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equation and robust stability in delta operator system
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Abstract. In this paper, we utilize matrix transformations and inequalities to derive a novel upper bound and two lower bounds to solve the
unified algebraic Lyapunov matrix equation (UALE). We then review existing bounds for the UALE and compare them with our new bounds,
highlighting that our upper bound is the least restrictive among current results. The restrictions of our newly established lower bound are either
weaker than the existing lower bounds or consistent with them. Our upper and lower bounds demonstrate increased accuracy over existing results
through some numerical examples. As an application to linear systems, we illustrate how our upper bound can be employed to analyze the robust
stability of the unified system based on the delta operator. Finally, we validate the effectiveness and superiority of our results through a series of

numerical examples.
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1. INTRODUCTION

The delta operator theory has developed rapidly in the control
field in recent years. Its ability to handle high-speed sampling
scenarios effectively, mitigating the numerical instability and
performance degradation that often plague traditional shift op-
erators in fast-sampling systems [1], has garnered widespread
attention from researchers worldwide. Consequently, delta op-
erator approach has been extensively adopted and deeply in-
tegrated into diverse cutting-edge domains, including but not
limited to digital control systems, real-time signal processing,
automatic control [2—6]. Moreover, the delta operator has estab-
lished a unified mathematical framework for both continuous
and discrete systems, providing a convenient approach for study-
ing the commonalities and characteristics of these two types of
systems.

The following symbol conventions are used in this paper.
R™ 1 (C™*™) denotes the set of m X n real(complex) matrices.
Let S, be the set of nxn real symmetric matrices. S};* (S})
means that the set of n X n real symmetric positive definite (semi-
definite) matrices. M > N (= N) means M —N € S}*(S}). ST, =
{L:Rel;(L) <0,i=1,2,...,n}denotes the set of n X n Hurwitz
matrices. The identity matrix with appropriate dimensions is
represented by 1. We assume that the eigenvalues of A € S,, are
arranged so that 1, (A) > 1,(A) > ... > 1,(A), p(A) represents
the spectral radius of A € R"*". § > 0 is the sampling period,
¢ is called the delta operator, defined by § =d/dt (6 =0); 6 =
(g—1)/6 (8 > 0). q is the traditional shift operator.

*e-mail: liujz@xtu.edu.cn

Manuscript submitted 2025-05-09, revised 2025-12-22, initially
accepted for publication 2026-01-23, published in May 2026.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 3, p. €157569, 2026

Considering the following continuous-time linear system:
X(1) = Acx(1), (1)

where x(7) € R"™! is the state variable; A. € R™" is known
constant matrices. In the design of high sampling rate digital
control systems, such as unmanned aircraft flight control [7],
autonomous car [8], we often need to discretize the above con-
tinuous systems for analysis. Taking into account the numeri-
cal superiority of the delta operator in the case of high-speed
sampling, the system (1) should be discretized using the delta
operator approach, resulting in the following delta operator sys-
tem [9]:

ox(tr) = Ax(tx), (2)

where A = (¢?4< —T)/6, which implies A +I is non-singular.

In [10], Middleton et al. pointed out that there are two equiv-
alent conditions for the system (2) to be asymptotically stable.
One is that the system matrix A satisfies % |1;(A)|+Re;(A) <0,
the other is that the following so-called unified algebraic Lya-
punov matrix equation (UALE) has a unique positive definite
solution:

ATP+PA+0ATPA+Q =0, (3)

which is considered in this paper, where Q € S}*(S}), P €
S#*(S}) is the solution of the UALE (3) above. Apart from
the stability of the system (2), robust stability analysis [11, 12],
performance index calculation [8] and other properties of the
delta operator system [9] can also be translated into a discussion
of the UALE (3) above. When 6 = 0, the UALE (3) degenerates
into continuous algebraic Lyapunov matrix equation (CALE)

ATP+PA=-0Q. (4)

© 2026 The Author(s). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


https://orcid.org/0000-0003-1056-0274
mailto:liujz@xtu.edu.cn

N

www.czasopisma.pan.pl P N www.journals.pan.pl

<

Yan Xu and Jianzhou Liu

When 6 = 1, substituting A for A +1, (3) becomes the discrete
algebraic Lyapunov equation (DALE)
ATPA -P=-0. (5)

Therefore, the UALE (3) holds significant research value. It is
not only crucial in the analysis and design of digital control and
sampling period systems, but also its research outcomes can be
smoothly transformed into the results of the CALE (4) and the
DALE (5) by adjusting the sampling period. However, calculat-
ing the exact solution of the UALE can become computationally
expensive when the dimension of the system matrix is high. In
practical applications, a tight bound is usually sufficient.

Hence, many scholars have studied UALE’s bounds and ob-
tained some results over the past 30 years. Mrabti ef al. [13]
gave some lower bounds for simultaneous eigenvalues of UALE
(3), Mori et al. [14] proposed a method to obtain new UALE’s
bounds by using the bounds of CALE and DALE, and the new
lower bound for the determinant of UALE obtained improved
some of the results in [13]. Suchomski ef al. [15] derived an
estimate for the condition number of the solution for the UALE.
The matrix bounds are the most general findings [16-20], which
can directly derive the corresponding eigenvalue bounds such
as bounds of the extreme eigenvalues, the summation of eigen-
values, and so on. It’s worth noting that the upper bounds
in [16, 18-20] are derived under the following hypothesis

A+AT+0AAT <0 (6)
or stronger. Zhang and Liu [ 1 7] used a special similarity transfor-
mation to eliminate the hypothesis (6) of the upper bound. How-
ever, the solution range does not include the case of 6 = 0, which
prevents us from directly linking the results of UALE and CALE
studies. Furthermore, existing findings often exhibit significant
errors in certain scenarios. For these reasons, we investigate the
new estimate of matrix bounds for the UALE (3). The new upper
bound contains the solvable range of the existing result, and the
solvable range of the new lower bounds is consistent with or
wider than the existing result. Furthermore, some experimental
examples show that the new upper and lower bounds are tighter
than the existing ones most of the time.

System parametric uncertainties, arising from environmen-
tal disturbances and measurement errors are inherent in practi-
cal engineering systems. Unmodeled uncertainties may induce
performance degradation or instability in control strategies de-
veloped under idealized assumptions, particularly in critical
domains such as intelligent manufacturing, renewable energy
systems, and autonomous unmanned systems [21, 22]. Strong
time-varying operational conditions and asynchronous infor-
mation exchange intensify the coupling between uncertainties
and time-delay effects, challenging conventional deterministic
system frameworks. During recent decades, stability analysis
of uncertain systems has remained a persistent research focus.
Zhou et al. [23] proposed a robust stability bound for a contin-
uous uncertain system by using matrix singular value inequal-
ities and Lyapunov stability theory. The robust stability bound

for discrete systems with time-varying disturbances is presented
in [24]. Sipahi et al. [25] studied the complete robust stabil-
ity of third-order LTI multiple time-delay systems by clustering
the characteristic roots. Chesi et al. [26] established a unified
analysis framework based on linear matrix inequalities (LMI)
and sum-of-squares of polynomials (SOS) to address the ro-
bust stability problem of uncertain systems. This framework is
capable of effectively handling various types of uncertainties.
Based on Lyapunov stability and time-invariant methods, robust
stability bounds for the discrete microgrid system with param-
eter perturbations was proposed [27]. Using these bounds, a
robust controller was designed. However, the obtained robust
stability bound requires solving the DALE, which is expensive
when the system scale is large. The existing literature indi-
cates that robust stability for unified systems with unstructured
perturbations was uniquely addressed in [11], where singular
value inequalities and Lyapunov stability theorems established
stability bounds based on the upper bound of maximum sin-
gular values for the UALE’s solution. However, in many prac-
tical problems, using the upper bound of the maximum sin-
gular value of a positive definite matrix instead of the upper
bound of the positive definite matrix itself is extremely conser-
vative. Therefore, this study applies novel upper matrix bounds
for UALE solutions (3) to derive enhanced sufficient condi-
tions for robust stability in unified systems with unstructured
perturbations.

In this paper, we aim to propose tighter bounds for the unique
positive definite solution of UALE, without the requirement
that A+ AT +9AAT < 0 or § > 0. Subsequently, using the ob-
tained bounds, we design a sufficient condition to determine the
asymptotic stability of the delta-operator perturbation system,
thereby avoiding the excessive use of singular value inequali-
ties that would strictly limit the judgment conditions. The main
contributions of this paper are as follows.

1. We have proposed some new solution bounds for UALE,
eliminating the restrictions of A+ AT +6AAT <0 or 6 > 0.
Therefore, the boundaries we proposed have a wider range
of applications.

2. Although the different theoretical methods prevent us from
proving that the obtained bounds are tighter than the existing
results, some numerical experiments can demonstrate that
our bounds are tighter than the existing ones in most cases.

3. Based on the upper bound obtained for the positive definite
solution of the UALE, we establish a sufficient condition for
determining the asymptotic stability of a class of delta oper-
ator uncertain systems. This result generalizes some existing
findings, and experiments demonstrate that our condition is
weaker than previously established criteria.

The paper consists of the following sections. Section 2 pro-
vides some new estimations of the matrix bounds for the
UALE (3). In Section 3, the previous solution bounds of UALE
(3) are summarized and we continue some theoretical analysis
and numerical comparison one by one. Section 4 gives a new
robust stability bound for a unified system with unstructured
disturbances. The conclusion is provided in Section 5.
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2. NEW SOLUTION BOUNDS OF THE UNIFIED
ALGEBRAIC LYAPUNOV EQUATION

The solution bounds of UALE (3) are obtained under differ-
ent conditions in [16-20], the conditions of the upper bound
in Zhang and Liu [17] are weaker than other results, and the
conditions of the lower bound are better than or consistent with
other existing results.

Theorcﬁm A. [1~7] If there exist a nonsingular matrix U such that
A1 [(8A+1)(8A+1)T| < 1, then the solution P of UALE (3) has
following upper and lower bounds:

0/1 (Q)(GA +I)T (UUT) (GA +I) +9Q = Pus4 >
1-2, [(9A+1)T(9A+I)]
(% Q@A+ (UU") " (04+D) +00 = Pyys,

1-2; [(0A+D)T(0A+1)]

where A = UAU™!, Q = UQUT, U is nonsingular. However,
A1 [(0A+1)(0A+1)T]| < 1 the extended solution range still does
not include 6 = 0. We will give new upper and lower bounds that
have the widest solvable range, improving Theorem A.

To get the main results, the following useful lemmas should
be reviewed.

Lemmal. For A € C"™" B=(qI-A)~'(qI+A). qisaconstant
that makes g/ — A nonsingular. Then

q+/ll(A)
A (B)=—222 0 i=1,2,-- 0. 7
i(B) = (A) n 7
Proof. Suppose C = gl — A, so 4;(C) = g — 2;(A). Then
2(C Y= ———— B=CNC+24)=1+2C"(ql-C) =
i(C™) =L (A (C+2A) =1+ (ql-C)

q+4;(A)

—(I-2¢gC~"). Hence, 1;(B) = —(1-2¢2;,(C~1)) = q—ﬂi(A)D'

Lemma 2. [28] For A € R™", p(A) < 1 if and only if there
exists a nonsingular matrix D so that

- (DAD—l) <1

In 2011, the algorithm for selecting the similarity matrix D
was also given.

The following upper and lower matrix bounds of the UALE
(3) can be obtained using some matrix transformations and in-
equalities.

Theorem 1. If there exists a nonsingular matrix U such that
ATA+A+AT <0, 8)

for any constant g > 0, the solution P of the UALE (3) has the
following upper and lower bounds:

P < (AU T(AT(AU)T P41 (AU)A+Q)(AU) ' =P, (9)

P » (AU) T (AT(AU) P (AU)A+Q)(AU) ' = Pya, (10)
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P = (AU T (AT(AU) Py (AU)A+Q)(AU) ™' = Pyys, (11)

where 4, A, A @ Py, P, Py, respectively, are defined as
A=U"'AU,
0=U"QU
9A
A=A 1+—=—
(%),

A:(q1+Z) (qI—Z)_l,

-T -1

§=2q(611—z) Q(ql—z) ,
P =(AU) T(ATQA+Q)(AU) ™",

_oanyr [ M@ATA )
Py1 = (AU) (1-11(ATA)+Q)(AU) :

o[ WM(QATA .
P, =(AU) T | =2 AU) L.
1 =(AU) (1—1,,(ATA)+Q( )

Proof. Applying the following congruent transformation to
UALE (3)

PA+ATP+0ATPA+(Q =0, (12)
where P = UTPU, Q =UTQU, A =U"'AU. Then (12) can be
rewritten as

s T
ATF(I+%)+(I+%) PA=-0Q, (13)

make an identical transformation on the left-hand side of (13)

~ 1T
- 6A - 0A R ~
ATPA [A‘1(1+7) + A‘1(1+7) ATPA=-0. (14)
Then we get the following the CALE
_— —T— ~
PA+A P=-0, (15)

where P = AT PA. For any constant ¢ > 0, equation (15) can be
transformed into the following form

(qI—Z)Tﬁ(qI—Z) - (q1+Z)Tﬁ(q1+Z) =240. (16)

Condition (8) implies Red; (A)<0i=1,---,n. It means that
(gl — A) is invertible, then we can obtain the following DALE

ﬁ:(qI—Z)_T(qHZ)TF(qHZ)(qI—Z)_1+§, (17

where §_= Zq(qi—A)_TQ(qI— A)~!. From equation (17) and
the fact P < A1 (P)I, we have

P2 A(P) (gl -A) T (gl +A) (gl +A)(q] - A)"'+Q, (18)
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which implies

L (P) < 114 (P)(qI = A) (gl +A) (gl + A) (g - A) '+ Q)
<L P [(gl-A) T (gl +A)T (gl +A) (g -A)™"]

+ 1(Q). (19)
Note that condition (8) is equivalent to
ATOATA+A+AT)A™! <0,
and then
~ 6 - 0 - —
AT+ SI+ATHZI<0 e, A+A <0.
It is the same thing as
—T— — 7= =T —
2A A+(qI-A)"A+A (qI-A)<0. (20)

Multiply the left-hand side of inequality (20) by (g/ —Z_)‘T,
multiply the right-hand side of inequality (20) by (gl —A)~",
then

4(qI-A)TA A(gl-A)" ' +2A(ql - A) ' +2(q1 -A)TA <0,
which implies
(I+2A(qI -A) DT (I+24(qI-A)"H <1, @21
notice that I = (gI — A)(gI — A)~!, then
(gl -A) T (qI+A) (gI+A)(gI-A)"") <1, (22)

so inequalities (8) and (22) are equivalent, we get

41(0)

/11(?) < — — — — .
1-21((qgI = A)" T (gl +A)T (g1 + A) (g1 - A)7Y)

23)

Substituting (23) into (17) gives

L (QATA

—— (AU)_lzpsl-
l—/ll(ATA)

P=<(AU)T +0 24)

Then substituting (24) into Eq.(17), the upper bound (9) is de-
rived. Since equation (17) implies
PO, (25)

substituting inequality (25) into (17) and leads to the lower
bound (10). Meanwhile, according to (17), we can easily obtain
the following inequality

P = 2,(P)(ql - A) T (qI+A) (g1 +A) (gl - A) '+ 0, (26)
and then
n(P) = Aa(An(P) (@l = D) (@I + ) (aI+ D) (g1 =A)"'+0)

> 1,(P) A, (AT A) +2,(0Q). 27)

Note that condition (8) contains 1,,(ATA) < 1, thus

:(Q)

/ln(F) > —.
1-1,(ATA)

(28)

The lower bound (11) can be obtained by substituting the in-
equality (28) into the inequality (26) and performing an iteration
similar to Py». O

Remark 1. When 6 = 0, condition (8) is equivalent to A € ST
by Lemma 2.

Remark 2. Theorem A is derived on the premise that 6 > 0,

and Theorem 1 does not require this condition. Moreover, select
0

0>0,qg= 7 then the lower bound P,,3 can degenerate into

P uxs-

Remark 3. Through the derivation of Theorem 1, it is easy to

find that Py is also the upper bound of the UALE’s solution,

P, and P, are the lower bounds of the UALE’s solution. So
we have the following deduction.

Corollary 1. If condition (8) holds, then
P525Psl’ Px2th1’ Pux3tpu1'
Proof.

4(0)

fﬂv}wx
1-2,(ATA)-1)

Py — Py = AT (AU) Py (AU)A -
_Ar /ll(é)(ATAAA—I) +O)A
1-1,(ATA)
() (A (ATA)-1)
1-2,(ATA)
= AT (-1 (Q)+4,(0)A
:0’

< AT(

+1(Q))A

(29)

where A = (g1 +A)(qI —A) "' (AU)"!. The proofs of the P, =
P, and P, 3 = P, are similar to the above. O

Remark 4. Compare the lower bound P, with P, .3, when

:(Q)

(gl =A) T (qI+A) (gl +A) (gl - A) ) > 1 - =,
41(Q)

we have P, 3 = P2, noticed
12 2,((qI = A) T (gl +A)" (g1 +A)(qI -A)™") > 0,

then

— /l"(_@ — —— > 2,(0).
1-2,((¢1-0)"T(qI+0)"(qI+ Q) (gl - 0)7")

So we know that when Q € S}, there is P,x3 < Pyo.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 3, p. €157569, 2026
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3. COMPARISON OF THE NEW UPPER AND LOWER
BOUNDS WITH THE EXISTING RESULTS

We summarize the existing results on estimating the UALE
bounds, and then compare the required conditions. The condi-
tion (8) of Theorem 1 is either weaker than or consistent with
the existing results. Because of the different methods, the forms
of the existing bounds vary greatly, so it is not easy to make a
theoretical comparison. We illustrated that our upper and lower
bounds are more accurate than the existing results in most cases
by some numerical examples.

3.1. Comparison of the new upper bounds
with the existing results

Surveying the literature, existing upper solution bounds of the
UALE (3) are summarized in Table 1.

Table 1
Upper solution bounds of the UALE (3)

(U1)if 4, (A +AT +9ATA) <0, M be chosen such that Q = M » 0,
P=[0+(A+DTPu3(A+1) = (1-0)AT P, 6A] = Pyss [16]

(U2)if 11(D) < 1,

P=ATP A+20(A-1)"TATP A(A-D)"1+0 =P, [20]
P (A+DTP,6(A+D+(0-1DATP7A+0 = Pugr [20]
P2(A+DTP,(A+D+(O-1)ATP, 3A+Q =P, [20]

(U3)if 1y(D) < 1,
P<(A+DTP,o(A+D)+0ATPyA+Q - AT P, 7A = Py [20]
P2 (A+DTPo(A+D)+0AT P pA+Q-ATP, sA=Pusi0  [20]

U if o (F) < 1, o1 (F)21(6Q) < 1, U'I(F%)UI(F)O'I((QQ)%) <1,
P=<|003FT [r—l—F((;Q)—IFT]‘IFQ%+%92Q2 :

+§9Q5Pu511 (18]

The symbols in Table 1 are described as follows:

D=ATA+20(A-1)"TATA(A-D)7!,

D=(A+DT(A+1)+0ATA,

0=2A-D"TQA-D",

A= (A+D(A-D7!,
Puo=¢[ATA+20(A-1)"TATA(A-1)7'] +0,

Puo=¢[(A+DT(A+1)+0AT A +Q - ATP, A,
Pu=@g[(A+DT(A+D)+0AT Al +0 - AT P34,

ye Q)

1-2,(D)’

11 (Q-ATPusA)

V= 1-4(D)

_ A1 (Q-ATPy6A)

TTToam

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 3, p. €157569, 2026

1(Q)
1-21(D)’

¥

1 T 1/2 1
Poe=S (S(Q—M+9nA A)S) s,
Pux1=ATPA+0+20(A-1)"TATPHA(A-1)7",
Puxg = ATPoA+Q+20(A—-1)"TATPA(A-D)7,

12
S= (AM—IAT) ,

002 (AS)+ \/020;1(/45) +422 (AM~1AT) 1,[S(Q - M)S]
223 (AM~1AT)
C=¢0A+DT(0A+1)+60,

n

)

__ Ai(69)
1-02(0A+1)’
F=0A+1.

Remark 5. Theorem A in [17] improves the result in [19], but
the extended solution range of Theorem A still does not include
6 =0, which has been improved by Theorem 1. When 6 > 0, the
conditions (8) for Theorem 1 are the same as Theorem A.

Remark 6. Condition (U2) is equivalent to condition (6) from
(U1) by simple calculation. Condition (8) of Py, is weaker than
conditions (U1) and (U2) by Lemma 2.

Remark 7. Condition (U3) and condition (U4) are both stronger
than conditions (U1) and (U2). Hence, they are also stronger than
condition (8). It is worth noting that the relationship of A, Q
and 6 in (U4) is coupled, and (U4) is also related to the result
in [19], so it is more computationally intensive.

Remark 8. Based on the above comparison, condition (8) is
weaker than all the conditions of available results. Because of
the different theoretical methods, it is difficult for us to prove
theoretically that Py is tighter than the existing results. We will
use following numerical examples to demonstrate the superiority
and validity of Pg;.

Example 1 will show that condition (8) is weaker than all
known results and that the upper bound Py, is superior.

Example 1. [17] Consider the UALE (3) with

-18.1 52 23 12

0 -18 33 -55
A= . 0=diag(1.1,5.1), 6=0.1.
71 0 58 _43| @74 )

32 11 64 10

Compute 1; (A +AT +9ATA) =7.3452>0,24;(D)=1.212>1,
(D) =450 > 1, p(A+1) = 0.7848 < 1. So no upper bound
can be used except Py, P4, by using the Algorithm to find
similarity matrix U derived from [28], there exists similarity
matrix

0.6947  0.4795 -0.3616 -0.3414
102998 04359 -0.4507 -0.8301

-0.2362 —0.0227 -0.4772 -0.3526|"

0.6097  0.7613 -0.6621 —0.2646
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which satisfies A, ((#A+1)(8A+1)T) = 0.6159 < 1. Choosing
q =0.5, we have

[10.5808 —4.8549 5.8866 —5.6980
Poy= -4.8549 3.1987 -3.3999 2.1073 ’
5.8866 —-3.3999 5.2163 -2.8105
[—5.6980 2.1073 -2.8105 3.6902
[ 38.1775  —14.1710 10.9259 -16.1065
Po= -14.1710 21.3979 -8.9296 -2.5062
) 10.9259  -8.9296  9.8765 -2.1963
|—16.1065 —-2.5062 -2.1963 13.2805

Obviously, Py < P,s4. Consider the UALE (3) with

a=| 4 7124 0 =diag(1,1,1,2), 0=0
= > =dia 1, 1,2), =0.
12 31 g

33 2 -10

Then UALE(3) degenerates into CALE, there are no upper
bound _can be used except Ps2, Puss, Pus7, Puss- Selecting
g = p(A) =0.6482 and by calculation we have

[0.0439  0.0217 0.0354 0.027
Py = 0.0217 0.0894 0.0691 0.0292 ,
0.0354 0.0691 0.342 0.0504
| 0.027 0.0292 0.0504 0.137
[1.5356  -0.1127 -0.0365 -0.1613
P = -0.1127 1.1327 -0.2786 —0.1489 7
-0.0365 -0.2786 0.6156 -0.2155
|—0.1613 -0.1489 -0.2155 1.0124
[ 670.3064 —82.5461 4.475 -143.9162]
P = -82.5461 168.3795 -50.3016 —25.7203
' 4.475 -50.3016 27.9436  —14.1589
|—143.9162 -25.7203 -14.1582 104.2188 |
[ 670.2642 —82.4839  4.4426  —143.8971]
Pos= -82.4839 168.8937 -50.4364 —-25.9386 ,
4.4426 -50.4364  28.1722 —-14.55
|—143.8971 -25.9386 —14.55 105.366 |

Py < min{ Py, P57, Puss} by calculation, hence we can con-
clude that only Py, applies and without losing superiority in two
cases above.

Next example will compare Pgy with Py, Puss, Puse, Pus7,
Pyss under the condition that 1, (A+ AT +0AT A) < 0.

Example 2. We randomly construct 100 UALEs to compare
bound Py, with P4, Pus, Puse, Pus7, Pusg under the condition

that 2, (A;+ AT +6AT A;) <0,i=1,2,...,100. Let

=Slan|  an ai ay
A= @ =Slaxn|  a an |
as ax  —Slaz|  ax
as as ass  —Sl|agl

0=1,0=0.1, where aj; (j,! =1 to 4) follow a uniform distri-
bution on the interval [0, 1]. And then we go through a loop to
find 100 matrices A satisfies A1 (A; + AT +6AT A;) < 0. Choose
q= p(Z), for each i, we record the value of A1 (Pgy — Pyusk)
(k =4,5,6,7,8) and A|(Pysx — Ps2) (k =4,5,6,7,8). The re-
sults are presented in Fig. 1 and Fig. 2, respectively.
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Fig. 1. The value of 2| (Pyp — Pysk) (k =4,5,6,7,8)
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Fig. 2. The value of A1 (P,s — Ps2) (k =4,5,6,7,8)

We can see that in the 100 examples in Fig. 1, Py, outper-
formed P4 in 79 examples, P,5 in 78 examples, P56 in 61
examples, P,g7 in 65 examples, and P,g3 in 64 examples. In
Fig. 2, all the points are above 0, This means that there is not
a single instance in which the bound is better than Py, in these
100 cases. From these numerical examples, we show that the
upper bound Py, is tighter than P54, Pyss, Puses Pus7, Puss in
most instances.
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Next we will compare Py, with P59, P,s10 under the condi-
tion that 4, ((A+1)T(A+1)+0ATA) < 1.

Example 3. We compare bounds P, with P59, P10 in the
similar way to Example 2. The difference is that we set

=5|a| 0 0 a4
0 -5
A= lax|  ax a (30)
0 axp  —Slaz|  azn
as as as3 —5|aqal

This is easily to satisfy A1 ((A+I1)T (A+1)+0AT A) < 1. Foreach
i,weselectq=0.5%p (Z) and record the value of A1 (Pg — Pysk)
(k=9,10)and A (P,sx — Ps2) (k =9, 10). The results are shown
in Fig. 3 and Fig. 4, respectively.
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Fig. 3. The value of A1 (Psp — Pysr) (k=9,10)
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Fig. 4. The value of A1 (P, — Ps2) (k=9,10)

We can see that in the 100 examples in Fig. 3, Ps» < P59 in
49 examples, P> X P,510 in 49 examples. In Fig. 4, all the points
are above 0. From these numerical examples, we determine that
the upper bound Py, is more tight than P9, Pys10 in most
instances.
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3.2. Comparison of the new lower bounds with the existing
results

Surveying the literature, we summarize existing matrix lower
solution bounds of the UALE (3) in Table 2. The symbols in
Table 2 are described as follows:

0=UTou, A=U"'AU,
Pio=ATQA+0+20(A-1)"TATQA(A-D)"!,
Pp=aATA+20(A-1)"TATA(A-D)7'] +0,

C=00A+DT(0A+])+60,

‘= 11(00)

T 1-02(0A+])
0=2A-n""0(A-D7",
A=(A+D(A-D7",
(%)
C1-2.(D)°
F=0A+I.

Table 2
Lower solution bounds of the UALE (3)

(L1) The positive constant matrix M be chosen such that Q = M,

1/2

prs! (S(Q—M+9nATA)S) ST=P, [16]
(L2) P = ATPIgA+0+20(A-1)"TATPgA(A-1)"' =Py7  [20]
PrATPIpA+0+20(A-D)"TATP)gA(A-D)" =P8 [20]

(L3) 01 (F) < 1L, 01 (F)41(0Q) < 1, o ([ (F)y (60) 7 < 1,
P =003 FT((00)7 - FT FT]-' Pt + 0?02 |*

+560 = Pyro [18]

Remark 9. Using Lemma (2), the conditions (8), (L1), and (L2)
are identical if there exists a unique positive definite solution for
the UALE (3).

Remark 10. The condition of P,,s5 in Theorem A cannot be
applied when 6 = 0. Compared with P, ¢, choosing a positive
definite matrix M will lead to more computation. Since the part
one of condition (L3) contains condition (8), (L1) and (L2),
condition (L3) of P9 is the strictest conditions.

Due to different theoretical methods, it is difficult to directly
compare the precision of lower bound P,,3 and the existing
results. Three numerical examples will illustrate the advantages
and effectiveness of the P,,3. Example 4 will compare P,,3
with Pyx5, Pyx6, Pux7, Puxg under condition p(6A+1) < 1.

Example 4. We compare bounds P,,3 with P,ys,Px6,
Pux7, Puxg in a similar way to Example 2. We set 6 = 0.1 and se-
lected 100 random parameter matrices A; € R™" (i =1,...,100)
which have the same characteristics as A; in Example 2 to sat-
isfy p(0A+1) < 1. Taking Q = diag(1,5,10,20), ¢ = p(A). The
results are shown in Fig. 5 and Fig. 6.
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05 “ o PR 6 =0.1. By computation,
* * M PP

04r * i * M P e Puxa)
osl * o it 0.1932 0.0244 —0.0035]
. o | Py =[0.0236 02148 0.1146 |,
a LAY 10,0380 0.0942  0.2044 |

A SR T [0.1953  0.0243  —0.0033]

e~ F = SR TN

w0 * I * Pus11=10.0237 0.2154 0.1142
o AR - . 0.0379 0.0940  0.2046 |
02k * * *

The elements of the set of the spectrum of the matrix Pg — P11

0.3 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90
i

Fig. 5. The value of A1 (P,sx — Pyx3), k =5,6,7,8
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Fig. 6. The value of 1 (P33 — Puxk), k =5,6,7,8

We can see that in Fig. 5, P,3 outperformed P,,s in 40
examples, P,y in 73 examples, P,7 in 42 examples, and P, g
in 55 examples. In Fig. 6, however, all the points are above 0.
This means that there is not a single instance in which the bound
is tighter than P, .3 in these 100 cases. From these numerical
examples, we determine that the lower bound P, .3 is more
precise than Pyys, Pyx6, Pux7, Puxs in most instances.

In conjunction with Remarks 7 and 10, the conditions for
Pyus11 and P, 9 are more complex than most of the available
results, the random experiments with a large number of samples
are difficult to construct. So we choose the following two exam-
ples from [18] that illustrate Py, and P, .3 better than P,s1; and
P, x9, respectively in most cases.

Example 5. [18] Consider the UALE (3) with

are {—0.0021, —0.0007, —0.0001}, then Pyp < Pys11. Pux3 and
P9 also can be used. By computation,

[0.798 0.381 —-0.018
P.3=]0381 0722 0.091 |,
-0.018  0.091 0.917
[0.1893  0.0233  —0.0036
Puo=[0.0224 02132 0.1144
0.0380 0.0942  0.2035

The elements of the spectrum of the matrix P9 — P,y3 are
{-0.0044, —0.0011, —0.0010}, we get P x9 < Pyy3.

Example 6. [18] Consider the UALE (3) with

[-162 0.1 -001 0.13
L _|003s -151 035 —0.025
T 1-0.002 0.003 -13 -0.01]
00005 002 01 -1.44
(095 075 0.05 0.18
. 84 . 4
0|03 0845 06 04|
015 05 18 03
025 0.1 0915 4.21
By computation,
(0.4953  0.4005 0.0456 0.1018]
b [0:2119 0.4604 03617 0.2534
2710.0922 03026 1.1124 0.2153]
01384 0.0695 0.5469 2.2884)
0.5000 0.4034 0.0432 0.1032]
o _|02162 04724 03821 02588
“I710.0951 03202 1.1538 0.2108|
01434 0.0723  0.5425 2.3010)

-6.5 05 0.1 1.69 0.2 -0.05
A=|-03 -75 03|, ©0=|019 199 12 |,
0.1 02 -122 0.4 0.99 1.95
8

The elements of the set of the spectrum of the matrix Psy — P11
are {—0.0507,-0.0164,-0.0027,—-0.0008}, then Py < P,q11.
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P,.3 and P, 9 also can be used.

[0.4953  0.4005 0.0456 0.1018]
b 0.2119 0.4604 0.3617 0.2534
37100922 03026 1.1124 0.2153|

10.1384  0.0695 0.5469 2.2884]

[0.4953  0.3989 0.0395 0.1003]
0.2116 0.4580 0.3555 0.2539
0.0897 0.2955 1.0642 0.2003|°
10.1396 0.0678 0.5315 2.2777|

Pyxo =

The elements of the spectrum of the matrix P, 9 — P,y3 are
{-0.0546, —0.0061, —0.0001, —0.0007}, we get P, x9 < Pyx3.

Combining Examples 1-6, we can show that the lower bound
P,x3 and the upper bound Py, are tighter than the existing
bounds in most cases.

4. STABILITY ROBUSTNESS BOUND FOR THE DELTA
OPERATOR SYSTEM WITH STRUCTURED
UNCERTAINTY

In this section, we will apply the upper bound Py, in Theorem 1
to solve the robust stability problem for the systems (2). Let
us consider the following delta operator system with structured
uncertainty as follows
ox(t) = (A+E(1)x(2), (€29)
where A € R,, satisfies the condition (8), E(t) € R, is a time-
varying uncertainty matrix.
Next, we derive the following stability robustness bound by
constructing a positive semi-definite matrix and employing Lya-

punov’s method in conjunction with some key matrix and sin-
gular inequalities.

Theorem 2. The uncertain delta operator system (31) is asymp-
totically stable, if

a-o[Q V2(I+0A)TPyu(1+60A)Q1/2]
T (EE) <\/ a(@+6)a1 (@ Do (Pra)

=E,, (32)
where P, Q € S;* satisfy the UALE (3), a > 0 such that
a> o [Q7 P(I+6A) Pu(1+6A4)Q7 2. (33)

Proof. If (32) holds, then

(a+0)a1(Ps2)a 2 (E(1)) < o (Q)
~(1/a)o(Q)oi [Q7V2(1+0A) P(1+6A)07 2], (34)

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 3, p. €157569, 2026

which implies that

1-(1/a)o |72 (1+6A) P(1+64)07/?]
> (a+0)0 (P2)ot [E(1)]/0n(Q)
> (a+0)1(Py)of [E(H)]o(Q7))

> (a+0)o [Q7VPE()TPRE(HQ]. (35)
From inequality (35), we can obtain
(a+0)E(1)'PuE(t) < Q- (1/a)(I+0A) Py (I1+6A). (36)
Since Py, > P, we get
(a+OE@0)TPE(1) <0 - (1/a)(I+0A)TP(I1+04). (37)
Notice that
[—\/EE(t)TP% + (1/«/5)(1+9A)TP%]
: [—\/EE([)TP% + (1/\/5)(1+9A)TP%]T 0. (38)
From inequality (38), we have
(I+0A)TPE()+E(0)TP(I+6A)
<aEO)TPE()+(1/a)(I+0A)TP(I+604). (39)
Substituting inequality (39) into inequality (37), we get
Q-0E(t)TPE(1)-0ATPE(1)-0E(1)T PA
—-PE(t)-E()TP > 0. (40)

Since Q = ~ATP - PA - 0AT PA, then inequality (40) can be
converted to

[A+E(0)] P+P[A+E()]
+0[A+E@®)] P[A+E(1)] <0, (41)
which implies
x()T (A,§P+PAE +9A§PAE)x(t) <0, (42)

where Ap = A+ E(t), x(t) is the state vector of system (31).
Choosing a Lyapunov function

V(t,x) = xT Px,
from inequality (42), we obtain
SV(1,x) =6 (xTPx)
=x"(ALP+PAE +0ALPAE)x.

Hence 6V (¢,x) < 0, according to Lyapunov’s second stability
method, the system (31) is asymptotically stable. The positive
definiteness of (32) is ensured by inequality (33). The proof is
complete. O
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We will illustrate the effectiveness of the stability robustness
bound (32) by the following numerical experiments.

Example 7. [9] Consider a unified system that has a linear
perturbations as follows

021 01 0
Sx(1)=]]-0.06 -0.15 0 |+E|x(r),  43)
0 -0.1 -0.1

x(0) = (0.85,0.85,0.85)7 with 8 = 0.001, where E € R is
uncertainty matrix.

By choosing Q =1, a = 20q[Q"V2(I + 0A) Py (I +
6A)Q~'/?] and using Theorems 1 and 2, we obtain E,, = 0.0718
(6=0.001). Applying the judgment criteria for such discrete un-
certain systems from [11] and [24], we obtain o (E) < 0.0592,
where P is calculated through ‘dlyap’ in MATLAB. We con-
struct three random matrices E; (i = 1,2,3) such that o (E) <
0.0718. Details are as follows:

Example 8. Consider the following joint error open-loop dis-
turbance system of the drone internal loop disturbance observer
(DO) and attitude control [29]:

[0.0212  0.0145 0.0171]
E{=10.0399 0.0286 0.0053
[0.0141 0.0081 0.0381)
0.0155  0.0060 0.0213]
E; =1{0.0036 0.0530 0.0126
[0.0082 0.0207 0.0351)
0.0192  0.0094 0.0445]
E;=1{0.0210 0.0133 0.0141
10.0469 0.0213 0.0054]

x(t) = (E+E)x(1), (44)
where
& €2 €3
E=|é&n én &),
&1 & &3
El = =61 =60=0"3, &=,
[—500 0 0
&= 0 -519.2 0 |,
0 0 -540.5)
[—200 0 0
&én=| 0 —2077 0 |,
0 0 -202.7]
[—100 0 0
En=| 0 -103.8 0 |.
0 0 —67.57]
[—1000 0 0
= 0 -1038 0 |,
0 0 —-675.7

where (o] (El) = 0.063, 0'1(E2) = 0.066, (o] (E3) =0.069. It is
easy for us to observe that the conditions given by [11] and [24]
cannot determine the stability of the system under the aforemen-
tioned three disturbances. However, according to Theorem 2,
we can determine that the system is stable under all three dis-
turbances. Figures 7-9 illustrate that the system (31) remains
asymptotically stable under the three different perturbations
mentioned above.

E € R°* is uncertainty matrix.

By choosing Q =1, a = 80 and using Theorems | and 2,
we obtain E, = 0.0675(6 = 0). Applying the judgment crite-
ria for such discrete uncertain systems from [11], we obtain
o1(E) < 0.0006, where P is calculated through ‘lyap’ in MAT-
LAB. We can conclude that, at least in some cases, the judgment
conditions given in Theorem 2 are more lenient compared to the
existing judgment criteria.

State
State

State

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4

5

6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Time Step (6k) x10%

Fig. 7. State vector evolution for the system
(31) with E

10

Time Step (6k) x10*

Fig. 8. State vector evolution for the system
(31) with E;

Time Step (k) %10

Fig. 9. State vector evolution for the system
(31) with E3
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5. CONCLUSIONS

In this paper, by utilizing a special similarity transformation,
a bilinear transformation with parameters, and matrix inequali-
ties, we developed a new upper bound for the unified algebraic
Lyapunov equation (UALE), which requires the weakest con-
ditions among all existing results. Subsequently, we obtained
two new lower bounds using similar methods. Both theoretical
proofs and numerical simulations demonstrate that these lower
bounds are tighter and involve fewer constraints than existing
ones. Finally, we applied the upper bound derived for the UALE
to propose a new robust stability criterion for unified systems
described by the delta operator with unstructured perturbations.
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