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Reduced-order fractional descriptor observers for fractional
descriptor continuous-time linear system

T. KACZOREK*

Faculty of Electrical Engineering, Bialystok University of Technology, 45D Wiejska St., 15-351 Bialystok

Abstract. Fractional descriptor reduced-order observers for fractional descriptor continuous-time linear systems are proposed. Necessary and
sufficient conditions for the existence of the observers are established. The design procedure of the observers is given and is demonstrated

on two numerical examples.
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1. Introduction

The fractional linear systems have been considered in many
papers and books [1-5]. Positive linear systems consisting of
n subsystems with different fractional orders have been pro-
posed in [4, 6]. Descriptor (singular) linear systems have been
investigated in [5, 7-20]. The eigenvalues and invariants as-
signment by state and input feedbacks have been addressed in
[10, 13, 15]. The computation of Kronecker’s canonical form
of a singular pencil has been analyzed in [19].

A new concept of perfect observers for linear continuous-
time systems has been proposed in [5, 21, 22]. Observers
for fractional linear systems have been addressed in [12] and
for descriptor linear systems in [2]. Fractional descriptor full-
order observers for fractional descriptor continuous-time lin-
ear systems have been proposed in [23].

In this paper fractional descriptor reduced-order observers
for fractional descriptor continuous-time linear systems will
be proposed and necessary and sufficient conditions for the
existence of the observer will be established.

The paper is organized as follows. In Sec. 2 the ba-
sic definitions and theorems of fractional descriptor lin-
ear continuous-time systems are recalled and their full-order
fractional descriptor observers are presented. In Sec. 3 the
reduced-order fractional descriptor observers are proposed
and necessary and sufficient conditions for the existence of the
observers are established. A design procedure of the reduced-
order observer and illustrating examples are given in Sec. 4.
Concluding remarks are given in Sec. 5.

2. Fractional descriptor systems
and their full-order observers

Consider the fractional descriptor continuous-time linear sys-
tem

Ed—x = Ax + Bu,

dro To = 1‘(0), S (Oa 2)7

(la)

y=Cu, (1b)
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dxz . . L
where —— is the fractional a-order derivative defined by

Caputo [4, 24]

d*x(t)
oDfa(t) = —2
: d"x
1 dtn 2
= d
T(n—a) / (t—r)yontt®h
0

n—l<a<neN={1,2,..},
o0

I(z) = /e*ttzfldt is the gamma function = = z(t) € R,

0
u=u(t) € R™, y = y(t) € NP are the state, input and output
vectors, /, A € R"*", B € R**™, C' € RP*". It is assumed
that det £ = 0 and

det[EX — Al #0 forsome AeC
(the field of complex number).

3)

Let U be the set of admissible inputs u(t) € U C R™ and
Xo C R™ be the set of consistent initial conditions zg € X
for which the Eq. (1) has a solution z(¢) for u(t) € U.

The solution of the Eq. (1a) for zy € X has been derived
in [23].

Definition 1. The fractional descriptor linear system (1) is

called asymptotically stable if tlim x(t) = 0 for any finite
—00

xo € Xo and u(t) = 0.

Theorem 1. The fractional descriptor linear system (1) is as-

ymptotically stable if the zeros (the eigenvalues of (F, A))
AL, ..., Ap of the equation

det[EA— Al =MW +ap, N+ +ad+ao=0 4)
satisfy the condition

|arg)\k|>o<g for k=1,...,p. 5)
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The eigenvalues satisfying the condition (5) are located in
the stability region shown in Fig. 1 for o € (0, 2) and denoted
by S;.

A
Im(Ag )

stability
region S,

Fig. 1. Stability region

Definition 3. The fractional descriptor continuous-time linear
system

d*zr

dt
T =(t) € R is the estimate of x(¢), and u = u(t) € R™,
y = y(t) € NP are the same input and output vectors as in
(), E,F € ™", G € R™*™, H € R"*P, det E = 0 is
called a (full-order) state observer for the system (1) if

Jim [a(t) — ()] = 0. )

— FE+Gu+Hy, ac(0,2) (6

Theorem 2. The fractional descriptor system (1) has a full
state observer (6) if and only if there exists a matrix H such
that all eigenvalues of the pair (E, A — HC) are located in the
stable region S, shown on Fig. 1, i.e.

o(E,A—HC) C S, (8)

where o denotes the spectrum of the pair.

The proof is given in [23].

From Theorem 2 it follows that the design of a stable ob-
server (6) of the system (1) has been reduced to finding a
matrix H such that the eigenvalues of the pair (F, A — HC)
are located in the asymptotic stability region. It is well-known
[12, 14] that there exists a matrix H such that the eigenval-
ues of the pair (E, A — HC) are located in the asymptotic
stability region if and only if the fractional descriptor system
(1) is detectable [12, 13], i.e.

ES]C*A
C

rank =n

©)
for s € o(E,A).

The problem of designing of the observer (6) of the system

(1) can be reduced to the procedure of designing of a state-

feedback v = —H 'z for the dual system [12, 13]

rdT _ yri oy,

E =
dt>

(10)

890

To guarantee that the descriptor state observer is impulse-free
the matrix H must be chosen so that

deg[det(Es — A+ HC)] = rankFE. (11)

It is well-known [12, 14] that the finite observers poles (the
finite eigenvalues of the pair (F, A— HC) can be arbitrary as-
signed if and only if the descriptor system (1) is R-observable,
ie.

Es— A

e s e C.

rank =n for (12)

Therefore, the following theorem has been proved:

Theorem 3. There exists the impulse-free fractional descrip-
tor observer (6) with arbitrary prescribed set of poles of the
fractional descriptor system (1) satisfying (3) if and only if
the conditions (11) and (12) are met.

3. Reduced-order fractional descriptor
observers

Consider the fractional descriptor-system (1) satisfying the
assumption (3).

It
rankC' = p (13)
then there exist a permutation matrix P € R"*"
CP=[C (O]
Cy € RP7P, det C1 # 0, (14)
Cy € RP*(n=p)
and the nonsingular matrix
Crl —Cr'Gy
Q . 15)
such that
C=CPQi=[C1 O]
- - 16)
oyl oo (
=[C, Oy 1 1 =11, 0]
1 C2 0 L, »
Substituting
r =Pz (17)
into (1) we obtain
d°z B
EPQ oo = APQIT + Bu, (18a)
— x1 _
y=Cr=CPQ1Zz=[1, 0 ][_ ] =7,
2 (18b)
TLER, T eRCTP,
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Premultiplying (18a) by a nonsingular elementary row opera-
tions matrix Q2 € R"*" we obtain

E 0
Q2EPQ = H )
Ey Ea
(19)
Ei € RPXP, By € RP)xP
Fay € R(n—P)x(n—p)
and
AT _ _
En e AnT + A12T2 + Biu, (20a)
d*T d*T
EQIW‘XI + EQQW; = AT + A22Ts + Bou, (20b)
where
A A
Q2APQ; = e
Aoy Agp

Aqq € RPXP, Ao € g]cynX(n*p)7

= gce(n*p)xn7 Ao € gce(n*p)X(n*p), (20c)
B
B = )
Q2 B,
By € jRP*™, By € Rn—p)xm

From (18b) it follows that Z; = y and for given y the sub-
vector T; is known. Therefore, the reduced-order observer of
the fractional descriptor system (1) should reconstruct only
the subvector To = R(—P),

From (20) we have

Ess 7 A20Ts + T, (21a)
Y = A127T2, (21b)
where
d*y
U= Bou— FEy1—= + A
u 2U 21 + A21y
(21c)

[e%

_ d
and Yy = Ellyg — Ally — Blu

are the new known input and output.

To find the estimate Zo of Zo the full-order fractional de-
scriptor observer for the system (21) can be applied [23].

Definition 4. The fractional descriptor continuous-time linear
system
AT
dte

FEa = Fxy +u+ Hy, (22)
where Ty € R"P, F € Rn=p)x(n=p) [ c Rn—p)xp g
called the reduced-order fractional descriptor observer for the
system (1) if
tlim [T2(t) — Z2(t)] = 0. (23)
«—00
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Applying Theorem 2 to the fractional descriptor system (21)
we obtain the following theorem:

Theorem 4. For the fractional descriptor system (1) there
exists the reduced-order observer (22) if and only if the sys-
tem (21) is detectable, i.e.

Eags), — Az
Aqo

rank =n-—p

(24)
for sy € 0(Eaa, Aga).

It is well known [12, 14] that the eigenvalues of (Fa2, A22)
(the finite poles of the observer) can be arbitrarily assigned if
and only if the descriptor system (21) is R-observable, i.e

Eoos — Agp

seC
A1z

rank =n-—0p for all

(25)
(field of complex numbers).

To guarantee that the descriptor observer (22) is impulse-free

the matrix H should be chosen so that [12, 14, 23]
deg{det[Fa2s — Ago + H A15]} = rankFEas. (26)

Therefore, the following theorem has been proved:

Theorem 5. There exists the impulse-free reduced-order ob-
server (22) with arbitrary set of poles for the fractional de-
scriptor system (1) satisfying (3) if and only if the conditions
(25) and (26) are met.

Remark 1. If Fys = 0 and det Az # 0 then from (21a) we

have
Ty = Ayy'T (27)
and we can find To without any observer.
Remark 2. If det Fo5 # 0 then from (21a) we have
d°z _ _ 1
W«f = B3t ATy + B3 (28)

and the estimate Ty of Ty can be found by the use of the
classical (standard) fractional observer [22, 23].

4. Procedure and examples

To design the reduced-order observer (22) with arbitrary set
of poles for the fractional descriptor system (1) the following
procedure can be used.

Procedure 1.

Step 1. Find the permutation matrix P and the nonsingular
matrix (15) transferring the matrix C' to the form (16).

Step 2. Find the elementary row operations matrix (2 such
reduced the matrix FP@Q; to the form (19) and using
(19) and (20c) compute the matrices F11, E21, Foao,
AH, Alg, Agl, A22 and Bl, BQ.

Step 3. Check the conditions (25) and (26) for some H €
R(n—p)xp,
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Step 4. Using Step 2. The matrix of elementary operations is equal Q2 = I
F = Ay —HAm (29) since
find the matrix H such that the pair (E22, F') has the L oo 0 100
desired eigenvalues located in the stability region .S;.. Q2EPQ; = 0000 100 -1
Step 5. Find the equation (22) of the desired fractional de- 0 0 01 00 1 0
scriptor observer. 001 0J[O OO0 1
Example 1. Consider the fractional descriptor system (1) with 010 0
the matrices -
10 00 0| | E1 O
1 0 0 O -1 0 2 1 - 0 0 O 1 - E21 E22 ’ (343)
o 0 0 0 0 A= 0 -2 0 0 ’ 00 1 0 )
0 0 0 1 0o 0 1 0 0 1 01
0 01 0 0 0 0 1 EH_[ ]7 Eo9y = ],
(30) 0 1 0
1 0
0 0
1 2 01 0 1 =
B = , C= . B = 0 0 ]’
1 0 10 0 0
0 1 -1 0 2 170 10 0
The system satisfies the condition (3) since Qs APQ, = -2 00 L 00 —1
0 1 0 001 0
s+1 0 -2 -1 0 0 0 1][l0o0 o0 1
0 2 0 0
det[Es — A] =
0 0 S — _ -2 0 0 2 _ A11 A12
0 0 1 0 Ay A | (34b)
=2(s +1)(1 —5%) #£0. 0 0 01
Using Procedure 1 we obtain the following: 0 -1 2 1
All - ) A12 - )
Step 1. In this case the permutation matrix P = I (the iden- -2 0 0 2
tity matrix) -
0 0 1 0
Aoy = ) Agp = )
CP:[Cl Cz}, o [oo 2 lo 1]
o = 1 o 0 1 1 g B
T ' ° 0 0|’ Q2B =14 = "
1 0 B
(32) (340)
c
010 0 L0 1
-1 -1
0, = Cy —Cy O 1 0 0 —1 b 10 . 10
0 In_p 0 01 0 =1 5 | 2= 10 1
0 00 1
Step 3. Using (25) and (26) we obtain
and
-1 s
Eogs — A -1
01 0 0 rank 228 2 —rank | ° =2
01 01 1 00 1 A ’ ! (33)
C =CPQ, = B 0 2
10 0 0 0 01 0
0 0 0 1 (33) for all seC
and for
1
_ 0 0 0 . - h11  his ,
01 0 0 ha1  haa

892 Bull. Pol. Ac.: Tech. 62(4) 2014
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deg{det[Fa2s — Aga + H A1a]} is described by the equation
—1+4+2h h 2h =
_ deg { det + 2011 s+ a1+ 2012 (36) 0 1 | d*z _ —10 O ot Uy
§+2ha1  —1+ hor + 2hg 1 0| dto -20 10 U
= 2 = rankFy;. 55 —2.75
n _
Therefore, the conditions (25) and (26) are satisfied. 10 —-9.5 4
Step 4. Using (29) we obtain or
1—2hy, —2h19 — h1y d%To _ [ —20 10 | . Uo
F=Ay—HA;,= . (37 o = T2+
22 12 [ oy 1 — 2hay — hay 1 (37 dt -10 0 uy
Let the desired eigenvalues of the pair (Faa, F') be sq1 = 10 —-9.5 |_
s42 = —10. Then 55 =275 |7

2h11 -1 s+ h11 —+ 2h12
§+2ha1  hai + 2hae — 1

= —5% — (2ha1 + hi1 + 2h12)s

det[EQQS — F] =

with the matrices

(38) 0 0 2 0
+ (2h11 - 1)(]121 + 2h99 — 1) — 4h19ho E = 0O 1 0], A= 0O 0 11,
= —(5+10)%? = —(s® 4 205 + 100) 0 1 00
for h11 = 72}112 1
0 1 1
and B=101 ¢= 1 2 ]
1
—2ho1 = =20,
39 . . .
(2h11 — 1)(hat + 2has — 1) — dhiahay = —100. (39) The system satisfies the assumption (3) since
Solving (39) we obtain (for example) 0 -2 s
— — — — 2 J—
hi =55,  hia = —2.75, det[Bs—Al=) 0 s -1 )=s"-2
(40) -1 0 2s
ho1 = 10, hoo = —9.5.
Using Procedure 1 we obtain the following:
Step 5. In this case from (21c) we have
go Step 1. In this case the permutation matrix P = I3
u = Bau — E21£ + A21y
CP:[ Cl CQ ]7
|10 " 0 0 |dvy 0 0 . 0 1 )
1o 1 00 |da o ol|?"" C = = ,
o 10 2
Y= EHW‘Z‘J — Ay — Biu
1) 0 1 2
lo 1]day [0 1];, [1 O]U 0; = ot o—crtoy | 0
= — = — = 0 I =
0 0| dt 2 0 1 2 n—p 00 1
d%yo
_ qo + Y2 — w1 7 and
—2y1 —Up — 2“2 72
— 0 1 1
where C=CPQ,= l L0 9 1 -1
Y1 uUp 1
Y= , u = .
The desired reduced-order fractional observer of the system - [ 01 0 1 '

Bull. Pol. Ac.: Tech. 62(4) 2014

(42a)

(42b)

Example 2. Consider the fractional descriptor system (1)

(43)

(44)

(45)

(46)

(47)
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Step 2. For the matrix and for H = [hy  ho]
00 1 0 1 -2 deg{det[E2s — Aga + HA12|} )
EPQi=10 1 0 10 -1 = deg[2s + 2 — h1] = 1 = rank sy = rank[2].
00 2 00 1 Therefore, the conditions (25) and (26) are satisfied.
(48)
Step 4. Let s4 = —8 be the eigenvalues of the pair (Eaq, F).
0 0 1 . .
N . Then using (29) we obtain
00 2 F = Ay — HAp9
-1
the matrix (5 has the form =[-2]—[h1 hs] =hy —2,
0 (54)
L 0 FEaosq— F = Easq+2—h
0, — 1 05 (49) 2254 = F2325q 1
1 =284+2—h1=—-14—h1 =0
and hy = 14 and ho arbitrary.
Using (19) and (20) we obtain Step 5. In this case from (21c) we have
11 0 0 0 1 _ d%y
U= Bou—FEoyy— + Aoy =u+ [0 1lly=u+ yo,
O2EPQ1 = | 0 1 05 10 -1 2 21 die 21Y [ ]y Y2
0 0 1 0 0 2 o
_ J=En"? - Auy— Buu
1 00 B >
— 110 0= 11 12 ’ 50) _ 1 0 ﬂ_ 2 0 oo 1 u (55
00 9 Es Ea 1 0| dtv 0 05 Y2 0.5
- dayl 2
0 0 o Y1 —w
By = ) IPES ) = dt
0 0 doy,
- Je + 0.5y2 — 0.5u
By =10 0], Eos = 2], .
The Eq. (22) of the desired reduced-order observer of the
system has the form
11 0 0 2 0 0 -2 o
Q2APQi=| 0 1 05 || 0 0 1 || 1 0 -1 dt‘? = 635+ 0.5u+ 0.5y + [T 0.5ha]7.  (56)
00 1 100 00 1 Note that the observer described by (56) is a classical observer
since det Foy # 0 (Remark 2).
2 0 -1
Ann A .
=1005 0 |= Ay Aw | 5. Concluding remarks
0 1 -2 Fractional descriptor reduced-order observers for fractional
descriptor continuous-time linear systems have been proposed.
Ao 2 0 Ao — -1 The designing procedure of the fractional descriptor observers
=100 o5 |7 2= 0o |’ has been proposed and illustrated on two numerical examples.
The considerations can be easily extended to fractional
Ay =10 1], Ag=[-2] descriptor discrete-time linear systems. An open problem is
B 1 an extension for fractional descriptor 2D continuous-discrete
B = s B , By —[1 linear systems.
@ B, "l os 1 2= [l
(51)  Acknowledgments. This work was supported by the National
Step 3. Using (25) and (26) we obtain Science Centre in Poland under the work No N N514 6389 40.
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