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Internal model control based sliding mode controller
design for unstable second order delayed processes

with a case study on CSTR

Mohammed Hasmat ALIo and Md Nishat ANWARo

Controlling the unstable processes is challenging since one or more poles are located
on the right side of the s-plane. The existence of dead time in these systems makes control
much more difficult. In this paper, internal model control based sliding mode control has been
proposed for the control of unstable processes with dead time. Two sliding surfaces based on
PID and PIDPI are used to design of the proposed controller. The parameters of continuous
and discontinuous control law are obtained using differential evolution optimization technique.
An objective function is constituted in terms of performance measure (integral absolute error) and
control effort measure (total variation of controller output). Illustrative examples demonstrate the
superiority of the proposed controller over earlier reported work in this realm, especially in terms
of load disturbance rejection. A case study on temperature management of a continuous stirred
tank reactor during an irreversible exothermic process also serves to highlight the applicability
of the proposed system. Furthermore, robustness of the proposed controller is also investigated
by inclusion of perturbations in the parameters. The obtained results clearly show how well the
suggested controller works.
Key words: internal model control, sliding mode, unstable processes, second order with dead-
time processes, CSTR

1. Introduction

The internal model control (IMC) structure is shown in Fig. 1, which contains
the process model. If the model is perfect, the IMC-based system becomes open-
loop. On the other hand, if the model-mismatch is found, the error between the
plant and model outputs is used as feedback signal to compensate the mismatch.
The robustness is achieved by using a proper filter for model-mismatch case
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in IMC design [1]. Using the IMC technique, the complexity of the controller
depends only on the complexity of the model and the required performance by
the user.

Figure 1: IMC based SMC scheme

The sliding mode control (SMC) is best known for its robustness to modelling
errors of the plant and unknown disturbances. Its suitability is well proven for
nonlinear and time-varying systems [2]. With these properties, SMC is widely
used in various applications like chemical industry [3–6], robotics [7], process
control [8,9], aerospace [10,11], power system [12,13], ocean engineering [14,15]
and biomedical processing [16,17]. The main objective of sliding mode controller
(SMCr) design is to move the system from its initial state to a selected surface on
which the process can slide to its desired value. SMCr design has two steps: one
is to define a sliding surface and the other is to design a control law that steers
the states of the system to that surface as quickly as possible.

In the past two decades, researchers of process control industry focused atten-
tion to application of SMC for the control of industrial processes [3,5,8,18–23].
Some researchers [8, 19, 20] have used simple SMC structure to design first or-
der plus dead-time (FOPDT) based plant model with small time delay and their
performance degrades when applied to delay dominant processes. For the perfor-
mance improvement in case of complex processes, the SMC has been applied with
modified control structures like IMC and Smith predictor (SP) [5,18,21–23]. Ta-
lange et al. [22] have presented IMC based SMC to improve the performance and
robustness of a temperature-flow cascade control system. Parte et al. [23] have uti-
lized generalized predictive control (GPC) with SMC to control FOPDT process
model. Camacho et al. [24] have proposed internal model control scheme-based
SMCr (IMC-SMCr) for large ratio of dead-time (𝑡0) and time-constant (𝜏). Their
method was based on FOPDT model and the controller parameters were obtained
using the Nelder–Mead search algorithm. Camacho and Cruz [21] have proposed
SP-based SMC for first order integrating process with large dead-time. Mehta and
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Kaya [18] have proposed an SP based SMC for large dead-time process where
improved load-disturbance response have been achieved using a meta-heuristic
algorithm namely particle-swarm optimization technique. A dynamic SMCr with
modified SP has been developed by Herrera et al. [3] for long dead-time pro-
cess with inverse response dynamics. Espin et al. [5] have proposed a modified
SP-based SMC for delayed integrating process. The methods of [3] and [5] were
based on FOPDT process model and may be applicable to higher order process
by approximating them to FOPDT one.

All the schemes reported above, give a SMCr with modified control structures
for stable processes only. Mehta and Rojas [25] have given SP based SMC
for delay dominant unstable FOPDT processes with improved load-disturbance
response. In their work, the parameter of the controller has been obtained using
metaheuristic cuckoo-search algorithm.

Works related to the application of SMC with modified control structures in
the process industry are listed in Table 1. It is observed from the table that most of
the researchers have presented SMCr design with different structures for FOPDT
process only.

However, an approximated FOPDT model is not enough to describe the dy-
namics for higher order unstable plants as there may be suppression of some
information in the plant apart from unstable dynamic lags. Hence, a second order
plus dead-time (SOPDT) model would be a better choice for unstable plants for
representing an unstable higher order plant because it draws more useful infor-
mation regarding plant dynamics over FOPDT model. In this work, IMC based
SMCr is proposed for the first time to control unstable SOPDT processes. Two
different sliding surfaces with five and seven control parameters are used for de-
signing purpose of the proposed controller to achieve a satisfactory closed loop
system performance. The control parameters are obtained from the set of tun-
ing equations using SOPDT model and a recent metaheuristic algorithm namely
differential evolution (D-E) optimization technique. Extensive examples are sim-
ulated to present the merits of the proposed method over some recent methods
reported in the literature. The main contributions of this paper are as follows:

• The IMC-SMCr is proposed with a new sliding surface and excellent set-
point tracking as well as load-disturbance rejection responses are achieved.

• The IMC-SMCr is designed for unstable processes based on SOPDT model
instead of FOPDT model.

• The proposed controller gives better control performance even in perturbed
conditions.

• The suggested scheme’s implementation is demonstrated by a presentation
case study on CSTR temperature regulation.
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This paper is organized as follows: Section 2 presents the fundamentals of
IMC and SMCr to be used. The proposed IMC-SMCr design procedure is given in
Section 2. Section 3 provides the objective function and optimization technique.
Section 4 shows simulation results of the proposed method and comparison with
recently reported methods. Finally, some conclusions are presented in Section 5.

2. IMC based SMCr design for unstable SOPDT

Internal Model Control Structure. The classical IMC structure is shown in
Fig. 1, where 𝐺 (𝑠) is the process, 𝐺𝑀 (𝑠) is the process model. In IMC design
method, the process model is factored into two parts as:

𝐺𝑀 (𝑠) = 𝐺−(𝑠)𝐺+(𝑠), (1)

where,𝐺+(𝑠) and𝐺−(𝑠)are the parts of the model that are non-invertible (i.e. con-
taining the right-hand side zeros and the dead-time) and invertible (i.e. remaining
part of the process model), respectively.

The IMC controller is designed using only invertible part of the model which
simplifies controller design. The non-invertible part like dead-time of the process
model is not taken into account for the controller design and hence does not
require any assumption for the dead-time.

Sliding mode control. In this paper, one sliding surface, 𝑆1(𝑡) with five
control parameters is considered which is PID controller and a new sliding surface
𝑆2(𝑡) with seven control parameters is proposed which is a PIDPI controller.

𝑆1(𝑡) = 𝑘1𝑒1(𝑡) + 𝑘2

𝑡∫
0

𝑒2(𝑡)d𝑡 + 𝑘3
𝑑𝑒1(𝑡)
𝑑𝑡

, (2)

𝑆2(𝑡) = 𝑘1𝑒1(𝑡) + 𝑘2

𝑡∫
0

𝑒1(𝑡)d𝑡 + 𝑘3𝑒2(𝑡) + 𝑘4

𝑡∫
0

𝑒2(𝑡)d𝑡 + 𝑘5
𝑑𝑒1(𝑡)
𝑑𝑡

. (3)

Here 𝑒1 is the error between reference input 𝑟 (𝑡) and model output without delay
𝑥−𝑚 (𝑡), 𝑒2 is the error between reference input 𝑟 (𝑡) and plant output 𝑥(𝑡) and 𝑘1,
𝑘2, 𝑘3, 𝑘4, and 𝑘5 are the tuning parameters which determine the performance of
the system on the sliding surface. The aim of control is to bring the controlled
variable be equal to its reference value at all the time, which means that error and
its derivative must be zero. As the reference value is reached, Eq. (1) indicates
that 𝑠(𝑡) becomes a constant value which means that 𝑒(𝑡) is zero at 𝑡 > 0. To
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maintain 𝑠(𝑡) at a constant value, it is desired to make

𝑑𝑆1(𝑡)
𝑑𝑡

= 𝑘1
𝑑𝑒1(𝑡)
𝑑𝑡

+ 𝑘2𝑒2(𝑡) + 𝑘3
𝑑2𝑒1(𝑡)
𝑑𝑡2

= 0, (4)

𝑑𝑆2(𝑡)
𝑑𝑡

= 𝑘1
𝑑𝑒1(𝑡)
𝑑𝑡

+ 𝑘2𝑒1(𝑡) + 𝑘3
𝑑2𝑒2(𝑡)
𝑑𝑡2

+ 𝑘4𝑒2(𝑡) + 𝑘5
𝑑2𝑒1(𝑡)
𝑑𝑡2

= 0. (5)

Once the sliding surface of SMC technique is decided, the control law𝑈 (𝑡) is to
be developed which guarantees the controlled variable be equal to its reference
value all the time and satisfies (4) and (5). Control law has two additive parts:
first one is continuous control law𝑈𝑐 (𝑡) and second is discontinuous control law
𝑈𝑑 (𝑡). Hence,

𝑈 (𝑡) = 𝑈𝑐 (𝑡) +𝑈𝑑 (𝑡). (6)
Continuous control law is given by:

𝑈𝑐 (𝑡) = 𝑓
(
𝑥(𝑡), 𝑟 (𝑡), 𝑥−𝑚 (𝑡)

)
. (7)

The discontinuous control law, 𝑈𝑑 (𝑡) is responsible for deriving the system to-
wards the sliding surface. The discontinuous control law is discontinuous across
sliding surface. This control law is a nonlinear switching element like ideal relay
or saturation relay. In practical, it is very difficult to implement high switching
control using these relays because of the presence of finite delays and physical
limitation of actuators. It may produce chattering across the sliding surface which
is highly undesirable [18]. Chattering is a high frequency oscillation across the
sliding surface which can excite high frequency dynamics that are neglected in
modelling of the system. To reduce the chattering, one technique is to choose the
following sigma function for𝑈𝑑 (𝑡) as shown below [4],

𝑈𝑑 (𝑡) = 𝐾𝐷
𝑠(𝑡)

|𝑠(𝑡) | + 𝛿 , (8)

where 𝐾𝐷 is a tuning parameter which is responsible for reaching the sliding
mode. 𝛿 is tuning parameter which is responsible for reducing the chattering
phenomenon. Now, to design the continuous control law part, consider an unstable
SOPDT process model defined by the transfer function as

𝐺 (𝑠) = 𝑋 (𝑠)
𝑈 (𝑠) =

𝐾𝑒−𝑙𝑠

(𝜏1𝑠 + 1) (𝜏2𝑠 − 1) , (9)

where 𝑋 (𝑠) is the output of the system, 𝑈 (𝑠) is the input to the plant, 𝐾 is the
gain of the plant, 𝑙 is delay of the plant and 𝜏1 and 𝜏2 are time constants. The
process model can be written as:

𝐺−(𝑠) = 𝐾

(𝜏1𝑠 + 1) (𝜏2𝑠 − 1) , (10)
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𝐺+(𝑠) = 𝑒−𝑙𝑠 . (11)

Since IMC scheme is designed using invertible part i.e. 𝐺−(𝑠) only hence, the
𝐺−(𝑠) will be considered as process model while designing the IMC-SMCr.
Eq. (10) may be written in rational form as:

𝐺−(𝑠) =
𝑋−
𝑚 (𝑠)
𝑈 (𝑠) =

𝐾

𝑎𝑠2 + 𝑏𝑠 − 1
, (12)

where 𝑎 = 𝜏1𝜏2, 𝑏 = 𝜏1 + 𝜏2.
Eq. (12) may be written in differential form as:

𝑎 ¥𝑥−𝑚 (𝑡) + 𝑏 ¤𝑥−𝑚 (𝑡) − 𝑥−𝑚 (𝑡) = 𝐾𝑢(𝑡). (13)

For Proposed Surface 𝑆1(𝑡)
Solving Eq. (4) for the highest order differential term, Eq. (4) may now be

written as
𝑑𝑆1(𝑡)
𝑑𝑡

= 𝑘2𝑟 (𝑡) − 𝑘2𝑥𝑚 (𝑡) − 𝑘2𝑒𝑚 (𝑡) − 𝑘1 ¤𝑥−𝑚 (𝑡)

− 𝑘3

𝑎

(
𝐾𝑢(𝑡) − 𝑏 ¤𝑥−𝑚 (𝑡) + 𝑥−𝑚 (𝑡)

)
= 0, (14)

where, 𝑒1(𝑡) = 𝑟 (𝑡) − 𝑥−𝑚 (𝑡) and 𝑒2(𝑡) = 𝑟 (𝑡) − 𝑥𝑚 (𝑡) − 𝑒𝑚 (𝑡). Control law 𝑢(𝑡)
can be obtained from Eq. (14) as:

𝑢(𝑡) =
¤𝑥−𝑚 (𝑡) (𝑏𝑘3 − 𝑎𝑘1) − 𝑥−𝑚 + 𝑎𝑘2/𝑘3{(𝑟 (𝑡) − 𝑥𝑚 (𝑡) − 𝑒𝑚 (𝑡))}

𝐾
. (15)

In sliding mode control technique, the control law 𝑢(𝑡) depends on continuous
control law, 𝑢𝑐 (𝑡) only, when the system reaches the sliding surface. Hence, 𝑢𝑐 (𝑡)
may be expressed as

𝑢𝑐 (𝑡) =
¤𝑥−𝑚 (𝑡) (𝑏𝑘3 − 𝑎𝑘1) − 𝑥−𝑚 + 𝑎𝑘2/𝑘3 (𝑟 (𝑡) − 𝑥𝑚 (𝑡) − 𝑒𝑚 (𝑡))

𝐾
. (16)

From Eqs. (6), (15) and (16), control law𝑈1(𝑡) may be written as:

𝑈1(𝑡) =
¤𝑥−𝑚 (𝑡) (𝑏𝑘3 − 𝑎𝑘1) − 𝑥−𝑚 + 𝑎𝑘2/𝑘3 (𝑟 (𝑡) − 𝑥𝑚 (𝑡) − 𝑒𝑚 (𝑡))

𝐾

+ 𝐾𝐷
𝑆1(𝑡)

|𝑆1(𝑡) | + 𝛿
, (17)

where

𝑆1(𝑡) = sgn(𝐾) ©«𝑘1𝑒1(𝑡) + 𝑘2

𝑡∫
0

𝑒2(𝑡)d𝑡 + 𝑘3
𝑑𝑒1(𝑡)
𝑑𝑡

ª®¬ . (18)
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A signum function, sgn(𝐾) in Eq. (17) is added for proper functioning of con-
troller [18]. The action of controller which never switches as sgn(𝐾), depends
only upon the gain of the plant [28].
For Proposed Surface 𝑆2(𝑡)

By following similar steps as in previous case, control law 𝑈2(𝑡) may be
found as:

𝑈2(𝑡) =
¤𝑥−𝑚 (𝑡) (𝑏𝑘3 − 𝑎𝑘1) + (𝑐𝑘3 − 𝑎𝑘2) 𝑥−𝑚 + (𝑎𝑘2 + 𝑎𝑘5)𝑟 (𝑡)

𝑘3𝐾

− 𝑎𝑘4 ( ¤𝑥𝑚 (𝑡) + ¤𝑒𝑚 (𝑡)) + 𝑎𝑘5(𝑥𝑚 (𝑡) + 𝑒𝑚 (𝑡))
𝑘3𝐾

+ 𝐾𝐷
𝑆2(𝑡)

|𝑆2(𝑡) | + 𝛿
, (19)

where

𝑆2(𝑡) = sgn(𝐾) ©«𝑘1𝑒1(𝑡) + 𝑘2

𝑡∫
0

𝑒1(𝑡)d𝑡 + 𝑘3𝑒2(𝑡)

+ 𝑘4

𝑡∫
0

𝑒2(𝑡)d𝑡 + 𝑘5
𝑑𝑒1(𝑡)
𝑑𝑡

ª®¬ . (20)

The overall control laws𝑈1(𝑡) and𝑈2(𝑡) will be determined by solving Eqs. (17)
and (19), respectively. In this paper, their solution is obtained using an opti-
mization technique D-E by minimising objective function comprising suitable
performance indices. D-E is a stochastic, robust, easy to use and population-
based optimization algorithm for solving nonlinear optimization problem. D-E
technique converges faster and with certainty and requires few control vari-
ables [29]. The reason to prefer this optimization technique is that D-E algorithm
has given better performance over other well-known optimization techniques viz.
grasshopper optimization technique, cuckoo search, particle swarm optimization,
genetic algorithm, ant colony, fire-fly algorithm [9, 29–31]. A detailed study of
D-E optimization technique can be found in [32].

3. Selection of the objective function

The proper selection of the objective function is very important as it is re-
sponsible for better performance of the controller. The controller’s performance is
assessed on overshoot, settling time and load disturbance rejection etc. The con-
troller which is designed with lesser integral absolute error (IAE) gives improved
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response with less overshoot [33]. So, IAE is considered as a performance mea-
sure for formulation of objective function in this paper. The IAE is the integral of
error signal and defined as

𝐼 𝐴𝐸 =

∞∫
0

|𝑒(𝑡) | d𝑡, (21)

where 𝑒(𝑡) is the error signal. IAE evaluates the output control performance
by minimising its value. The controller designed using IAE performance index,
may not be enough for claiming the optimum control input signal variations. To
evaluate the manipulated input signal variation, total variation (TV) of input is
computed which is sum of variations in control input 𝑢(𝑡). It is difficult to define
TV for a continuous signal, but if the input signal is discretized as a sequence,
[𝑢1, 𝑢2, . . . , 𝑢𝑖, . . .], it is defined as [33]

𝑇𝑉 =

∞∑︁
𝑖=1

|𝑢𝑖+1 − 𝑢𝑖 | . (22)

TV should be as small as possible for minimal variation in input 𝑢(𝑡). It of-
fers smoothness in the signal [33]. For optimizing error signal with minimum
controller output signal variation, both the performance indices with required
condition viz. minimal IAE value and minimum TV value are taken into account
for making the objective function to find the optimal values of control parameters.
Hence the objective function is defined as

𝐽𝐼 𝐴𝐸,𝑇𝑉 = 𝑤1

∞∫
0

|𝑒(𝑡) | d𝑡 + 𝑤2

∞∑︁
𝑖=1

|𝑢𝑖+1 − 𝑢𝑖 | , (23)

where 𝑤1 and 𝑤2 are the weight factors assigned to IAE and TV, respectively.
In this paper, weight of 10% is assigned to IAE performance index while 90%
weight is assigned to TV performance index. More weightage (90%) is given to
TV as the SMC design has the chattering problem which results from dynamic
control law.

D-E optimization technique is used to minimise the selected objective func-
tion to find the optimal values of control parameters. MATLAB 18a (2018) on
Windows 10 with processor Intel i5 and RAM 8GB is utilized to perform the
simulation using this technique. Simulation is run for 100 iterations which were
sufficient to find the optimum control parameters for the required optimization
problem.
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4. Simulations

In this section, the proposed IMC-SMC technique has been validated through
various examples along with a case study on a non-linear model of CSTR. Results
obtained from the proposed techniques of IMC-SMC are compared in terms of the
set-point and the load-disturbance responses for nominal and perturbed systems
with the results obtained from recently reported methods. The results show the
superiority of the proposed techniques especially in terms of fast settling time and
load-disturbance (LD) rejection. The controller’s effort of the proposed technique
is compared with recent methods and it is found to be better. A comparison of
performance indices IAE, Integral square error (ISE), integral time absolute error
(ITAE) and TV for each example is shown in Table 2.
Example 1 (A process with an unstable pole)

An unstable SOPDT process is taken from literature given by Siddiqui et
al. [9]. They have shown the improved results over the results obtained from
previous studies done by Mehta and Rojas [25] and Atic and Kaya [34]. The
example is described by following transfer function as:

𝐺1(𝑠) =
𝑒−0.5𝑠

(2𝑠 − 1) (0.5𝑠 + 1) . (24)

The control parameters obtained through the proposed IMC-SMCr technique with
PID (method 1) and PIDPI (method 2) surfaces are found to be (𝑘1 = 25.0168,
𝑘2 = 5.8811, 𝑘3 = 8.4245, 𝐾𝐷 = 4.6387, 𝛿 = 7.0459), (𝑘1 = −24.1851,
𝑘2 = −53.8543, 𝑘3 = −44.2286, 𝑘4 = −0.2495, 𝑘5 = 10.3578, 𝐾𝐷 = −1.4155,
𝛿 = 19.1386), respectively. Siddiqui et al. [9] have found the controller parameters
as 𝑘1 = 2, 𝑘2 = 0.45, 𝑘3 = 3.5, 𝐾𝐷 = 12.38, 𝛿 = 2.69 by their method. With
these parameters, process is simulated and the process output and the controller
output are shown in Fig. 2 and Fig. 3, respectively. It is observed from Fig. 2 that
the proposed method 1 gives faster response for set-point change as compared
to the method of Siddiqui et al. [9]. The set-point response is enhanced with the
set-point filter. The set-point filter has been selected as proposed by Anwar and
Pan [35]. There is significant improvement in the LD rejection response by the
proposed techniques as LD response settles 8s earlier than the method of Siddiqui
et al. [9]. It is also observed from Fig. 2 that process output undershoot in LD
response is lowered by only 5% and 38% in the proposed method 1 and method 2,
respectively, while the same is lowered by 100% in the method of Siddiqui et
al. [9]. Furthermore, the process response by the method of Siddiqui et al. [9] is
more oscillatory as compared to that from the proposed techniques.

The controller effort is vital in any closed-loop control system. Fig. 3 clearly
shows that the control effort of the proposed methods outperform the method
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Figure 2: Process output of Example 1

Figure 3: Controller output of Example 1

of Siddiqui et al. [9]. The performance indices IAE, ITAE, ISE and TV of the
proposed methods and that of Siddiqui et al. [9] are shown in Table 2. A lower
value of IAE, ITAE, ISE, and TV by the proposed methods is observed from
Table 2, which shows the superiority of the proposed methods.

For robustness analysis, perturbation of +40% in delay (𝑙) of the nominal
process is introduced. The process output and the controller output for perturbed
process by the proposed methods of IMC-SMCr and the method of Siddiqui et
al. [9] are shown in Fig. 4 and Fig. 5, respectively. It is evident from Fig. 4 that
the closed-loop performance is more robust by the proposed method. The smooth
controller response in Fig. 5 and lesser value of TV from Table 2 indicates that
the controller effort is smaller by the proposed method. It is also observed from
Table 2 that integral errors IAE, ISE and ITAE for the proposed method is lesser
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than Siddiqui et al. [9]. Hence, it may be concluded that the proposed method
gives quite satisfactory result for both nominal and perturbed systems.

Figure 4: Process output of Example 1 for perturbed model

Figure 5: Controller output of Example 1 for perturbed model

Example 2 (A process with two unstable poles)
Example of 𝐺2(𝑠) is an unstable SOPDT which is studied by Raza et al. [36],

Cho et al. [37] and Shamsuzzoha and Lee [38]. The results obtained from the
method of Raza et al. [36] are better than [37] and [38].

𝐺2(𝑠) =
𝑒−0.2𝑠

(3𝑠 − 1) (𝑠 − 1) . (25)

Raza et al. [36] have designed PID controller for the above process and the control
parameters are 𝐾𝑝 = 2.39, 𝐾𝑖 = 0.87, 𝐾𝑑 = 8.49 while the controller parameters
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from the proposed IMC-SMC techniques with PID and PIDPI surfaces is found
to be (𝑘1 = 4.8835, 𝑘2 = 2.8735, 𝑘3 = 19.5147, 𝐾𝐷 = 1.7615, 𝛿 = 1.4792,) (𝑘1 =

−5.2796, 𝑘2 = −5.5991, 𝑘3 = −1.78, 𝑘4 = .6242, 𝑘5 = −0.7436, 𝐾𝐷 = −8.8673,
𝛿 = 8.1242), respectively. The responses for process output and controller output
are shown in Fig. 6 and Fig. 7, respectively, and the figures clearly show that the
responses for the proposed methods are better than Raza et al. [36] especially in
LD rejection.

Figure 6: Process output of Example 2

Figure 7: Controller output of Example 2

The process is also simulated for perturbation change of 10% in gain and 5% in
dead-time simultaneously with same tuning parameters to check the robustness
of the proposed technique. The process response of set-point and disturbance
change for perturbed system are shown in Fig. 8 and Fig. 9, respectively, and
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the figures clearly show that the process output and controller response for the
proposed methods outperforms the method of Raza et al. [36]. The performance
indices for the perturbed system for the proposed methods and the method of Raza
et al. [36] are shown in Table 2. The table shows that IAE, ISE and ITAE values
are lower for the proposed methods of both nominal and perturbed systems.

Figure 8: Process output for perturbed condition in Example 2

Figure 9: Controller output for perturbed condition in Example 2

Example 3 (Process with one unstable pole)
The suggested IMC-SMC is applied to an unstable process, [39]

𝐺3(𝑠) =
𝑒−𝑠

(3𝑠 − 1) (10𝑠 + 1) . (26)

By using the proposed IMC-SMC tuning methods based PID and PIDPI surfaces,
controller parameters are obtained as (𝑘1 = 11.27, 𝑘2 = 1.75, 𝑘3 = 17.13,
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𝐾𝐷 = 5, 𝛿 = 3) and (𝑘1 = 1.29, 𝑘2 = −8.08, 𝑘3 = −6.08, 𝑘4 = −0.6, 𝑘5 = 4.73,
𝐾𝐷 = −4.7, 𝛿 = 4.73), respectively.

Seer and Nandong [39] have used PID tuning and obtained gains are 𝑘 𝑝 = 3.2,
𝑘𝑖 = 0.15, 𝑘𝑑 = 23.4. The process responses and controller efforts of the suggested
techniques and method of [39] are displayed in Fig. 10 and Fig. 11. It is evident
from the figures that the suggested PID and PIDPI surface based IMC-SMC
techniques outperform the method of [39] in terms of improved set-point tracking
and enhanced LD rejection. Furthermore, the error values (IAE and ITAE) and TV
values for the proposed schemes are lower than [39] which shows the efficacy of
the proposed schemes. To evaluate the robustness of the controllers, perturbation
of +50% in 𝐾 is introduced in the systems. Figure 12 and Fig. 13 display the
responses of perturbed condition. It is clear from the figure that the suggested
IMC-SMC techniques give better responses as compared to the method of [39].

Figure 10: Process output of Example 3

Figure 11: Controller output of Example 3



822 MOHAMMED HASMAT ALI, MD NISHAT ANWAR

Figure 12: Perturbed process output of Example 3

Figure 13: Perturbed controller output of Example 3

Example 4 (A case study on nonlinear chemical reactor)
Fig. 14 presents continuous stirred tank reactor (CSTR) where exothermic

chemical reaction takes place. The liquid flowing into the CSTR is same as the
liquid flown out.

The following equations describe the process model of CSTR with cooling
jacket.

𝑑𝐶𝑎

𝑑𝑡
=
𝐹

𝑉

(
𝐶𝑎 𝑓 − 𝐶𝑎

)
− 𝑘0 exp

(
−𝐸𝐴
𝑅𝑇

)
𝐶𝑎 , (27)

𝑑𝑇

𝑑𝑡
=
𝐹

𝑉

(
𝑇 𝑓 − 𝑇

)
+
(
−Δ𝐻
𝜌𝐶𝑝

)
𝑘0 exp

(
−𝐸𝐴
𝑅𝑇

)
𝐶𝑎 −

𝑈𝐴𝑟

𝑉𝜌𝐶𝑝

(
𝑇 − 𝑇𝑗

)
, (28)

𝑑𝑇𝑗

𝑑𝑡
=
𝐹𝑗 𝑓

𝑉 𝑗

(
𝑇𝑗 𝑓 − 𝑇𝑗

)
+ 𝑈𝐴𝑟

𝑉 𝑗 𝜌 𝑗𝐶𝑝 𝑗

(
𝑇 − 𝑇𝑗

)
. (29)
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Figure 14: A jacketed CSTR

Here, the concentration of reactant is 𝐶𝑎, 𝐹 is the rate of feed, the volume
of the CSTR is 𝑉 , 𝐶𝑎 𝑓 is the feed concentration, 𝑘0 denotes frequency factor,
𝐸𝐴 symbolises energy of activation, the ideal gas-constant is denoted by𝑅, the
temperature of the CSTR is shown by 𝑇 , 𝑇 𝑓 is the feed temperature, 𝐻 denotes
the heat reaction, 𝜌 symbolises the density, 𝐶𝑝 is the specific-heat capacity,
the heat-transfer coefficient is denoted by 𝑈, 𝐴𝑟 is the area of heat-transfer and
𝑇𝑗 denotes the jacket-temperature, 𝐹𝑗 𝑓 is the jacket make-up flow-rate, 𝑉 𝑗 is the
jacket volume, 𝑇𝑗 𝑓 is the coolant inlet temperature, 𝜌 𝑗 is density of the jacket
and 𝐶𝑝 𝑗 is the specific heat of jacket. To find the CSTR transfer function, the
following state model is used

¤𝑥 = 𝐴𝑥 + 𝐵𝑢,
𝑦 = 𝐶𝑥 + 𝐷𝑢,

(30)

in which 𝑥 is the state variable, 𝑢 and 𝑦 are inputs and outputs variables, respec-
tively. The CSTR state model is given by:

𝑥 =


𝑥1
𝑥2
𝑥3

 =

𝐶𝑎 − 𝐶𝑎𝑠
𝑇 − 𝑇𝑠
𝑇𝑗 − 𝑇𝑗 𝑠

 ,
𝑢 =

[
𝑢1
𝑢2

]
=

[
𝐹𝑗 𝑓 − 𝐹𝑗 𝑓 𝑠
𝑇𝑗 𝑓 − 𝑇𝑗 𝑓 𝑠

]
,

𝑦 =

[
𝑦1
𝑦2

]
=

[
𝑇 − 𝑇𝑠
𝑇𝑗 − 𝑇𝑗 𝑠

]
.

(31)
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To get the linear model of the CSTR, these equations are linearized at the steady
state values indicated by the subscript ’𝑠’. The transfer function of CSTR is found
from below relationship

𝐺 (𝑠) = 𝐶 (𝑠𝐼 − 𝐴)−1𝐵 + 𝐷. (32)

In this paper, the CSTR model used is taken from Siddiqui et al. [4]. The de-
tailed process modelling of the CSTR may be found in [4]. By comparing above
equations with general state equations of a system with the values of operating
parameters and steady-state values from Table 3, transfer function of CSTR is
found to be

𝐺 (𝑠) = 𝑇 (𝑠)
𝐹𝑗 𝑓 (𝑠)

=
−37.94

1.147𝑠3 + 10.87𝑠2 + 21.12𝑠 − 34.28

=
−37.94

(𝑠 − 1.024){𝑠 − (−5.25 + 1.26𝑖)}{𝑠 − (−5.25 − 1.26𝑖)} . (33)

The transfer function in Eq. (33) has one unstable pole at +1.024 and two stable
poles at −5.25 ± 1.26𝑖. The controller is designed for the this unstable CSTR
model by Siddiqui et al. [4] using their method and from the proposed IMC-SMC
technique with PID, and the control parameters are found to be (𝑘1 = 18.66,
𝑘2 = 23.5, 𝑘3 = 9.35, 𝐾𝐷 = 199.12 and 𝛿 = 112.2) and (𝑘1 = −4.1, 𝑘2 = −4.1,
𝑘3 = −3.5, 𝐾𝐷 = 4.57 and 𝛿 = −4.2), respectively. The CSTR process model
is simulated with these controller settings and tested for a set-point reference of
101.1◦F at 𝑡 = 0 s. The disturbance change in 𝑇𝑗 𝑓 from 0◦F to 40◦F and 𝑇 𝑓 from
60◦F to 80◦F are given at 𝑡 = 20 s and at 𝑡 = 40 s, respectively. Fig. 15 and Fig. 16

Table 3: Operating parameters and steady-state values

Parameter Value Parameter Value

𝐶𝑎 𝑓 0.132 lbmol/ft3 𝜌𝐶𝑝 53.25 Btu/ft2◦F

𝑘0 16.96 × 1012 h−1 𝑅 1.987 Btu/lbmol ◦F

𝐸𝑎 32400 Btu/lbmol 𝐹 340 ft3/h

𝑉/𝐹 0.25 h 𝑇 𝑓 60◦F

−𝐻 39 000 Btu/lbmol 𝑉 85 ft3

UA𝑟 6600 Btu/h ◦F 𝑇𝑠 101.4◦F

𝜌 𝑗𝐶𝑝 𝑗 55.6 Btu/ft3 ◦F 𝑉 𝑗/𝑉 0.25

𝑇𝑗 𝑓 0◦F 𝐶𝑎𝑠 0.066 lbmol/ft3

𝐹𝑗 𝑓 800 ft3/h
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Table 4: Performance indices of CSTR

Method

Nominal system +50% Perturbed system

IAE ISE ITAE TV IAE
IAE

improve-
ment (%)

ISE ITAE TV
IAE

improve-
ment (%)

Siddiqui
et al. [4] 85.66 2697 2835 2177 149.95 117.6 4048 2903 2008.2 64.93

Shamsuz-
zoha [40] 209.2 4997 9944 178.1 510.44 209.2 6128 9860 165.5643 193.41

Jeng [41] 91.34 3322 3150 229.9 166.54 149.7 5499 4519 352.2202 109.9

Proposed 34.27 619.2 1504 1649 – 71.3 1299 2834 1 521.1 –

display the responses for temperature of CSTR and jacket make-up flowrate. It
is observed from figures that the suggested technique outperforms the other
authors’ responses with the least overshoot and fast settling point. Also the jacket
inlet temperature 𝑇𝑗 𝑓 and feed temperature 𝑇 𝑓 is well rejected by the suggested
technique as compared to the results of Siddiqui et al. [4], Shamsuzzoha [40]
and Jeng [41]. Table 4 displays the IAE, ISE, ITAE and TV performance indices.
The IAE improvement of the suggested controller is compared as per below
calculation.

𝐼 𝐴𝐸 improvement (%) =
𝐼 𝐴𝐸other structure − 𝐼 𝐴𝐸proposed SMC

𝐼 𝐴𝐸proposed SMC
× 100. (34)

Figure 15: Temperature response of CSTR
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Figure 16: Jacket make-up flowrate response

The least values of these indices show the efficacy of the suggested controller. The
IAE improvement of the suggested technique is the best over Shamsuzzoha [40]
and the least over Siddiqui et al. [4].

For the robustness analysis of the proposed technique, perturbation of 50% in
the densities, area, specific heat capacities, volumes and heat transfer coefficient
of CSTR is introduced and simulated with same controller settings. The perturbed
responses are displayed in Fig. 17 and Fig. 18. It is obvious from the response
that the suggested controller proves to be highly capable to control the nonlinear
CSTR under perturb conditions. The IAE, ISE and ITAE values in perturbed

Figure 17: Temperature response of CSTR for +50% perturbation
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condition for the suggested technique are the least among others’ values which
shows the best robustness to the parametric variations.

Figure 18: Jacket make-up flowrate response with +50% perturbation

5. Conclusions

In this paper, an IMC based two SMC schemes for unstable SOPDT has been
presented. Two different sliding surfaces based on PID and PIDPI are developed
for IMC-SMCr for set-point tracking and load disturbance rejection. The param-
eters for sliding mode controller are obtained using D-E optimization technique
by minimising an objective function consisting IAE and TV. The simulation of
different examples is done by the proposed methods and results are effective under
different load-disturbances and parameter variations. The effectiveness of the pro-
posed method for temperature control in a CSTR during a first-order irreversible
heat-emitting process is also shown. Furthermore, the suggested techniques are
found to have lower integral errors IAE, ISE, ITAE and TV values than the pre-
viously published methods in the literature. This approach may be extended to
unstable processes with zeros and unstable higher order processes.

List of abbreviations

CSTR Continuously stirred tank reactor
D-E Differential Evolution
FOPDT First order plus dead time
IAE Integral of absolute error
IMC Internal model control
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IMC-SMCr Internal model control based sliding mode controller
ISE Integral of squared error
ITAE Integral of time absolute error
LD Load disturbance
PID Proportional integral derivative
PIDPI Proportional integral derivative proportional integral
PIDD Proportional integral derivative derivative
PIDPI Proportional integral derivative proportional integral
SMC Sliding mode control
SMCr Sliding mode controller
SOPDT Second order plus dead time
SP Smith predictor
TV Total variation
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