped pieces

2.1. Partial Differential Equations (PDEs) of the problem
To apply the two-dimensional analytical model, given the infinite magnetic permeability of

stator and rotor iron, the slot sections, slot opening, air gap, spoke magnet, and hub magnet
are treated as two-dimensional subdomains. The relationships outlined in the analytical model
developed in [13] are employed. According to Maxwell’s equations, concerning the magnetic
potential vector for each sub-region, we have the following:
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where sp, a, so, sl and h indicate the subspaces of the spoke magnet, air gap, slot opening, slot and
hub magnet, respectively. The boundary conditions of the problem are given in Table 1.
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2.2. General solutions

The general solutions satisfying Eqs. (1) to (5) according to the boundary conditions for
different subspaces are as follows [13]:
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which in relations (9) and (10) gives:
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To derive the machine quantities, the unknown coefficients in the general solutions need to
be computed initially. This involves utilizing the boundary conditions outlined in Table 1 and
employing the method of harmonic equalization across two environments at their shared boundary.
The coefficients of the general solutions can be determined through this process. Table 1 provides
the boundary conditions formulated based on integral equations. Solving the resulting linear
equations and identifying the constants of the general solutions allow for the calculation of all
electromagnetic quantities of the machine.

Table 1. Integral coefficients resulting from boundary conditions
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2.3. Electromagnetic torque, power losses and electromotive force
Using Maxwell’s method, the electromagnetic torque exerted on the rotor, located at the

α position, is calculated as:
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where: L is the axial length, Ba
r,PM and Ba

θ,PM are the radial and tangential parts of the PM flux at
Ra = (Rw + Rr )/2. Moreover, Ba

r,AR and Ba
θ,AR are the radial and tangential parts of the armature

reaction flux at Ra. In Eq. (35), the first part which is due to only PM flux is named cogging torque,
and the last part which is only due to armature reaction flux is named reluctance torque.

For core loss calculation here, it is assumed that at the synchronous speed of the rotor, rotor
flux variation and thus rotor iron loss due to AR is negligible. The stator iron loss by variation of
the first harmonics of the flux is calculated as:
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where Vstator, Vtooth, and Vtooth,tip represent the volume of the stator back-iron, tooth and tooth tip
according to Fig. 1, Khys and Keddy are the hysteresis and eddy losses’ coefficients depending on
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lamination and a core type, Bm,st , Bm,tooth and Bm,tooth,tip are the maximum flux density in the
back-iron, tooth and tooth tip. n is Steinmetz’s constant, and f is the electrical frequency of rotation.
L is the machine axial length, Ro and Rsl are shown in Fig. 1, R∅ is the phase winding resistance
carrying current I∅. KJ is the constant equalizing the copper losses with current density Jb , and Aw

represent the stator wire gauge in mm2.
In order to calculate the induced stator coil voltage, first, the link flux of each coil of the phase

j winding resulting from the magnet is obtained from the following equation.
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. (40)

Nt is the number of turns of each coil and ω is the angular speed of the rotor.
The two-dimensional analytical model considers a slotted motor with a rectangular spoke

magnet supplemented by a hub magnet as outlined in Table 2. To enhance accuracy, the spoke
magnet is represented by three stacked arcs. In the analytical model, iron pieces are not treated
as subdomains, assuming their permeability to be infinite. Similarly, the assumption of infinite
magnetic permeability for rotor and stator iron is accommodated by assigning a very large value
in the numerical (FEM) method. In this investigation, the stator winding’s injection current is
presumed to be completely sinusoidal. The calculation and assessment of magnetic flux density
in the air gap emerge as the primary considerations for determining electric torque and Back
Electromotive Force (EMF).

Table 2. Initial parameters of the SIPM machine

Parameters Symbol Unit

Electric
Machine
with
spoke
PM

Parameters Symbol Unit

Electric
machine
with
spoke
PM

Number of phases q – 3 The outer radius
of the hub area Rh mm 12

The number of
pole pairs p – 2 Rotor radius Rr mm 40

The number of
spoke areas (p2) Q – 4

Inner radius of
the stator

(inner radius of
slot opening)

Rs mm 41

Radial length of
spoke rectangle b mm 28 Outer radius of

slot opening Rso mm 43

Continued on next page
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Table 2 – Continued from previous page

Parameters Symbol Unit

Electric
Machine
with
spoke
PM

Parameters Symbol Unit

Electric
machine
with
spoke
PM

Tangential length
of spoke rectangle a mm 9.07 The outer radius

of the stator slot Rsl mm 53

The arc angle of
the outer sector of
the spoke magnet

β1 rad – Phase winding
displacement θc rad π/3

The arc angle of
the middle sector

of the spoke
magnet

β2 rad –
The number of
turns of each
stator coil

Nt – 30

The arc angle of
the inner sector of
the spoke magnet

β3 rad –

The value of the
stator slot

current density
range

J0 A/mm2 500 000

The arc angle of
the hub magnet αp rad –

Amplitude of
the current

density of the
slot j of the

stator

J j
0 A/mm2 (−1)j J0

Relative magnetic
permeability of
hub and spoke

magnet

µ
sp
r , µ

h
r – 1.045

Stator slot
opening arc

angle
γ rad π/Q

0.6

Residual flux
density of hub and
spoke magnets

Bsp
remBh

rem T 1.1 Stator slot arc
angle δ rad π/Q

1.2

shaft radius
(inner radius of
the hub area)

Rsh mm 7.5

3. Evolutionary methods in solving optimization problems

Nature-inspired meta-heuristic methods exhibit a wide range of diversity. Notable among these
methods are genetic algorithms, differential evolution algorithms, particle aggregation, ant colony
optimization, honey bee optimization, cuckoo search, and others. In the present article, three widely
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utilized and robust methods – genetic algorithm, differential evolution algorithm, and particle
aggregation – are employed to capitalize on their distinct capabilities in addressing optimization
problems. While differential evolution is recognized as a potent search technique, it may converge
to local optima. Hence, Particle Swarm Optimization (PSO) and Eenetic Algorithms (GAs) are
incorporated to exploit their ability to escape local optima and assess whether more optimal
solutions can be attained.

4. Optimization of SIPM machine with spoke magnet

The primary objective of analytical models is their application in the optimal design of
electric machines. Their notable advantages, such as high calculation speed for objective functions
and rapid implementation in optimization programming, distinguish them from cumbersome
numerical Finite Element Method (FEM) calculations. In this section, the highly accurate two-
dimensional analytical model proposed for precise calculation of SIPM machine quantities,
coupled with its significant computational speed compared to the FEM, forms the foundation for
solving the optimization problem. This optimization problem encompasses objectives, constraints,
and optimization variables. Objectives in electric machine design can vary widely, including
reducing machine losses, enhancing efficiency, minimizing volume, lowering fabrication costs,
increasing torque, reducing torque ripple, and more. Similarly, constraints can span a broad
spectrum of requirements contingent upon the machine’s application. Examples include machine
volume, operational speed, tooth flux density, allowable cogging torque, output average torque,
etc. Optimization variables dictate the objectives, and by appropriately selecting and adjusting
them within their allowable range, desired goals can be achieved. For instance, in the design of
a permanent magnet machine, optimization control variables may encompass the number of slots,
slot opening angle, magnet thickness, magnet length, rotor back iron thickness, stator back iron
thickness, slot opening, slot depth, number of pole pairs, and machine diameter-to-length ratio.
Given the intricate relationship between quantities and their dependency on machine structural
parameters, a reliable calculation model is imperative for the optimization problem. Moreover,
meta-heuristic methods emerge as suitable optimizers for problems with expansive search spaces. In
this section, optimization is conducted on an SIPMmotor with a rectangular spoke magnet utilizing
the two-dimensional analytical method elucidated in Section 2. The optimization objective aims
to minimize electromagnetic losses, encompassing iron and copper losses, while simultaneously
minimizing machine volume to enhance power density. Additionally, the following criteria must
be met as constraints in achieving the aforementioned objective.

For the optimization problem:
– The average torque should not be less than 6 Nm.
– The cogging torque should not be more than 10% compared to the average torque.
– The magnetic flux density in the back iron of the stator and teeth should be at most 1.5 T.
The optimization variables comprise the axial length of the machine, axis radius, thickness of

the hub area, radial and tangential lengths of the spoke magnet, thickness of the stator back iron,
stator slot depth, stator slot opening angle, slot tip opening depth, slot opening angle, and stator
current density. The objective function in this optimization problem aims to minimize losses and
machine volume. This objective must be pursued while adhering to the constraints outlined in
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Table 3 and ensuring that the electromagnetic torque does not fall below the minimum allowed
value. Therefore, the constant parameters of the machine necessary to solve the optimization
problem are specified in Table 4.

Table 3. Lower and upper limits of optimization variables

Variable Unit Lower limit Upper limit

Axial length of machine L Cm 10 15

Internal radius of hub area Rh Cm 0.5 1

Thickness of hub area lh Cm 0.2 0.8

The thickness of spoke magnet b Cm 0.5 1.5

Depth of spoke magnet lsp Cm 0.2 0.4

Thickness of stator back iron lst Cm 0.5 1.5

Depth of slot lsl Cm 0.4 0.8

Depth of slot opening lso Cm 0.05 0.2

Opening angle of slot γ Degree 8 15

Opening angle of slot δ Degree 15 40

Current density in stator Jb A/mm2 3 6

Table 4. Constant parameters of optimization

Parameter Value Parameter value

Number of phases q 3 Relative permeability of hub µhr 1.045

Number of pole pairs p 2 Relative permeability of spoke magnet µspr 1.045

Number of spoke magnets Q 4 Residual magnetic flux density Bsp
rem 1.1

Coil angle θc π/3 Residual magnetic flux density Bh
rem 1.1

The optimization problem is defined as follows:

Minimize: ωpPloss + ωv Volume, (41)
Subject to: average (Tem) > 6 N ·m, (42)

Subject to:
max (Tcog) −min (Tcog)

average (Tem)
< 0.1, (43)

Subject to: Bback Iron < 1.5 Tesla, (44)

where Ploss is the sum of core and copper losses, and Volume indicates the active part volume that
is LπR2

o. Inequality constraints are added to the objective function as penalty factors. Also, the
coefficients ωp and ωv are used to equalize the weight of losses and the volume in the calculation
of the final objective function; by trial, weighing coefficients are somehow selected to normalize
the loss and volume parts of the objective function each within [0–1].
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Table 5 presents the results obtained from four times of solving the problem using GA, DE,
and PSO methods.

Table 5. Optimal solutions of genetic algorithm, differential evolution, and particle swarm optimization
methods

Optimization
method

L
cm

Rih
cm

lh
cm

a
cm

b
cm

lst
cm

lsl
cm

lso
cm

γ
degree

δ
degree

Jb
A/m2

Cost
value

DE

10 0.5 0.2 0.89 2 1.04 0.4 0.05 8.01 15.01 5 702 290 0.807
10 0.5 0.2 0.95 2 1.07 0.4 0.05 8.01 15.01 5 597 167 0.809
10 0.5 0.2 0.87 2 1.1 0.4 0.05 8.01 15.01 5 903 012 0.836
10 0.5 0.21 0.95 2 1.07 0.4 0.07 8.22 15.01 5 597 167 0.841

GA

10 0.5 0.22 0.88 2 1.4 0.4 0.07 11.88 15.01 5 941 823 0.869
10.14 0.5 0.31 0.96 2 1.12 0.4 0.05 8.05 15.01 5 398 404 0.887
10 0.56 0.2 1 2 1.34 0.4 0.09 13.67 16.4 5 571 326 0.961

10.02 0.5 0.36 1 2 1.28 0.44 0.07 8.01 15.01 5 276 248 0.962

PSO

11.56 0.55 0.26 0.99 2 1.14 0.4 0.06 8.02 19.3 4 582 724 0.993
10.94 0.5 0.3 0.93 2.03 1.11 0.45 0.12 8.01 18.39 5 038 861 1.036
10 0.62 0.39 1.07 2.05 1.20 0.4 0.12 8.01 15.01 4 714 504 1.031

10.19 0.67 0.21 1.03 2.04 1.27 0.41 0.08 11.00 18.62 5 237 303 1.038

Although DE is commonly recognized as a powerful search tool, it may converge to a local op-
timum. Hence, we incorporated PSO and the GA to leverage their strengths and ascertain if a more
optimal solution could be achieved. The results are arranged based on the best solutions obtained.
In all methods, the objective function is calculated using the two-dimensional analytical model with
the spoke magnet approximated into three polar-consistent pieces. It is evident from the table that
the differential evolution algorithm has yielded more optimal solutions compared to the other two al-
gorithms. Consequently, the solution found by DE in the first row is selected as the optimal solution.

5. Evaluation of the optimal SIPMMotor

To ensure that the best solution obtained is indeed optimal, the sensitivity of the cost function
is evaluated by individually changing each parameter while keeping all other parameters fixed
at the obtained point. This process involves calculating the variations of the objective function.
Figure 3 illustrates the variations of the objective function resulting from changes in each of
the eleven optimization variables separately. In each test, it is observed that the best solution
corresponds to the critical minimum cost variation. Therefore, this point is deemed the optimal
solution to the problem. It is notable from Fig. 3 that most of geometric control variables are
pushed to their lower limit for optimal design except for thickness Sp, back iron thickness and
current density. This behavior is resealable as there is a significant link between redial (axial)
depth of machine subdomains and the size (volume). On the other hand, higher values of current
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Axial Length (m) Inner Radiuds of Hub Area (m)

Thickness of Hub Area (m) Thickness Spoke Magnet (m)

Spoke Depth (m) Back Iron Thickness (m)

Slote Depth (m) Depth of Slot Opening (m)
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Open Angle at the Head of Stator Slot (m) Opening Angle of the Stator Slot (m)

Current Density (m)

Fig. 3. The changes of the objective function (cost) around the optimal point according to the changes of
different optimization variables

density and thickness of a spoke PM can actively satisfy the constrain of the minimum average
torque when size is reduced. For further assessment, Table 6 presents the performance of the
optimal design in meeting the constraints. The last column of the table indicates that all constraints
have been satisfactorily met. One aspect of concern regarding the outputs is the accuracy of the
analytical model in calculating the output quantities.

Table 6. Desired objectives at the optimal point and the range of constraints

Variables Units Acceptable range Optimal value
Average electromagnetic Torque N·m > 6 6.034
Percentage of cogging torque N·m < 10% 0.495%
Maximum cogging flux density Tesla < 1.5 0.596
Maximum back iron flux density Tesla < 1.5 1.486
Hysteresis losses Watt – 1.931
Eddy current losses Watt – 0.422
Copper losses Watt – 9.117
Volume of machine cm3 – 578.2
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To assess the reliability of the 2-D analytical model, Finite Element Method (FEM) calculations
are conducted at the optimal point, as depicted in Figs. 4 to 6. Figure 4 illustrates the instantaneous
torque based on the initial conditions specified in Table 2, while Fig. 5 displays the instantaneous
torque and its components under optimal conditions outlined in Table 5 (first row). Both figures
confirm that the analytically calculated torque quantities alignwell with those computed by the FEM.
Furthermore, Fig. 6 validates the accurate calculation of flux density components resulting from the
permanent magnet (PM) in the middle of the air gap radius, as compared to the FEM calculations.

In
st

an
ta

ne
ou

s T
or

qu
e 

(N
m

) 

θ  (mechanical degree) 

Fig. 4. Instantaneous torque and its different components in initial conditions
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Fig. 5. Instantaneous torque and its various components in optimal conditions
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Fig. 6. Airgap flux distribution from magnet, rotor position at α = 0

Table 7 provides the specifications of the designed machine. According to the table, the rated
power of the motor is 905.1 W, and its efficiency is recorded at 98.75%.

Table 7. Parameters of designed motor

Parameter Unit Value Parameter Unit Value
Number of phases – 3 Cogging torque percentage − 0.495

Number of pole pairs – 2 Maximum flux density at the
peak of teeth tesla 1.808

Number of teeth – 6 Maximum flux density of teeth tesla 0.596
Axial length cm 10 Maximum flux density of stator tesla 1.486
Radius of machine cm 8.57 Hysteresis loss watt 1.931
Inner radius of hub Area cm 0.5 Eddy current loss watt 0.422
Thickness of hub cm 0.2 Copper loss watt 9.117
Depth of spoke magnet cm 2 Volume of machine cm3 578.2
Thickness of spoke magnet cm 0.89 Speed rpm 1500
Thickness of stator back iron cm 2 Number of rounds per coil – 7
Depth of slot cm 0.4 Wire cross section of each coil mm2 2
Depth of slot opening cm 0.05 Coil filling factor – 0.5
Slot angle degree 15.01 Stator induced voltage range volt 6

Slot opening angle degree 8.01 Average inductance of stator
phase mH 0.3

Stator current density A/m2 5702290 Average electromagnetic torque N·m 6.034
Relative permeability of hub and
spoke magnets – 1.045 Output power watt 905.1

Residual flux density of hub and
spoke magnet tesla 1.1 Machine efficiency – 98.75%
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Hysteresis losses, eddy current losses, and copper losses account for 16.8%, 3.7%, and 79.5%
of the total motor losses, respectively. The notable high efficiency of this motor can be attributed
to the excitation by permanent magnets instead of relying on a current-carrying wound rotor.
Furthermore, the primary objective of the design is to minimize power loss, which aligns with the
goal of increasing efficiency.

6. Conclusion

In this article, an objective function for the machine optimization problem was defined by using
the approximation of the rectangular spoke magnet to a set of arc-shaped segments, which has
much higher accuracy than other two-dimensional analytical methods of spoke magnet machines.
By approximating the rectangular magnet to three arc-shaped layers, high accuracy was obtained
in the calculation of electromagnetic quantities compared to the finite element numerical method.
This fast and accurate analytical method was used in the optimal design of a slotted SIPM machine.
In addition, the search ability of evolutionary methods of the GA, DE and PSO was used and the
optimal design with minimum losses and volume was satisfactorily achieved.
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