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MODEL OF PRODUCTION CONTROL
IN JUST-IN-TIME DELIVERY SYSTEM CONDITONS

Edward Koztowski, Arkadiusz Gola, Antoni Swi¢é

Summary

The article presents the mathematical model of production control in the Just-in-time delivery system’s
conditions for a planning fixed horizon. The aim of the control model is to determine the demand for
means of production (materials, labour force) at the right moment of time. The stochastic model of
appearing the fault products was taking into account. Minimization both the costs of manufacturing and
possible penalties connected with the incomplete execution of the order was taken as a criterion
of optimization process.
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Model sterowania produkcja w warunkach dostaw w systemie Just-in-Time

Streszczenie

W pracy przedstawiono matematyczny model sterowania produkcja w warunkach dostaw w systemie
Just-in-time, w okreslonym horyzoncie czasowym. Model sterujacy okresla zapotrzebowanie na $rodki
produkcji (materiaty, sita robocza) w zdefiniowanych momentach czasu. Pod uwage wzieto stochas-
tyczny model wystepowania wyrobéw wadliwych w procesie produkcyjnym. Jako kryterium
optymalizacji rozwazano minimalizacje kosztow produkcji oraz ewentualnych kar zwigzanych
z niepetna realizacja zamowien.

Stowa kluczowe: sterowanie produkcja, strategia, Just-in-Time, optymalizacja, okre$lony horyzont
planowania

1. Introduction

Nowadays, one of the most important factors of Mfegturing company’s
competitiveness is ability to realize the customen'ders in time and quantity
exactly according to the contract [1]. Manufactgriplants must satisfy the
customer demand neither late nor early, becausly @aoduction incurs
inventory holding cost and late production caust#see lost sales or backlog.
Therefore, parts supply to the point of use in @éssembly line must be also
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achieved Just-in-Time (JIT). Otherwise, either tiloeses may occur due to
disorganized and insufficient material supply te #ssembly line, or excess
inventory accumulates [2-4].

This JIT products delivery to the customers impag@scific requirements
to the process of production control. Manufactugitenning and control entails
the acquisition and allocation of limited resourtegroduction activities so as
to satisfy customer demand over a specified tinrezbo [5]. As such, planning
and control problems are inherently optimizationlppems, where the objective
is to develop a plan that meets demand at minimosh @r that fills the demand
that maximizes profit.

During the last decade, various articles have appeim professional and
scientific journals regarding production control process industries. The vast
majority have focused on the typical charactesstaf process industries
production controlvis-a-vis the more traditional approaches of production
control for discrete manufacturing systems. In thidy of literature, two
schools of taught can be distinguished. The fidstoaates the applicability of
traditional manufacturing requirements planning ®JRoncepts and systems in
process industries. The researchers and practiianethis school concentrate
on the specific characteristics that may occurratess industries and try to find
solutions to be able to implement MRP [6]. The secschool stresses the
differences between discrete and process manuéastand comes with new or
adapted techniques and concepts for productionradntthese situations. Very
seldom is the variety of production systems withiacess industries discussed.
Some articles do address the problem of varietyh@ropportunity and offers),
but consequences for production control are nokegout in more detail [7].

Research on optimal control of production processesnade-to-order
manufacture and assembly systems has been limiReghsoo presents a
typology of production control situations in prosesdustries, which recognizes
two extreme production systems on a continuum(Rgn et al. [8] obtained the
optimal policy for a system where finished produstproduced as soon as there
are units in inventory for all components. Benjaaf@nd ElHafsi [9]
characterized the optimal policy of a single prddomiltiple customer class
multiple customer class system. Subsequently B&jaa al. [10] characterized
the optimal policy of a single product multiple tuser class multi-stage
system. Also Millhiser et al. [11] dealt with theoplem of dynamic control of
arrivals of multiple job classes in N-stage produtisystems with finite buffers
and blocking after service. Gershwin [12] synthedizelated work from the
manufacturing flow control literature. Kushner [18hd Plambeck and Ward
[14] formulated Brownian control problems and dedvasymptotically optimal
polices. Ceryan et al. [15] characterized the ogitipolicy for assemble system
where demand may arise for the end product itsedhyg one of the components.
More recently Liao [16] examined the feasibility afsing an economic
production quantity (EPQ) model to model an imperfprocess involving



www.czasopisma.pan.pl P N www.journals.pan.pl

-
-

Model of production control ... 79

a deteriorating production systems. Similarly, @ar&nd Sarkar [17] presented
an economic manufacturing quantity model with detation and exponential
demand inf production system over a finite horizmder the effect of inflation
and time value of money. Finally, Ghelase et af] [firoposed a method to
control the entire production process, from customequiry up to product
delivery, for the Made-to-Stock manufacturing syste

In this article, we present a mathematical modelopfimal production
control for a fixed horizon where the producedusl parts are characterized by
stochastic log-normal function. We will considete tmanufacturing process
realized in both Made-to-Order and Just-in-Timeteys. The objective of the
proposed model is the minimization of the totalduction costs and costs with
failure to perform the order.

2. Problem formulation

Let us consider the problem of production contral & fixed horizon
defined by the customer’'s order. The question idétermine the quantity
of means of production at defined moment to realime customer order with
the minimum cost of production and possible feemeated with not-fulfillment
the order conditions.

The objective function determines total costs, Whice sum of production
costs and costs associated with failure to perfibrencontract, which can be
realized at timeéN. Total cost is called a composite cost function (CCEt (2,
F, P) be a complete probability space. Supposewhaty, ... are independemt-
dimensional random wectors on this spage=col (w; (S), Wz (S), ...,W, (s)) for
s=1,2,...), where all elements wi(s) have log-normaLN(m,q;) distribution
and are stochastically independent(6). w(t) for i #j or s# t).

Let the stste system be described by a state equati

Xy =% +BU —w, (1)

where:i=0,..N-1x OR", BOR * k' The matrixB represents a production
matrix (transformation matrix from resources toguracts).

Remark. Let x — production vector and the matrix C is a mxabf raw
material at the production unit (matrix of resousceonsumption), then the
vector of used resources to product is calculated a

u=Cx 2)

while the production matrix
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B=(C"C)lC" (3)

and
x = Bu (4)
On @, F, P) we define a family of sub-fields Yj=ofy; : i = 0,1,...,j}.

A Yj-measurable vectau; [] R*will be called a control action of system (1) and
presents a production, amd= (Up, W,...) an admissible control. The class of
admissible controls is denoted by Let the vectorK O R*is a vector of unit
costs during the production but the mat@{] R" * ¥is a matrix of coefficients
of quadratic costs. To specify the aim of contnek introduce a cost of
production at timei as uTQu, + K u,and a heredity functiorar|x, —a|"as

losses (add costs) associated with failure to parfibe contrach. The objective
function has a form

J(u) = E{Z_(J Qu+ K w)+al x - ﬂ. (5)
i=0

The main aim of optimal control is stabilization gfstem (1) at lowest
cost, which is a sum of costs and losses. Thenagieis to find

Lrglﬁ J(u) (6)

and to determine a sequence of admissible comfrat (uy,...,u._,) for which

the infimum is attained. In this case the time hamiN is defined. Some
examples of tasks with random time horizon areeesl in [19] and [20].

Remark 1. For each t 1 the vector of expected values of disturbangeés w

eml+ 2
Ewi (1) 2
+&
m= sz E\Aé(t) = eer 2 (7)
Ew (1) p
e 2
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Remark 2. For any t# s the covariance matrix of vectors and w is a zero
matrix because all elements of this vector (randaniables) are independent:

coviw v )=[0] (8)

Remark 3. The covariance matrix of vectof fert > 1 is:

z O 0
Z 0

5 =cov(w W )= E(w - Ew)(w- EwW = 2 9)
0O O z,

where z = ez’“*"iz(é’i2 -1) for 0<i<n.

3. Optimal control

Let the linear system be described by a state iquét) and the criterion
with deterministic horizom is:

N-1 2
inf 1 2. (WQu +K7u) +ax, -4 (10)

The theorem below presents an optimal control stesy (1) and value
of composite costs function.

Theorem 1.Let
M; =M, - MLBHLM ., (11)
Li :Li+1—2Mi+lm_ Mi-l;lBHlll( BT(L+1_2M+1rn)+ K) (12)
Z = -% KTHAK+ KT HilﬁBT( M =1m-—; L+1j -—i K1 BRHYL B Ly

+m' MY BH B (b~ Mogm+ il My me Myl Z+ ¢ M) (13)
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whereH,,; =Q+B"M,,;B fori=0, 1, ..., N-landMy = al, Ly = -2aa, 4\
= ga'a.
If det(Hi+1) # O, then the optimal control:is

u :_% HA(K+2B"M 1 (x - m+ B L) (14)
and
N-1 2
E[Z(UJQLH Ky)+al x - H: W( ¥
i=0 (15)
where
W) =XMx+ XL+ Z (16)

Proof. First we define the Bellman’s [21, 22] functionsigfhare non-negative
(they are defined as a sum of quadratic forms) tif®time N we have:

Wy () =0 % = 47 = & Myos+ K L+ 2 (17)
and

W) =min Bd Qu+ Kt Wi )| iF (18)

forj =0, 1, ...,N-1. The varule of Bellman’s function in stépis given by (17)
and in stepN-1 we have:

WN—1(XN—1):EnNi_rl‘ H o1 QU+ K gt W( KM K1
=min{ul,(Q+ B" My B y,
UN-1
Ul (K +2BT My (%1~ E(W| )+ B L)
+ XN My Xy + E(W MN\NN‘ Fu1) =2 %1 MyE W\J V)
_ZXL—1MNE(WN| Fu-) = X1 b= E(V\N Fed vt Zy
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From the stochastically independent of vecteis w,, ..., properties of
condition expectation and (7)-(9) we have:

E(WN|FN—1): m
E(W, My Wy | Fa) = trE(My Wy V| Figr) = B My(Z + mif))
=tr(MyZ)+m"Mym

Thus, the optimal control is:
Uva = =5 (Q+ B My B (K428 My(%, - m+ B L)

Then we have:

Wi-1 (Xn-1) =
—%(K +2BTMy (X = M)+ B L)

(Q+B ' MyB(K+2B My( %1~ M+ B L)
X My Xy H(MZ) + mm Mym=2 X5 Myme Xy L+ 2
=x-1(My = M{B(Q+ B" My B™ B My) %¢4
+XN-1(Ly —2Mym+ M{B(Q+ B MyB™*(B(2 My m Ly)- K)

+KT(Q+ B™M, B)‘1£ BT( My, m—% LN)—% Kj

e MIB(Q+ B M B B(h- Mm-3 L BQ B M B B4
+m' Mym=nT Ly + Zo+ o M\Z) = Fg Mg feat Rer beat Zes

We assume that equations (11)-(13) and (16) aeefou i+1. From (18) and
using the properties of condition expectation weeha

W 0x) = min B K u+ W )| #
=min{u’(Q+ B' M B y+ (K+2 B My(x= g+ Bil)
F)-2X Mymk XiLy— ML+ 2}

+XiT Mi+1)$ + E( Vl\zrl M+1W+1

Thus, the optimal control is:
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6 == 2(Q+ B ML B (K+ 28 Ma(x= i+ B L)
and from (9):

E(\NT+1Mi+1W+1 Fi ) = tr(M +1Z) + rnT M+1IT

Finally, we have:

W (%)= X(Mu- MLBEQ+ B M, B B My ;X
+X7 (L —2Miym+ ML, B(Q+ B M, B (B (2 My mr (Ly)— K)

+KT(Q+BTMi+1B)_l{BT( M+1m‘% Lﬂj_% KJ"' m M, m mily
+r(M,2) +m"ML,B(Q+ B"M; B B'( Ly My
~SUBQF B MaB B Lyt 2= o Mixs KL+ 2

what finishes the proof.

4. An illustrative example

Let assume that the company produces two typesodiupts: xand %. To
produce each of the product company uses two typsns of production (for
example materialnf) and labor forcel] in quantities respectively: productx
7,2m units and 1,9 units; product x— 3,1m units and 2,3 units. Unit cost of
used material equals 0,5 and unit cost of labaref@quals 1,1. Therefore the
matrix resources consumption C and vector of wstK are as follows:

7.2 05
C= 31 K =
19 23 11
Ordered number of manufactured parts in at timeriduants 1500 units of
product ¥ and 400 units of product, ¥ixed horizon of production time was

conventionally divided into five equal period ofmg defining the production
control moments (Fig. 1).
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Production control harizon N

Fig. 1. Graphical interpretation of division
of production control horizon

To check the behavior of the model three cases amatyzed. In first of
them the unit cost associated with failure to penfahe contract ) was
accepted at the level of 1 money unit while, in $keond case the = 100 and
in the third caser = 5000. In each of the case the random parameters w
defined as m= 0.0000001; n= 0.00000003 and;=1; 0,= 2.

To check the model presented in part 3, the exmarirfor presented data
was carried out 50 times for each case. To illist@btained results — the
average results of provided experiments were pteden Tab. 1-3.

Table 1. Obtained control results far=1

. Production control moments
Means of production category

Number of produced good X; - 77.38 | 157.10] 236.7 315.( 396.p
quality products Xo - 297.8 | 594.74] 893.4] 11932 1492.6
Demand for the means | m | 750.0 751.5| 752.87 754.( 758. -

of production for the next| | | 306 7| 23999 24048 24087 24186 -

period
Number of forecasted X1 1.95 0.01 0.18 0.26 0.24 -
faulty products X2 0.94 2.02 1.03 1.61 1.09 -
Total number X1 - 79.3 157.1 237.7 315.26 396.4
of manufactured producty x, - 298.7 596.8 894.4| 11948 14937

Table 2. Obtained control results f@r=100

. Production control moments
Means of production category
Ny n n, n; n, N
Number of produced good X 0 79.2 159.2 239.2 318.6 397.7
quality products Xo 0 299.0 598.4 895.6] 11972 1498.8
Demand for the means | m | 754.0 755.0 755.6 759.1 762.4 0
of pmd“‘;“eor?ogor thenext| | | 5408.0| 24104 24126 242511 24332 0
Number of forecasted X1 0.82 0.13 0.29 0.95 2.28 0
faulty products Xo 0.98 0.85 3.36 0.57 1.20 0
Total number X1 - 80.0 159.3 239.5 319.5 400.00
of manufactured producty x, - 300.0 599.2 899.0 11978 1500.0
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Table 3. Obtained control results f@=5000

Production control moments

Means of production category

no n1 n2 n3 n4 n5
Number of produced good X, - 78.8 158.9 238.7 313.9 399.8
quality products Xo - 297.9 597.2 896.0f 11976 149938
Demand for the means | m | 754.0 755.7 756.6 759.3 772.8 -

of production
for the next period | 2408.0 | 2412.8 2415. 24243 24443 -

Number of forecasted X1 1.22 0.15 0.58 0.40 0.19 -

faulty products Xo 2.13 1.19 2.12 5.54 0.17 -
Total number X1 - 80.0 159.0 239.3 314.2  400.00
of manufactured products x, - 300.0 598.4 898.1] 1203.L 1500.0

5. Conclusion

In an increasingly time-based competitive environtneJust-in-Time
manufacturing plays an important role. It forcempanies to realize production
processes in more efficient and cost-effective Wiyis casts new light on the
problem of production planning and control. In cmmsence, it is necessary to
try to develop new, more efficient methods whicpggart operation activities in
this area. The problem focuses especially on sledfdifficulty with predicting
the number of failure parts that arise during thredpction process. They
disturbs the process and make the requirementadtarials unpredictable.

In this study, a mathematical model of productiantool for a fixed
horizon is proposed. The objective function is titt@l cost which is the sum of
production costs and costs associated with fatlarperform the contract. The
control of production is realized in defined momehiring the time horizon
determined for example by the customer. In eaclhef moment we get the
quantity of means of production needed in the feable accounting period of
time. The number of produced part in each periodetermined taking into
account stochastic independence of failure prodow@sufacturing. Provided
experiments proved that presented model is seadibivcosts of manufacturing
and possible penalties connected with failure tdope the contract. While the
unit penalty is growing up, the number of produpedts is approaching to the
expect value.

The model described above can be easily implemesnedused as a tool
for control the production processes. The developeldtion is first of all
dedicated for the operation and internal supplyrch@anagers.
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