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Hierarchical mathematical models of complex plants
on the basis of power boiler example

WŁODZIMIERZ STANISŁAWSKI and MAREK RYDEL

The methodology of hierarchical linearized mathematical models construction of complex
plants to control purposes is presented in the paper. Thanksto the methodology, the one high
order model (flat, one level model), is replaced by a collection of models, which are placed at
different hierarchy levels. The models represent dynamic processes typical for each hierarchy
level, and omit fast dynamic processes significant at lower levels. The higher is hierarchy level,
the slower dynamic processes is described by the model and the lower is order of the models.
Multi-level model structure gives possibility of dynamic properties analysis by application of
aggregation procedure. One of the principal aggregation procedure is reduction of models at
individual levels of hierarchical structure. Such approach enables creating a reduced hierarchi-
cal model including a collection of models at every level of hierarchy, characterized by various
adequacy scopes and accuracy of the plant features approximation. The paper presents method-
ology of hierarchical complex plants models creation on theexample of evaporator of the BP–
1150 boiler. Each of the subsystem at individual level of model hierarchy is a multi-input and
multi-output causal systems.

Key words: once-through steam boiler, reduced hierarchical model, complex model reduc-
tion

1. Introduction

Very intensive increase of calculation capacity of computers is observed in last years
as well as a development of software for complex plants modeling and simulation, which
results in a fast growth of mathematical models complexity.Particularly significant for
the models complexity is development of programmes for modeling of distributed pa-
rameter systems by means of the finite elements method. Such programmes automati-
cally generate thousands of finite elements, and obtained mathematical models include
thousands of state variables. This high complexity of mathematical model involves long
computer simulation times, significant demand for processors’ calculation capacity and
numerical problems which appear especially with highly stiffness models.

To simplify building models of the complex plants it is necessary to apply a multi
level (hierarchical) structure of the model and its decomposition into a series of subsys-
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tems which are simpler to be modeled. The key issue of such model construction is the
fact, that only the lowest (zero) level subsystems are described by a set of differential
and algebraic equations. At all higher levels the model includes subsystems of directly
lower level with topology of connections between them.

Simulation programmes (e.g. MATLAB /Simulink) make the technology of hierarchi-
cal models construction possible, by simple linking of causal subsystems. It should be
noted however, that hierarchical construction of models incalculation environment is
related solely with the functionality of a graphic editor (nesting and masking operations
of subsystems models). In the computer memory, the model is stored as a system of al-
gebraic and ordinary differential equations. Such model isvery complex and difficult to
be analyzed due to its high order, therefore it is impossibleto draw a conclusion about
dynamic properties of such system.

Multilevel model structure with models decomposition on individual level of hierar-
chical structure gives a possibility of the plant dynamic properties analysis by means of
aggregation procedure. Aggregation is opposed to the decomposition. One of the prin-
cipal aggregation procedure is reduction of models at individual level of hierarchical
structure. This approach enables creating a reduced hierarchical model which includes
a collection of models at every level of hierarchy, characterized by various adequacy
scopes and accuracy of the plant properties approximation [25].

During reduction, the primary model is approximated by a lower order model, which
assures the required approximation accuracy. The reduction operation allows for elimi-
nating complex phenomena and dynamic processes which are not significant at a given
hierarchical level. Therefore reduced model omits part of phenomena which appears
in the actual plant. It is characterized with a limited adequacy scope. In linear case it
is determined by a range of frequencies in which the model approximates the plant’s
properties with determined accuracy. For instance zero frequency is the lowest one of
the adequacy scope for the control plants models, which points the accordance of the
reduced models with primary models in steady state.

Reduced mathematical models, adequate in a limited frequency range are also nece-
ssary due to:

• shortening of the computer simulation time,

• facilitating application of the models in a real time control systems,

• application for design of control systems.

2. Concept of hierarchical model construction

Plant model decomposition into a series of simple subsystems is widely applied
method of complex plants and control systems modeling. The decomposition procedure
is carried out as long as determining of the lowest (zero) level subsystems models is
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possible and feasible. Graph in Fig. 1 illustrates the complex plant model decomposition
diagram (L refers to absolute number of model levels, whereasl refers to relative one).
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Figure 1. Complex plant subsystems model structure

As a rule, the procedure of decomposition is not complex. Simulation programmes
(e.g. MATLAB /Simulink) make the technology of hierarchical models construction possi-
ble, by simple linking of causal subsystems. Only the zero level subsystems are described
by a set of differential and algebraic equations. At all higher levels the model includes
subsystems from the lower level with a given structure of connections. On this basis the
model onl -th level may be presented as a set of subsystems models of level l−1, with
the following topology of connections between the subsystems:

Sl =
〈

Si
l−1,Pl

〉

; for i = 1,2, . . . ,nl−1 (1)

where:nl−1 - number of subsystems onl−1-th level of hierarchy,Pl - set of connections
between subsystems, at levell .

Individual subsystems at levell−1 are causal systems, with input vector

U i
l−1 =

[

ui,1
l−1,u

i,2
l−1, . . . ,u

i,m
l−1

]

, output vectorYi
l−1 =

[

yi,1
l−1,y

i,2
l−1, . . . ,y

i,p
l−1

]

and state vector

Xi
l−1 =

[

xi,1
l−1,x

i,2
l−1, . . . ,x

i,n
l−1

]

. Every subsystem is described by a transition and output

operators ofH i
l−1,G

i
l−1:

Xi
l−1 = H i

l−1

(

U i
l−1

)

Yi
l−1 = Gi

l−1

(

U i
l−1,X

i
l−1

)

.
(2)

Connections of individual subsystems at levell may be described by means of various
methods, especially with:

• block diagram (graphic method of model structure representation at levell ),

• zero-one connections matrix.
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Model decomposition at a given hierarchy level can be carried out in any way, conside-
ring a series of criteria:

• technological structure of the plant (division into individual technological de-
vices),

• status of a working media (e.g. steam, water, two-phase medium etc.),

• physical, chemical and other phenomena within the plant.

It may be stated in general, that the model creator determines individual subsystems and
defines the assumed borders between them.

The basic feature of a hierarchical model is the fact, that the model includes a whole
series of models at individual levels of the hierarchy. At every level we meet aggregated
models obtained on the basis of subsystem models of the lowerlevel. As a result of ag-
gregation, the model of a given level includes individual subsystems models properties,
and takes into account the connections between the subsystems, especially the feed-
backs. Moreover, the aggregated model at a given level of hierarchy includes only the
dynamic processes which are significant at this level, and omits the dynamic processes
which are significant at the lower hierarchy levels (these are usually faster processes).
For instance the mathematical model of a steam boiler does not take into account sound
phenomena (pressure changes displacement) in the evaporating tubes.

The subsystems models have got a precisely determined adequacy scope at indivi-
dual hierarchy levels, which for the linearized models is defined by the limit frequency
ωmax. The scope of adequacy of the subsystem model at a given hierarchy level results
from the scopes of lower level subsystems adequacy and requirements (e.g. related to
the control systems design).

3. Models aggregation

Aggregation may be understood as a conclusion about the model properties at a given
hierarchy level, on the basis of subsystems models of the level directly below it and
the topology of connections between them [25, 28]. Models ofhigher hierarchy levels
subsystems are aggregated and represent significant properties for a given level. Model
aggregation can be carried out in two ways, by application ofthe reduction procedure
or by model abstraction at individual hierarchy levels. Using the first and the second
procedure at a given hierarchy level, the model of simplifiedstructure is obtained if
compared with the model obtained by connection of lower level subsystem models [31].

As a result of reduction, in the reduced model, the set of input variables remains
unchanged if compared with the primary model. However, the state coordinates change,
so that the reduced model outputs reflect the outputs of the primary model with assumed
accuracy (Figure 2) [1].
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As a result of abstraction, the lower order model is constructed, which is charac-
terized by other inputs, outputs and state vector [22]. The purpose of abstraction is to
determine transformation of the state vectorx into vectorg = Px, so that the new model
(called abstraction) has got given properties if and only ifthe primary model is charac-
terized by determined properties. It is referred to propagation from macro model (ab-
straction) to micro model (primary model) [22] (Fig. 2).

Reduced

model

Primary

model

reduction

u(t)

u(t) y(t)

yr(t) Abstract

model

Primary

model

abstraction

u(t)

v(t)

y(t)

z(t)

Figure 2. Idea of model reduction and abstraction

The task of linear model reduction can be presented as follows: according to
the stable (or unstable) model of ordern (3), a reduced model of orderk should
be determined (4), wherek < n, such that the determined approximation error norm
‖y(t)−yr (t)‖ reaches the minimum value. The respective models can be expressed as
follows:

ẋ(t) = Ax(t)+Bu(t)

y(t) = Cx(t)+Du(t)
(3)

ẋr (t) = Arxr (t)+Bru(t)

yr (t) = Crx(t)+Dru(t)
(4)

where: A∈R
n×n, Ar ∈R

k×k, B∈R
n×p, Br ∈R

k×p, C∈R
m×n, Cr ∈R

m×k, D∈R
m×p,

Dr ∈R
m×p.

The reduced model state vectorxr is related with the primary model state vectorx by
transformationxr = Tx. There are many algorithms that can be applied to determine the
matrix T [1, 2, 3, 10, 12, 17, 18, 20, 21, 23, 27, 33, 34, 35].

Number of methods enable complex model reduction. For models containing less
than 104 of the state variables, the highest approximation accuracy(which assures a
reduced model stability) is provided by group of methods based on Singular Value De-
composition (SVD) [1, 2, 13].

Contrary to the reduction, abstraction does not approximate the properties of primary
(complex) model by its lower order approximation. Its purpose is to determine a new
model of primary model properties. To determine the controllability of complex model,
conditions have been determined under which controllability of the abstract model im-
plies controllability of the primary model [22].
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4. Hierarchical model of the BP–1150 boiler evaporator

4.1. Steam boiler BP–1150

BB-1150 and BP–1150 boilers included in the power units of 360 MW are monotube
boilers based on the SULZER structure. Water separation at the outlet of the evaporator
takes place in the vertical separator. In case of 30-85% charges, the unit works at a sliding
pressure, whereas for higher charges, it works at a constantpressure. The BB–1150
and BP–1150 are one-way boilers, about 100 [m] high. The BP–1150 boiler evaporator
contains evaporating tubes of a vertical membrane type which constitute the furnace
walls, separator, mixer, filter, circulation pump and the connecting tubes (Fig. 3).

4.2. Structure of the hierarchical model of the BP–1150 boiler evaporator

General diagram of BP–1150 boiler showing hierarchical model structure, with par-
ticular focus on the evaporator model is presented in Fig. 4 [28, 29]. At 3-rd level, the
evaporator model is connected with the models of other boiler devices. Operator descrip-
tion of the unit named ‘evaporator’ is as follows:

[PsepHsep]
T = evaporator

(

[Mst q∼ Msa M f w hf w]T
)

. (5)

The evaporator model includes models of the following subsystems: evaporating
tubes, separator, mixer, filter, circulation pump, steam attemperators supply node, and
connecting tubes. Individual evaporator subsystems’ models may be described by in-
dicating input vectorsU i

2, output vectorsYi
2 and by determining operators describing

individual subsystemsF i
2:

Evaporating tubes:

[hsepMsepPw]T= evaporator.evaporatingtubes
(

[Mw q∼ hw Psep]
T
)

Separator:

[PsepHsep]
T= evaporator.separator

(

[Mmin MsephsepMst]
T
)

Mixer:

[Mmin hmix]
T= evaporator.mixer

(

[Mcp M f w hf w Psep]
T
)

Filter:

hf = evaporator.filter
(

[Mcp hf in]
T
)

Circulation pump:

Mcp= evaporator.pump
(

[PsepPw HsepMmin]
T
)

Steam attemperators supply node:

Mw= evaporator.attemperatorsnode
(

[Mcp Msa]
T
)

(6)
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Connecting tubes:
hf in = evaporator.connectingtubes1 (hmix)
hw = evaporator.connectingtubes2 (hf ).
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Figure 3. Simplified diagram of the BP–1150 boiler evaporator
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Figure 4. Hierarchical structure of the BP–1150 boiler model

Connections of subsystems models of BP–1150 boiler evaporator model are pre-
sented in form of a block diagram, in Figure 5.

The following BP–1150 boiler evaporator model subsystems:separator, mixer, fil-
ter, circulation pump, connecting tubesdo not include lower level subsystems. Theeva-
porating tubesmodel includes four following subsystems:one-phase zone, two-phase
zone I, two-phase zone II, andtwo-phase zone III(these are the first level subsystems):

• one-phase zoneextends from the inlet of the evaporating tubes to the section where
volume boiling of water begins (water enthalpy reaches value h′(P)) - section of
ZI coordinate,

• two-phase zone Iwith high heat charge and intensive steam generation, extending
from theZI coordinate section to the place where the evaporating tubesare covered
by the wall superheater (level 36.5 m),

• two-phase zone IIwith zero heat charge, due to the cover by the wall superheater,

• two-phase zone IIIwith insignificant heat charge and smaller flow velocity (eva-
porating tubes of larger diameter).
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The border section between one-phase and two-phase zones has got changeableZI

location and moves withUI velocity. The structure of evaporating tubes model of BP–
1150 boiler evaporator in form of block diagram, is presented in Figure 6.
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Figure 5. BP–1150 boiler evaporator model structure (CP1, CP2 - connecting pipelines, F - filter)
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Description of individual subsystem models of the evaporating tubes is as follows:

One-phase zone:

[ZI UI PN1 hN1 MN1ΘN1VN1 Pw]T= evaporator.evaporatingtubes.

.one-phase
(

[Mw q∼ hw ΘN1+1 PN1+1]
T
)

Two-phase zone I:

[hII MII W2II ΘN1+1 PN1+1]
T= evaporator.evaporatingtubes.

.two-phase I
(

[q∼ ZI UI PN1 hN1 MN1ΘN1VN1 PII ]
T
)

Two-phase zone II:

[hIII MIII W2III PII ]
T= evaporator.evaporatingtubes.

.two-phase II
(

[q∼ hII MII W2II PIII ]
T
)

Two-phase zone III:

[hsepMsepPIII ]
T= evaporator.evaporatingtubes.

.two-phase III
(

[q∼ hIII MIII W2III Psep]
T
)

.

(7)

At level no. 1 of the BP–1150 boiler model there are models of individual zones
which have been determined by various kind of working mediumflow in evaporating
tubes. Individual subsystems of evaporating tubes are distributed parameter systems
along the length and along the radius and circumference of the tubes, as well as along
the connecting blades, creating the furnace walls. In the evaporator model with lumped
parameters, the individual zones of the evaporating tubes have been divided along their
length into large number of finite elements. Dimensions of finite elements are chosen to
describe them by ordinary differential equations, as the systems with lumped parameters.

Particular feature of the one-phase and the first part of the two-phase zone models is
shifting of the boundary sectionZI with velocityUI (section with boiling water). For this
reason, all finite elements of the one-phase zone model and first part of the two-phase
zone model have got changeable dimensions and move along theevaporating tubes. For
linearized models analyzed in the paper, displacements of the boundary sectionZI are
inconsiderable, so it is assumed thatZI = const and finite elements have got constant
dimensions [28]. Exemplary model structure for second partof the two-phase zone is
presented in Figure 7.

4.3. Mathematical models of the evaporator subsystems

4.3.1. Evaporating tubes

To describe phenomena in evaporating tubes, single tube with medium mass flow of
working medium and average heat charge is considered (thereare 1344 parallel tubes in
the evaporator). Inner diameter of the tube is 0.02 m and its length is about 100 m. So it is
possible to analyze the evaporating tubes as a system with distributed parameters along
the length (one-dimensional distributed parameter system). Balance equations describing
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Figure 7. Two-phase zone II model structure

water flow in one-phase zone are as follows (balance of mass, energy and impulse of
working medium) [28]:

∂M
∂z

= −
∂ρ
∂t

ρ
∂h
∂t

+M
∂h
∂z

−
∂P
∂t

−
M
ρ

∂P
∂z

= q′
d (8)

∂M
∂t

+2
M
ρ

∂M
∂z

−
M2

ρ2

∂ρ
∂z

+ ρgcosβ+103∂P
∂z

+ f
M2

ρ
= 0

where:M = M (z, t) = ρw, ρ = ρ(z, t) = ρ(P,h), h = h(z, t), P = P(z, t), ϑ = ϑ(P,h),

α = α(P,h,M,q), q′
d =

4(Θin −ϑ)α
d

- the heat flux related to volume unit of working

medium.
For one-dimensional two-phase flow, balans equations are asfollows:

∂M
∂z

= −
∂ρ
∂t

ρ
∂h
∂t

+M
∂h
∂z

−
∂P
∂t

−
M
ρ

∂P
∂z

= q′
d −

∂
∂z

[

M
(w2

w
−1
)

(

h−h′
)

]

(9)

∂M
∂t

+2
M
ρ

∂M
∂z

−
M2

ρ2

∂ρ
∂z

+ ρgcosβ+103∂P
∂z

+ f
M2

ρ
= 0
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where: M = M (z, t) = ρw, ρ = ρ(z, t) = ρ(P,h), h = h(z, t), P = P(z, t), c =
h−h′

h21
,

w2

w
=

1

c+
1−c

S

, S= f (M,P,h).

Lumped parametr model is obtained by division evaporating tube into several finite
elements. Individual finite elements have got small dimensions to constitute dynamic
systems with lumped parameters (described by odrinary differential equations) (Fig. 8).

Mk

hk

Pk

Mk-1

hk-1

Pk-1

qk

ZkZk-1

qdk

Figure 8. Finite element of the evaporating tube model

Balance equations describing water flow ink-thfinite element of the one-phase zone
have got the following form:

∆Zk

(

∂ρ
∂P

)

k

dPk

dt
+ ∆Zk

(

∂ρ
∂h

)

k

dhk

dt
= Mk−1−Mk

∆Zk ρk
dhk

dt
−∆Zk

dPk

dt
= Mk−1 (hk−1−hk)−

−
Mk−1

ρk−1
(Pk−1−Pk)+

qdk

A
∆Zk

(10)

∆Zk ρk
dMk

dt
=

M2
k−1

ρk−1
−

M2
k

ρk
−

−∆Zkρk gcosβ− (Pk+1−Pk)103−∆Zk fk
M2

k

ρk

where:qink = ∑Nα
i=1

πd

Nα
αk

(

Θi,1
k −ϑk

)

,

whereas fork-th two-phase zone section:

∆Zk

(

∂ρ
∂P

)

k

dPk

dt
+ ∆Zk

(

∂ρ
∂h

)

k

dhk

dt
= Mk−1−Mk
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∆Zk ρk
dhk

dt
−∆Zk

dPk

dt
= Mk−1(hk−1−hk)−

Mk−1

ρk−1
(Pk−1−Pk)+

+
qdk

A
∆Zk +Mk−1

[

(w2

w

)

k−1
−1

]

(

hk−1−h′
)

−

−Mk

[(w2

w

)

k
−1
]

(

hk−h′
)

(11)

∆Zk ρk
dMk

dt
=

M2
k−1

ρk−1
−

M2
k

ρk
−∆Zkρk gcosβ−

− (Pk+1−Pk)103−∆Zk fk
M2

k

ρk
.

Working medium parameters in the two-phase zone are pressure P and enthalpyh func-
tions:

ρ = f (P,h) =
1

(1−c)v′ +cv′′
=

h21

v21

1

h−
h′v′′−h′′v′

v21

h21 = h′′−h′, v21 = v′′−v′, c =
h−h′

h21

h′ = h′ (P) , h′′ = h′′ (P) ,

(

∂ρ
∂h

)

k
= −

ρ2
k v21

h21
(12)

(

∂ρ
∂P

)

k
=

ρk v21

h21

d
dP

(

h21

v21

)

+
ρ2

k v21

h21

d
dP

(

h′v′′−h′′v′

v21

)

.

Equations (10) and (11) should be completed with the relations describing the heat trans-
fer, from the furnace chamber, along the radius and the tube wall cimcurference, as well
as along the connecting blade.
Tube wall:

dΘi, j
k

dt
=

4λtw

ρtw ctw∆

[

(d+2 j∆)
(

Θi, j+1
k −Θi, j

k

)

− (d+2( j −1)∆)
(

Θi, j
k −Θi, j−1

k

)]

[

(d+2 j∆)2− (d+2( j −1)∆)2
] +

+
4N2

α ∆λtw

π2ρtw ctw [d+(2 j −1)∆]

Θi−1, j
k −2Θi, j

k + Θi+1, j
k

[

(d+2 j∆)2− (d+2( j −1)∆)2
]
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dΘi,1
k

dt
=

4(d+2∆)λtw

ρtw ctw∆
[

(d+2∆)2−d2
]

(

Θi,2
k −Θi,1

k

)

−

−
4dαk

ρtw ctw

[

(d+2∆)2−d2
]

(

Θi,1
k −ϑk

)

+

+
4N2

α ∆λtw
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where:∆ =
D−d

2Ntw
, Ntw - number of layers in the tube wall,D, d - inner and outer tube

diameter,Nα - number of elements in the tube wall cimcurference,Lbl - length of the
connecting blade.
Connecting blade:

dΘl
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)

+

+
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dΘNbl
bl k

dt
=

λbl

∆2
bl ρbl cbl

(

ΘNbl−1
bl k −ΘNbl

bl k

)

+
Lbl

D+Lbl

1
Nbl δbl ∆bl ρbl cbl

qk

where:δbl - thickness of the connecting blade,∆bl =
Lbl

Nbl
.

Diagram of the tube wall and connecting blade digitizing is presented in Fig. 9.

4.3.2. Separator

The role of separator in once-through steam boilers by SULZER is separation of
water from the steam-water mixture leaving the evaporatingtubes. Separator constitutes
cylindrical vertical container, with length ofLsep≈ 34m., inner diameterd = 0.8m. and
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Figure 9. Digitizing of the tube wall, including irregularities of the heat stream along the tube circumference

external diameterD = 0.94m. Steam-water mixture is supplied to the top part of the
separator with the velocity about 16m/s, through tangent connecting tubes. Via the bot-
tom connecting tubes, also tangent, water is supplied to themixer, with velocity about
2.5m/s. The mechanism of water separation in the field of centrifugal forces in the
separator is very complex process, dependent on series of physical, construction and
exploitation parameters.

Separator is the system with four input values:Mst, Msep, hsep, Mmin, and two output
values:Psep, Hsep. A lumped parameters model of the separator is used in this paper,
based on balance of mass and energy of the working medium, as well as the heat energy
in the steel thick wall [28].

The balances of mass and energy of the working medium in the separator are as
follows:

[

a b

c d

]







dPsep

dt
dHsep

dt






=

[

M∗
sep−M∗

p −M∗
kond

M∗
seph

∗
sep−M∗

p h′′−M∗
kondh′−πdαLsep(ϑ−Θ1)

]

(15)

where:a = AzHsep
dρ′

dP
+(V −AzHsep)

dρ′′

dP
, b = Az(ρ′−ρ′′),

c = AzHsep
d(ρ′h′)

dP
+(V −AzHsep)

d(ρ′′h′′)

dP
, d = Az(ρ′h′−ρ′′h′′).
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The separator’s steel wall is described by the following state vector:
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dt
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Calculations indicate that the separator is unstable subsystem. This instability is re-
lated with pressure dependency of dry steam and the boiling water parameters. The pole
of the separator model (Fig. 10), which implies instability, depends strongly on the boiler
load. The pole value is greatest for 100% load [28]. Instability of the separator influences
instability of the whole evaporator.
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Figure 10. The separator’s eigenvalues

Mathematical models of the remaining evaporator subsystems (mixer, filter, connec-
ting tubes and circulation pump) have been described in [28]. They are postponed here
due to their simplicity.
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All obtained models were implemented in MATLAB /Simulinkenvironment. On the
basis of these models, linearized models were developed at agiven working point of a
BP–1150 boiler (e.g. at 100% load).

5. Evaporator model reduction at individual hierarchy levels

Once-through evaporator mathematical model (elaborated on the basis of the liquid
mechanics and thermodynamics rules for mass, energy and momentum balance equa-
tions) has been characterized with a high degree of complexity. It is significantly diffi-
cult to be used directly to programme methods of dynamic properties analysis as well as
to synthesize control algorithms. The basic problem becomes then the choice of proper
reduction methods, so that the model complexity is limited,while dynamic features (sig-
nificant at a given hierarchy level) are preserved.

5.1. Scopes of evaporator models adequacy at individual hierarchy levels

The elaborated evaporator models have been analyzed for a wide frequency range
(up to 1000 [rad/s]), however adequacy scope of the primary model is limited due to the
following simplifying assumptions:

• the steam-water mixture is in a state of thermodynamic balance (this assumption
is valid for ω < 100 [rad/s]),

• the simplification of heat energy transport along the pipe wall model (applied
model assures adequacy for frequenciesω¬ 20 [rad/s]),

• applied density of space variable digitizing assures adequacy up to about 20 [rad/s]
[28, 30].

We can assume, that adequacy scope of evaporator models is less or equal to
20 [rad/s]. Individual dynamic processes take place with various velocities and they can
be placed in different frequency scopes:

• ω < 0.2 [rad/s]
Within this frequency scope, there are dynamic processes related to the accumu-
lation of heat in the pipe walls and in the working medium, as well as to the
heat exchange between the pipe walls and the working medium.The limit fre-
quency value for this scope results from the working medium particle flow time
through the evaporating tubes(τp ≈ 30s) ω = 2π/30≈ 0.2 [rad/s]. It means that
there exist dynamic processes in this frequency scope whichare longer than the
time spent by the working medium particle in evaporating tubes and the mass
transport processes are not noticeable.

• 2 > ω > 0.2 [rad/s]
There are dynamic processes noticed in this frequency scopewhich are related to
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the working medium transport along the evaporating tubes, and also to the density
and changes of working medium enthalpy. Maximum frequency for this scope
results from the time spent by the particle of the working medium in the first part
of evaporation zone (the shortest time spent by the particleof working medium in
all parts of evaporating tubes)(τ ≈ 3.0s) ω = 2π/3≈ 2 [rad/s].

• ω > 2 [rad/s]
There are phenomena in this frequency scope which are related to the transfer
of the mass flow and pressure changes along the evaporating tubes. The pressure
changes transfer time along the evaporating tubes isτ ≈ 0.5 [s]. Pressure changes,
after being reflected from the other end of the evaporating tubes return after about
1 [s] which causes, that the first maximum in the frequency response induced by
the pressure changes transfer, appears at the frequencyω = 2π/τ ≈ 6 [rad/s].

Fig. 11 shows example of magnitude frequency response of theevaporating tubes
for BP–1150 boiler in order to illustrate the above defined frequency scopes.

Connecting of model reduction methods with evolution algorithms (which are aimed
to determine optimal parameters for reduction methods) enables effective determining
of reduced models for chosen approximation errors and adequacy scopes [25]. Obtained
models may be useful not only for control systems design but also for simulation and
analysis of the evaporator dynamic properties.

Due to the problem of stability of the reduced hierarchical model, it becomes ne-
cessary to implement the idea of approximation scope. This idea is close to adequacy
scope and for the linear systems can be defined as frequency scope for which the re-
duced model correctly approximates properties of the primary model. Both terms are
identical to frequency 20 [rad/s], for the evaporator subsystems models. Out of the range
reduced model cannot be called adequate (primary model for this scope of frequency is
inadequate), but correctly approximating the primary model features. Fig. 12 presents
sample adequacy and approximation scopes for reduced models.

5.2. Linearized models reduction methods

Most of contemporarily used methods of linear models reduction can be divided into
three groups [1, 2]:

• Methods based on SVD (Singular Value Decomposition), which use the balanced
model realization theory.

• Krylov-based approximation methods, based on moment matching of the impulse
response.

• Methods which connect the advantages of the both SVD and Krylov group.

Model reduction methods based on SVD have been commenced with Moore’s works
[20]. The concept of balanced model realization was a turning point in the field of dy-
namic linear models reduction. It constitutes an easy way todetermine the dominating
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Figure 11. Mass flow magnitude frequency response at the outlet of evaporating tubes for heat stream
imposing

Gr2 - adequacy scope

= approximation scope

G, Gr1- adequacy scope

Gr1- approximation scope

Figure 12. Adequacy and approximation scopes for reduced models

part of the model and reduction by ’cutting’ the matrices describing dynamics of the
model in state space (Balanced Truncation). The concept of model balanced realization
became the basis for elaboration of BTA reduction method (Balanced Truncation Ap-
proximation) [20]. Main advantages of this reduction method is guarantee of reduced
model stability and possibility to estimate the approximation error. This method was
elaborated preliminarily for asymptotically stable linear models and became the basis for
developing unstable models reduction methods [6]. Many modifications of BTA method
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have also been created to eliminate its defects e.g.: SPA (Singular Perturbation Ap-
proximation) [6, 19]. This method significantly improves approximationof frequency
responses for steady state and for low frequencies.

In 1984 an optimum reduction method was presented with regard to the Hankel
norm (Hankel Norm Approximation) [10]. HNA method guarantees a double smaller
maximum approximation error than BTA, however, it is loadedwith higher calculation
complexity of the algorithm.

More general than BTA metod are FW methods (Frequency Weighted), which in-
troduce weight frequency functions (Wi - input weight function andWo - output weight
function). Proper selection of the weight functions enables significant improvement of
the model approximation results for a given frequency scope. The first method of this
type was proposed by Enns in 1984 [7], however, the presentedalgorithm did not gua-
rantee stability of reduced model for simultaneous application of both weight functions.
This disadvantage was removed in algorithms proposed by Linand Chiu and Wang [34].

Frequency weights are also possible to be introduced directly. Two methods can be
distinguished: FD (Frequency Domain) [1, 2, 9, 25, 36], if gramians are determined in
frequency domain and TLBT (Time Limited Balanced Truncation) [1, 2, 9, 14] for time
domain.

TheBalanced Stochastic Truncation- BST methods constitute a separate group of
methods [1, 4, 21], determining gramians from Riccatti equations. The methods enable
determining reduced model of assumed relative approximation error. However, applica-
tion of BST method is possible only for stable square models (p = m) [1, 21].

Disadvantage of methods based on SVD is considerable numerical complexity of
the reduction algorithms. In spite of their unquestionableadvantages, including first of
all the reduced model stability, the methods are not practically used for models of state
variables number higher than 104. It is caused by a significant calculation complexity
and impractical nature of gramians.

For systems with more than 104 state variables the Krylov-based approximation
methods are proposed [1, 2]. They are characterized with smaller calculation complex-
ity. Main disadvantage of these reduction methods are lack of stability guarantee of the
reduced model (for significant part of the elaborated algorithms). These methods are usu-
ally characterized with less accurate approximation of thefrequency response as com-
pared with BT methods, especially with methods implementing frequency weighs [13].

One of the simplest reduction approach based on the method ofmoments is AWE
method (Asymptotic Waveform Evaluation), proposed by Pillage and Rohrer in 1990
[24]. The method utilizes the fact that the transfer function of primary model, presented
as asymptotic series expansion at two pointss= 0 ands= ∞ of the complex plane,
can be well approximated with Pade polynomial. Direct determining of the moments
values is, however, difficult because of numerical reasons.This limits significantly the
usefulness of the method for reduction purposes [8].

Much better are algorithms basing on Krylow subspace determining [1, 5]. The
methods require determining of orthonormal basis. Two algorithms are the most impor-
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tant: Arnoldi algorithm (modified Gram-Schmidt orthogonalization) and asymmetrical
Lanczos algorithm.

The Krylov-SVD methods enable replacing a time consuming calculation of gra-
mians from Lapunov equations by determining their approximation [1, 3, 11, 18, 23]).
Similar principle was used for determining gramians decomposition with POD algorithm
(Proper Orthogonal Decomposition) [15].

The most advantageous method [16, 25, 32] for the reduction of the evaporator sub-
systems models is the FW method with output weight functionsin the form of Butter-
worth low-pass filters, determined by two parameters: filterordernf and the limit fre-
quencyω f . Number of calculations showed, that the choice of output filters parameters
significantly influences the primary model approximation error. Criterion of approxi-
mation correctness should include the relative maximum error and the relative average
square error [25, 26]:
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ωi∈(0−ωmax)
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max
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where:p - number of model inputs,m - number of model outputs,N - number of ap-
proximation points in frequency domain.

The approximation error is a function of weight filters parameters and includes a
lot of local extremes while determining optimal parametersof weight filters, thus global
optimization methods should be applied. To obtain an exact result it becomes necessary
to apply hybrid algorithms, coupling global and local search algorithms. The evolutio-
nary algorithms with variable population are used in this paper. Very good properties are
obtained by application of two level hybrid algorithms [25].

5.3. Reduction of the first level models

The first level of the evaporator model includes one-phase and two-phase zones mo-
dels which are a part of the evaporating tubes model. They include number of connected
finite elements models, which are the 55-th order system each:

• One-phase zone - 150 finite elements,

• Two-phase zone I: - 50 finite elements,

• Two-phase zone II: - 75 finite elements,

• Two-phase zone III - 200 finite elements.
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The models obtained on the basis of digitizing and description of individual finite
elements by ordinary differential equations are very complex and include a few thousand
state variables. Models at a given hierarchy level include insignificant, sometimes very
fast, dynamic processes. Moreover, mathematical models have got a defined adequacy
scope due to accepted simplifying assumptions. A model reduction is therefore necessary
in order to eliminate fast dynamic processes from the models.

The most favorable for the evaporator subsystems models reduction is FW method.
Number of outputs is smaller than inputs, thus it is more advantageous to apply output
weights. FW algorithm with output weights is then applied toreduce of all evaporator
subsystems.

The approximation error is presented in Fig. 13 as a functionof the reduced model
order for individual evaporating tubes zones. To determinethese curves the evolutionary
algorithm minimizing average square relative approximation error (∆6) for the scope of
frequencies 0−20 [rad/s] is applied. It can be noticed, that for all evaporating tubes
zones, the approximation error is reduced exponentially with the increase of the reduced
model order. It is possible to determine the approximated order of reduced model for a
given value of approximation error. Results of the first level subsystems reduction are
presented in Table 1.
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Figure 13. Model approximation errors of the reduced models

Fig. 14 includes a ‘cloud’ of eigenvalues for the following evaporating tube zones
models: primary model and reduced models with approximation scopes 500 [rad/s],
20 [rad/s] and 2 [rad/s] (OPZPM, OPZRM500, OPZRM20, OPZRM2). The primary
model is characterized with high stiffness (ratio of eigenvalues modules reaches the value
of 104), which causes significant difficulties followed from numerical solving of diffe-
rential equations. In reduced models a significant stiffness restriction is obtained (e.g.
for reduced model adequacy scope 20 [rad/s], the ratio of eigenvalues modules does not
exceed 102).
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Table 1. The first level subsystems models reduction results

One-phase
zone

Two-phase
zone I

Two-phase
zone II

Two-phase
zone III

Adequacy scope ωmax= 2 [rad/s]

Reduced model order 18 13 17 22

∆3 Approximation error 6.8% 4.9% 7.6% 9.0%

∆6 Approximation error 1.1% 0.4% 1.1% 1.1%

Adequacy scope ωmax= 20 [rad/s]

Reduced model order 33 29 35 52

∆3 Approximation error 7.8% 8.2% 8.9% 7.7%

∆6 Approximation error 1.1% 0.7% 1.1% 0.6%

Adequacy scope ωmax= 500 [rad/s]

Reduced model order 68 78 113 242

∆3 Approximation error 6.8% 9.8% 7.9% 7.3%

∆6 Approximation error 0.7% 0.6% 0.7% 0.3%
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Figure 14. Eigenvalues of the one-phase zone and evaporating tubes models

5.4. Reduction of the second hierarchy level models

Evaporating tubes model (the second level of the evaporatormodel hierarchy) is
obtained as a result of connecting the first level reduced subsystems models (one-phase
zone and three parts of two-phase zone) (Fig. 15). Dependingon accuracy of dynamics
analysis of individual evaporating tubes parts, models of various adequacy level may
be used. Maximum frequency for which reduced first level models remain adequate is
20 [rad/s].
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As presented in Fig. 15, there are feedbacks in the model of evaporating tubes which
result from the transfer of working medium pressure changesin the direction of the work-
ing medium flow and in the opposite direction. The feedbacks interact very weakly at
low frequencies; for high frequencies the gain in the feedback loop exceeds 10 (Fig. 16).
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Figure 15. Evaporating tubes model structure

As the reduced models of one-phase zone and the individual parts of two-phase zone
approximate correctly the frequency response only forω < 20 [rad/s], approximation
errors for higher frequencies were not considered as a criterion of reduced model choice.
It may therefore turn out that after closing loops of feedbacks for reduced models, the
evaporating tubes model will be unstable. The models with adequacy scope 20 [rad/s]
may therefore be useful only for dynamic phenomena analysisin individual evaporating
tubes parts, without possibility to be applied in creating an evaporating tubes model.

Fig. 16 presents frequency response magnitude and phase of open loops for the first,
second, and third feedback loops. Open system gain for high frequencies significantly
exceeds the value 1.
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Figure 16. Frequency response magnitude and phase for the first, second and third open feedback loops

A very strong activity of the feedbacks for high frequenciesmeans that in order to
guarantee evaporating tubes model stability, obtained by connecting of individual parts
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models, one requires correct approximation of subsystems frequency responses in the
scope up to 500 [rad/s], and for the one-phase zone even to 1000 [rad/s] (models orders
and approximation errors are presented in Table 1). Such a wide scope of evaporating
tubes subsystems models approximation involves their highorder and significant com-
plication, at unchanged adequacy scope 0−20 [rad/s]. The model of evaporating tubes
obtained on the basis of particular zones reduced models connection at approximation
scope up to 500−1000 [rad/s], may be then reduced with maintaining adequacyscope
of 20 [rad/s].

From the point of view of evaporating tubes model stability,achieved on the basis
of reduced models of individual subsystems, it is advantageous to apply reduced models
of one-phase zone and individual two-phase zone parts obtained for the adequacy scope
2 [rad/s]. Obtained in this way subsystems models are of a loworder, which causes,
that the frequency responses magnitude is quickly reduced,and after closing feedbacks
the evaporating tubes model remains stable. It is unfortunately happening at the cost of
limiting the evaporating tubes model adequacy scope to 2 [rad/s].

Each of the reduced subsystems models is characterized witha determined scope of
adequacy and approximation error, as a result of connectingreduced subsystems models,
therefore a problem of approximation errors effect on the model error at a higher hierar-
chy level appears. The problem is analyzed on the basis of multiple reduction of the first
level subsystems models with the application of evolutionary algorithms and creating
an evaporating tubes model on their basis. Table 2 shows median of the mean square
of relative evaporating tubes approximation error ratio tothe mean error of lower level
subsystems, for two scopes of adequacy of subsystems models: 2 [rad/s] and 500 [rad/s].
This results show that the evaporating tubes model error is characterized with an ave-
rage 1.5÷ 2 times higher than the lower rank subsystems models errors,at the same
adequacy scope. It was however noticed, that it is possible to select such subsystems
reduced models which facilitate compensating approximation errors of individual sub-
systems. As a result, the model of evaporating tubes may be characterized with the same
or even smaller approximation error as the subsystems models.

Table 2. Median of the mean square of evaporating tubes modelapproximation relative error ratio to the
subsystems average error

Approximation scope 2 [rad/s] 500 [rad/s]
∆3evaporating tubes

∆3subsystem
1.64 1.45

∆6evaporating tubes

∆6subsystem
1.90 1.42

Results of the reduction of the evaporating tubes model, obtained from subsystems
reduced models are presented in Table 3.

Fig. 14 presents eigenvalues of the following evaporating tubes models:
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Table 3. Evaporating tubes model reduction results

Adequacy scope ωmax= 2 [rad/s] ωmax= 20 [rad/s]

Reduced model order 44 85

∆3 Approximation error 4.5% 8.3%

∆6 Approximation error 0.6% 0.8%

• ETPRM500 (Evaporating Tubes Primary Reduced Model with approximation
scope 500 [rad/s]),

• ETRM20 (Evaporating Tubes Reduced Model with adequacy scope of 20 [rad/s]),

• ETRM2 (Evaporating Tubes Reduced Model with adequacy scope of 2 [rad/s]).

5.5. BP–1150 boiler evaporator model

The evaporator model of BP–1150 boiler includes five input variables:Mst, q∼, Msa,
M f w, hf w and two output variables:PsepandHsep. Structure of the connections of indivi-
dual evaporator subsystems models is presented in Fig. 5. Heat processes are significant
for the evaporator model dynamic properties, therefore thefrequency rangeω¬ 2 [rad/s]
was taken into account during the evaporator model reduction.

The evaporator model includes two feedback loops which significantly influence
evaporator dynamic properties (Fig. 17). The first one describes influence of pressure
changes in the separator on the mass flow and enthalpy of the steam-water mixture at
the outlet of the evaporating tubes which, in turn cause pressure changes in the separa-
tor. This negative feedback is of internal character and results from the phenomena of
the steam generation process. The second feedback is related with the changes of inlet
enthalpy to the evaporating tubes (caused by the changes of pressure in the separator).
It results from the recirculation of the working medium in the evaporator [28] and con-
stitutes a positive feedback. Frequency responses of the open system for the internal and
circulation feedback (at closed internal feedback) is presented in Fig. 18.

5.5.1. Inner feedback

Influence of the pressure changes in the separator on enthalpy and mass flow in
the evaporating tubes outlet appears as a negative feedback. The shape of open system
frequency responses indicates differentiating properties, which in practice means that the
inner feedback does not work in the steady state. Due to positive pole, resulting from the
separator instability, the inner feedback system is unstable. After determining the poles
of the open and the closed inner feedback loop it may be stated, that the positive pole
becomes reduced by 4 times as a result of inner feedback (see Fig. 18). Negative inner
feedback can not make the closed system stable.
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Figure 17. Structure of the inner and circulation feedback in the evaporator
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Figure 18. Magnitude and phase frequency responses of the open loop system for internal (if) and circulation
(cf) feedback and shifts of the positive pole, as a result of feedbacks

5.5.2. Circulation feedback

Circulation feedback loop causes almost double increase ofpositive pole (Fig. 18).
This indicates significant deterioration of dynamic properties of the evaporator. In con-
trast to the inner feedback, the circulation feedback acts exclusively in the low frequen-
cies range (ω < 0.1 [rad/s]), as faster enthalpy changes are being suppressedin the sys-
tem of circulation in the evaporator (separator, mixer, filter, connecting pipelines).

5.5.3. Evaporator model reduction

Hierarchical model of the evaporator obtained as the resultof connecting of reduced
subsystems models is characterized with a significant number of state variables. Simi-
larly to the evaporating tubes model, the order of obtained evaporator model can be
significantly reduced as a result of further reduction operation.
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In the evaporator model (third level of hierarchy), heat processes are crucial, whereas
the dynamic processes related to the working medium transport along the evaporating
tubes are practically insignificant. Frequency responses shows that the dynamic pro-
cesses, taking place in the evaporating tubes, are significantly damped by the separator
which is characterized by high heat volume capacity. Separator instability significantly
influences the evaporator dynamics, thus the positive eigenvalue in the separator model is
also present in the evaporator model (Fig. 19). In the reduced models (e.g.k = 25 order)
the eigenvalues related to the fast mass and pressure transport processes in evaporating
tubes are removed, whereas eigenvalues which are responsible for the heat processes
remain (Fig. 19).

Fig. 20 presents histogram of the approximation error of theevaporator model re-
lated to the average error of the lower level subsystems models. In contrast to the re-
duced evaporating tubes model, the approximation error of reduced hierarchical evapo-
rator model is smaller than the average error of the subsystems models. This results from
small sensitivity of the evaporator model to variations of the subsystems models [25].

The adequacy scope of the obtained evaporator reduced modelof the 25-th order is
about 2 [rad/s]. The model describes processes which are significant for the evaporator
dynamic properties and omits fast dynamic processes related to the transfer of pressure
and mass flow changes along the long tubes.

Fig. 21 shows the evaporator models set of the BP–1150 boilerand the methods of
models creating at individual hierarchy levels. In contrast to the hierarchical evaporator
model, in Fig. 22 one level (flat) model of the evaporator is presented, obtained as the
result of individual subsystems models connection. The model is of very high order,
(over 10000), and its application to the dynamic propertiesanalysis of the evaporator
and to the control systems design is practically impossible.

6. Conclusions

The control purposes of complex plant need mathematical models which are cre-
ated by modeling of phenomena occurring in the plant. The complexity of models grows
constantly and significantly hinders the usage of the methods and programs for the dy-
namic properties analysis and the synthesis of control algorithms. Simplicity in attaining
complex models follows from application of hierarchical structure and decomposition
model into a series of subsystems which are simpler to be modeled. At all higher levels,
the hierarchical model contains subsystems included in thelower level with determined
topology of connections.

Multi level model structure enables analysis by application of aggregation proce-
dure. One of the principal aggregation resources is reduction of the model at individual
levels of hierarchical structure. Such approach allows forcreating thereduced hierarchi-
cal modelincluding a collection of models at every level of hierarchy, characterized by
various adequacy scopes and accuracy of the plants featuresapproximation.
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Figure 20. Histogram of the approximation error of the evaporator model related to the average error of the
lower level subsystems models

Using this methodology, instead of high order model (flat, one level model), a collec-
tion of models is obtained, which are placed at individual hierarchy levels. The models
represent dynamic processes typical for each hierarchy level, and omit fast dynamic
processes significant at lower levels. The higher hierarchylevel, the slower dynamic
processes is described by the model and the lower is order of the models.

This paper presents methodology of hierarchical complex plants models creation on
the example of evaporator of the BP–1150 boiler. Each of the subsystems at individual
levels of model hierarchy are a multi-input and multi-output causal systems. The paper
analyzes the evaporator dynamic properties in normal conditions of exploitation on the
basis of linearized models.

The evaporator model structure presented in the paper includes four hierarchy levels:
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Figure 22. Complex model of the evaporator of BP–1150 boilerobtained on the basis of subsystems models
connection

• Level 0 – description with differential and algebraic equations of finite elements
which create lumped parameter models.

• Level 1 – individual areas of evaporating tubes defined by working medium flow
type – one-phase zone and three parts of two-phase zone: bottom part with large
heat load in which most of vapor is being produced, intermediate part with zero
heat load and the top part of two-phase zone with little heat load and higher eva-
porating tubes diameter, which assures higher boiler accumulation capacity.

• Level 2 – evaporator subsystems which include: evaporatingtubes, separator,
mixer, filter, connecting pipelines and circulation pump.

• Level 3 – once-through evaporator.

Evaporating tubes model of the BP–1150 boiler is described by differential equa-
tions system which constitutes the mass, energy, momentum balance as well as the heat
conduction along the tube wall and the connecting blade. To assure the adequacy scope
of the model with lumped parameters equal 20 [rad/s], it is necessary to apply significant
number of finite elements and high model order. Models of individual zones of evapo-
rating tubes are characterized with a very high order: one-phase zone – 8250, two-phase
zone I – 2750, two-phase zone II – 4125 and two-phase zone III –11000.

As the result of such high model complexity, the basic problem is the choice of
proper reduction methods, so that the model complexity is limited, while the dynamic
features (significant at a given hierarchy level) are preserved. Out of all presented reduc-
tion methods, the best results have been obtained with FW method.
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Appendix A

Nomenclature

A cross area [m]

c vapor mass fraction [/]

c specific heat [kJ/kgK]

D, d diameter [m]

f pressure drop coefficient [1/m]

g standard gravity [m2/s]

h specific enthalpy [kJ/kg]

h′, h′′ specific enthalpy of boiling water and saturated steam [kJ/kg]

H water level in separator [m]

L length [m]

M mass flow rate [kg/(m2s)]

P pressure [kPa]

q, q∼ heat flux [kW/m], relative heat flux [/]

S= w2/w1 slip factor in two-phase flow[/]

t time [s]

UI boiling water section displacement velocity [m/s]

v specific volume [m3/kg]

v′, v′′ specific volume of boiling water and saturated steam [m3/kg]

w fluid velocity [m/s]

z tube’s height [m]

ZI boiling water section position [m]

Greek symbols

α heat transfer coefficient [kJ/(m2sK)]

Θ, ϑ temperature [K]

ρ density [kg/m3]

λ thermal conductivity [kJ/(mK)]
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Subscripts

bl connecting blade

cp circulation pump

ct connecting tubes

f filter

fin filter input

fw feedwater

in inner

m mixer

min mixer input

sa steam attemperators

sep separator

st steam

tw tube wall

w water
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