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Positive linear systems with different fractional orders
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Abstract. A new class of positive linear systems with different fractional orders is introduced. A solution to the set of linear differential
equations with different fractional orders is derived Necessary and sufficient conditions for the positivity of the fractional systems are
established. It is shown that the linear electrical circuits composed of resistors, supercondensators, coils and voltage (current) sources are

positive systems with different fractional orders.
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1. Introduction

A dynamical system is called positive if and only if its tra-
jectory starting from any nonnegative initial state remains
forever in the positive orthant for all nonnegative inputs An
overview of state of the art in positive systems theory is giv-
en in monographs [1, 2]. Variety of models having positive
linear behavior can be found in engineering, management sci-
ences, economics, social sciences, biology and medicine, etc..
Mathematical fundamentals of the fractional calculus are giv-
en in the monographs [3-5]. The positive fractional linear
systems have been introduced in [6, 7]. Stability of fraction-
al linear 1D discrete—time and continuous-time systems has
been investigated in the papers [8—11] and of 2D fractional
positive linear systems in [12]. The notion of practical stabili-
ty of positive fractional discrete-time linear systems has been
introduced in [13] and the relationship between fractional or-
der continuous-time systems configuration and its dynamics
has been analyzed in [3]. Some recent interesting results in
fractional systems theory and its applications can be found in
[14, 15].

In this paper a new class of positive linear systems
with different fractional orders will be introduced. Using the
Laplace transform method the solution to the set of linear dif-
ferent fractional orders differential equations will be derived
and necessary and sufficient conditions for the positivity of
the fractional systems will be established.

The paper is organized as follows. In Sec. 2 the set of lin-
ear differential equations with different fractional orders is in-
troduced and its solutions is derived using Laplace transform
method. Necessary and sufficient conditions for the positivity
of the fractional linear systems are established in Sec. 3. In
Sec. 4 it is shown that the linear electrical circuits are positive
systems with different fractional orders. Concluding remarks
are given in Sec. 5.

The following notation will be used in this paper. The set
of real n x m matrices will be denoted by R"*" and the
set of n X m real matrices with nonnegative entries will be
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denoted R (R%. = 7). The n x n identity matrix will
be denoted by I,,.

2. Linear differential equations with different
fractional orders and their solutions

In this paper the following Caputo definition of the fractional
derivative will be used

t

def(t) 1 £ (7)

dt*  T(n—a) / (t — 7)otl-n dr ()]
0

wheren —1<a<n,neN={1,2 .}

oo

r(x)::J/tzfle*tdt 2)
0

is the gamma Euler function and

fory = LI0 3)

It is well known [5, 7] that the Laplace transform (L) of
(1) is given by the formula

FO] [ g,
L[ }_ 0/ i

dt dt
“)

n

s"F(s) = Y s> F D (04),

k=1

where F'(s) = L[f(t)] andn—1 < a <n,n € N.
Consider a fractional linear system described by the equa-

tion
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where 11 € R™ and zo € RN™ are the state vectors,
Ay € XM, By o€ R™MX™ g, 5 = 1,2, and uw € R™ s
the input vector.

Initial conditions for (5) have the form

T (0) = T10 and $2(0) = I20- (6)

Theorem 1. The solution of the equation (5) for 0 < a < 1;
0 < 8 < 1 with initial conditions (6) has the form

t

2(t) = Bo ()0 + / [@1(t — 7)B1o + Dot — 7)Boy] u(r)dr

@)
where
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Bio = By =
10 0 ) 01 [ B2 ]
I, for k=1=0
A A k=1,1=0
0 0
Ty = (3
0 0 for k=0,1=1
Az Ag
ToTk-1,+To1Tk—1 for E+1>0
00 0 ]
Py(t) = Ty— 9
o) =32 MTka+16+1) ()
k=0 1=0
00 00 (k1) a+15—1
®,() = o Ry B 9b
1(®) kZ:OlZ; W T T Ta 177 (9b)
00 0 kot (14+1)8-1
Ty———-"-—— 9
kZ:Olz: MTka+ (1 + DB’ ©c)

Proof. Using the Laplace transforms
Xi(s) = L[z;(t)], i=1,2 and U(s) = Llu(t)]

we may write the equations (5) for0 < a <1;0< < 1in
the form

SaXl(S) - A11
57 X5 (s) | Ay

A12

+
A22

XQ(S)

[ X1 (s)

(10)
By

+
By

U(s)

sinceby (@) for0<a<l;0< <1

c [d%l} = 59X, (s) —

—1
die S 210,
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e } = 5 X5(s) — 57 Lagg.
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From (10) we have

-1

Xi(s) | _ | Inis™ = A —Aip
Xo(s) —Ax I,8°% — Ago
(11)
Sa71$10 Bl
U .
{ l s7 " g * By (s)

Using (8) it is easy to verify that

—Ajos™ (ka1
E E Tis (ka+1B) | —
In 225" ‘|L—0 1=0

| I, 0
o L, |’

where the matrices T}, are defined by (8).

Inl — Allsia
_A21S*5

12)

Using (12) we obtain
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Substitution of (13) into (11) yields

[wosf(kwklﬁﬂ)_i_( Byos~[0sDetis] BOls*[WlH)ﬁl)U(s)} '
(14)

Applying the inverse Laplace transform (£~1
volution theorem to (14) we obtain

) and the con-

(5) iiTklﬁ_l
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Remark. Note that if o = 3 then from (9a) we have [6, 7]

e Aktka
o 16
0la=p ( «T(ka + 1) (16a)

From comparison of (9a) and (16a) and using (8) it is easy
to show that

tchrjﬁ e Aktka
ZZ Y Tla+ i+ 1), :Zf(k Ty (169
i=0 j=0 za J =6 k=0 «
i+j=k

3. Positive fractional systems

Definition 1. The fractional system (5) is called positive if
r; € R} and z2 € NY?, t > 0 for any initial conditions
x10 € R, w20 € R and all input vectors u € R, t > 0.

Let M, be the set of n x n Metzler matrices, i.e. real
matrices with nonnegative off-diagonal entries.

Theorem 2. The fractional system (5) for 0 < a < 1;
0 < B < 1 is positive if and only if

A A
A= |1 TR e, (17a)
Ay Az
B
Yl e R (n=ny +ny) (17b)
By
Proof. First we shall show that
Py(t) e RY™ for k=0,1,2 and ¢>0 (18)
only if (17a) holds.
From the expansions (9) we have
Po(t) = ! + —+
o(®) lo Inzl 0 0 |T(a+l)
L 0 0 ot L
Asy Ay |T(B+1) 7
(19a)
I, 0 ol Air Aga 21
Py (t) = ' +
1) l 0 In ] T |0 0 |T(20)
0 0 totp-1
+
Ay Agy | T(a+p) ﬁ)
(19b)
I, 0 =1 A A totp-1
o (1) = 1 11 12
0 I, | T 0 0 (a+0)
0 0 2=t
+ + ...
Ay Az (28)
(19¢)
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From (19) it follows that ®5(t) € R}*", k = 0,1,2 for
small value of ¢t > 0 only if the condition (17a) is satisfied.

Using (16) in a similar way as in [8, 10] it can be shown
that if (17) holds then
t>0

(1) € R (20a)

and

(I)l(t)Blo + (I)g(t)Bol S %ixn t>0. (20b)

In this case from (7) we have x(t) € R}, t > 0 since by
definition zop € RN’} and u(t) € N7, ¢ > 0. The remaining
part of the proof is similar as in [6, 7].

These considerations can be extended for the set of p ma-
trix differential equations with different fractional orders.

4. Fractional linear electrical circuits

Consider linear electrical circuits composed of resistors, su-
percondensators (ultracapacitors), coils and voltage (current)
sources. As the state variables (the components of the state
vector x) the voltage across the supercondensators and the
currents in the coils are usually chosen. It is well-known [14,
16] that the current ¢(¢) in supercondensator with its voltage
uc(t) is related by the formula

do‘uc (t)

o
iolt) =C—ga

for 0<a<l, (2))
where C' is the capacity of the supercondensator.

Similarly, the voltage wr,(t) on the coil with its current
ir,(t) is related by the formula

d%ir(t)
dt?

up(t) =L for 0<pB<1, (22)

where L is the inductance of the coil.

Using the relations (21), (22) and the Kirchhoft’s laws we
may write for the fractional linear circuits the following state
equation

d%xc

dte —

d’zr -

dt?
where the components of z¢c € R™ are voltages across the
supercondensators, the components of x;, € ™2 are currents

in coils and the components of e € ™ are the voltages of
the circuit.

An
Aoy

Aro
Ao

By
By

rc
L

+ (23)

Example 1. Consider the linear electrical circuit shown on
Fig. 1 with known resistances R;, R2, Rs, capacitances (1,
Cs, inductances Ly, Lo and sources voltages eq, es.
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If the fractional linear circuit is not positive but the ma-
R, «#—~ . . . o
trix B has nonnegative entries (see for example the circuit in
Fig. 1) then using the state-feedback
zc
Ly L, e [ . 1 27)
P ) N I we may usually choose the gain matrix KX € R™*™ so that
NI \4_—/ the closed-loop system matrix (obtained by substitution of
e, e (27) into (23))
2
Fig. 1. Electrical circuit Ac=A+BK (28)
is a Metzler matrix.
Using relations (21), (22) and the Kirchhoff’s laws we may ) s
write for the circuit the following equations. Theorem 3. Let A be not a Metzler matrix but B € RL™™.
4o 4o Then there exists a gain matrix K such that the closed-loop
i1 = ClTul7 i9 = CZWU2 system matrix A. € M, if and only if
i rank|B, A. — A] = rankB (29)
_ . 1 _ .
er= (R + Ra)ir + I dth +ur — Ryl 24 Proof. By Kronecker-Cappely theorem the equation
dPiy BK=A.—A (30)
es = (R2 + R3)ia + L2W + ug — R3iy.
) ) has a solution K for any given B and A. — A if and only if
The Eq. (24) can be written in the form the conditions (29) is satisfied.
S
! Example 2. (continuation of Example 1).
dte
Let
da’U,Q (75} ~ 1 _
dte —
o | =A | +B 61], (25) g !
d 11 11 €2 1
dtB in 0 0 0 o
B — 2
- oA Ly Ly Ly
where 0 a2 as _Ro+ Ry
A= A A _ L Lo Lo Lo J
Ao Az forap>0k=1,234.
r 0 0 i 0 7 In this case the condition (29) is satisfied since
C
' 1 rank[B, A. — A] =
0 0 0 —
- Cs - -
- 1 0 Rl + R3 R3 9 0 0 0 0 0 0
Ly Ly Ly 0 0 0 0 0 0
0 L R Rt Rs (26)  _ rank 1 a1 +1 0 0 a3 — R3 | =
L Lo Lo Lo J I ) I 1 . i
- q a2 +1 as— I3
0 — 0 0
00 LY I, I, I |
0 0
B= ? ! Loy, 0 0
2 Ly 0 0
i = rank 1 = 2.
L L2 . L_ 0
1
From (26) it follows that the fractional electrical circuit is 1
not positive since the matrix A has some negative off-diagonal L 0 Loy |
entries. (32)
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The equation (30) has the form

0 0
0 0 ki1 k2 kiz ku
1 =
I, 0 ko1 koo koz  kog
1
O
L 2 ) (33)
0 0 0 0
0 0 0 0
= a1 +1 az — R3
0 0
Ll Ll
as+1 a4 — R3
0 0
L Lo Lo ]
and its solution is
k ko kiz ks
ko1 koo ko3 ko
(34)
aj + 1 0 0 as — R3

0 as+1 a4 — R3 0

The matrix (34) has nonnegative entries if ar > 0 for
k=1,2 and a > R, for k = 3, 4.

On the following two examples of fractional linear circuits
we shall shown that it is not always possible to choose the
gain matrix K so that the two conditions are satisfied:

1. the closed-loop system matrix A, € M,
2. the closed-loop system is asymptotically stable.

Example 3. Consider the fractional linear circuit shown in
Fig. 2 with given resistance R, capacitance C, inductance L
and source of voltage e.

Ue
i V N
e C L
R

Fig. 2. Simple electrical circuit

Using (21), (22) and the second Kirchhoff’s law we obtain
for the circuit the state equation

do‘uc
dte uc
dBi =A . +Be, O<a<l 0<p<l,
- 1
dth
(35)
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where
0 % 0
A=l 1 RrR|» P71 (36)
L L L

From (36) it follows that A is not a Metzler matrix but
B e Ri. It is easy to see that the condition (29) is satisfied
for

0 g
de=1 4 R (7
L L
and from (30) we obtain
0 0 0
1| [k k)= 401 % (38)
L L L
and
K=[k ky]=[a+1 b] 39)

Note that the characteristic polynomial of the matrix (37)

I, 5% — A —Ai
det =
— A L, 8% — Ao

1
§ C (40)
R

R-b a
o e
L LC
has one negative coefficient and the closed-loop circuit is un-
stable for ¢ > 0 and any b.

— SOPFQ +

Example 4. Consider the fractional linear system shown in
Fig. 3 with given resistances R;, Rs, capacitance C, induc-
tance L and source of voltage e.

Fig. 3. Electrical circuit

Using the relations (21), (22) and the second Kirchhoft’s

law we obtain for the circuit the state equation

d* uc
dte uc
=A B 41
@ Z + e? ( )
dtP
457
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where
B Rlc % ’
— 2 —
A= l R | B = l (42)
L L L

The matrix A is not a Metzler matrix but B € Ri. It is
easy to check that the condition (29) is satisfied for

__t 1
_ RyC C
Ao=| 2O O abz0 @)y
L L
and from (30) we obtain
0 0 0
1|k R l=1 401 b (44)
L L L
and
K=[k ky]=[a+1 b] 45)

In this case the characteristic polynomial of the matrix
(43) has the form

s% + ! 1
ORI e
_ 55+
L (46)
Ri—b 1 Ri —aRs—b
— qatB 1 a B 1 2
st St e T T RhCL

and it is possible to choose the values of parameters a, b so
that the closed-loop system is asymptotically stable [17].
The following question arises. What are the necessary and
sufficient conditions under which there exists a gain matrix K
such that the closed-loop system is positive and asymptotical-
ly stable? This problem will be the topic of the subsequent

paper.

5. Concluding remarks

A new class of positive linear systems with different fraction-
al orders has been introduced. Solution to the set of linear
differential equations with different fractional orders has been
derived using Laplace transform method (Theorem 1). It has
been shown that the fractional linear systems are positive if
and only if the system matrix A is a Metzler matrix and the
matrix B has nonnegative entries (Theorem 2). It has been
also shown that linear electrical circuits are positive systems
with different fractional orders. If the systems matrix A is not
Metzler matrix but the matrix B has nonnegative entries then
there exists a gain matrix of the state-feedbacks such that the
closed-loop system matrix is a Metzler matrix if and only if
the condition (29) is satisfied (Theorem 3).The consideration

458

have been illustrated by examples of linear electrical circuits.
An open problem has been formulated.
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