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Descriptor fractional discrete-time linear system with two different
fractional orders and its solution
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Abstract. Factional Discrete-time linear systems with fractional different orders are addressed. The Weierstrass-Kronecker decomposition
theorem of the regular pencil is extended to the descriptor fractional discrete-time linear system with different fractional orders. Using the
extension, method for finding the solution of the state equation is derived. Effectiveness of the method is demonstrated on a numerical

example.
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1. Introduction

Descriptor (singular) linear systems have been considered in
many papers and books [1-9]. The first definition of the frac-
tional derivative was introduced by Liouville and Riemann
at the end of the 19" century [10, 11] and another one was
proposed in 20" century by Caputo [12]. This idea has been
used by engineers for modeling different processes [13—15].
Mathematical fundamentals of fractional calculus are given in
the monographs [10-12, 16]. Solutions of the state equations
of descriptor fractional discrete-time linear systems with regu-
lar pencils have been given in [7, 17] and for continuous-time
in [5, 6]. Reduction and decomposition of singular fractional
discrete-time linear systems has been considered in [18]. Ap-
plication of the Drazin inverse method to analysis of descrip-
tor fractional discrete-time and continuous-time linear systems
have been given in [19, 20]. The positive fractional linear sys-
tems has been investigated in [21, 22]. The positive linear sys-
tems with different fractional orders have been addressed in
[23, 24]. Stability of fractional continuous-time linear systems
consisting of n subsystem with different fractional orders has
been given in [25]. Reachability and minimum energy con-
trol problem for systems with two different fractional orders
has been considered in [26]. Solution of the state equation of
descriptor fractional continuous-time linear systems with two
different fractional orders has been introduced in [27]. Com-
parison of three different methods for finding the solution of
the descriptor fractional discrete-time linear system has been
given in [28].

In this paper the solution to descriptor fractional discrete-
time linear systems with two different fractional order is de-
rived.

The paper is organized as follows. In Sec. 2 basic in-
formation on the fractional discrete-time linear systems with
different fractional orders is recalled. Descriptor fractional
discrete-time linear systems with different fractional orders
are addressed in Sec. 3, where the Weierstrass-Kronecker de-
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composition is given. Main idea of the paper is presented in
Sec. 4, where the solution to descriptor fractional discrete-
time linear systems with different fractional orders is derived
and illustrated by numerical example. Concluding remarks are
given in Sec. 5.

The following notation is used: & — the set of real num-
bers, R™*™ — the set of n x m real matrices, Z, — the set
of nonnegative integers, I,, — the n x n identity matrix, A7
— the transpose matrix A.

2. Fractional different orders discrete-time
linear systems

Consider the fractional discrete-time linear system with two
different fractional orders «v and 3 of the form

Aal‘l(k} + 1) =A11 (k‘) + Algl‘g(k?) + Blu(k:),

ey
Aﬁl'g(k -+ ].) = A21Z1(k) -+ AQQJL‘Q(k) —+ Bgu(k),

where k € Z, x1(k) € R™ and z2(k) € R™ are the state
vectors, u(k) € R™ is the input vector and A;; € R *",
B; € Rmixm™, 1,7 = 1,2, n =n1 + no.

The fractional difference of « () order is defined by [22]

k

S i)k — j),

J=0

k
ACz(k) = (~1)! ( j‘ )M—j)
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Using (2) we can write Eq. (1) in the matrix form Similar as in Sec. 2, using (2) we can write Eq. (6) in the
matrix form
ri(k+1) | | Aia Ar z1(k)
za(k+1 Az1 Agp || w2(k) By 0 zik+1) || Aia Aw || 21(k)
k 0 E» z2(k+1) Ao Asp 2 (k)
+1 ;
—Z [ Ca(])lnl 0 wl(k/’_.j"'l) (3) k+1 c (])El 0 Zl(k*]*l“].)
, 0 ). k—j+1 - i : - 7
= cg(j)In, wa(k—j+1) ; 0 cs(j)E2 wa(k—j+1) @
By B
+ k), !
By u(k) * By ulk).

where A1 = A1 + Lo, Aog = Aga + 1203
Note that, the fractional system (3) is equivalent to the 2D
standard system with increasing number of delays.

Theorem 1. The solution to the fractional system described
by Eq. (1) with initial conditions x1(0) = 219, 22(0) = x99
is given by

k—1
k 0 B
1 (k) - 71(0) +Z‘I)k—ze1 1 u(i),
x2 (k) 22(0) g By 4)
ke Z,
where @y is defined by
Iy, 4n, for k=0,
APy 1 — D1 Pp—o — ... — D1 ®Po
Py = for k=1,2,...,1 (5a)
APy — D1 Pp—o — ... — Di®Pp_i1
for k=i+1,i+2,...
and
A Ara Ai2 7
Ag1 Asg
(5b)
D, — calk + 1)1, 0 .
0 cg(k + 1)1,

Proof is given in [22].

3. Descriptor fractional different orders
discrete-time linear systems

Consider the descriptor fractional discrete-time linear system
with two different fractional orders

Ele‘xl(kz + 1) =A11 (k‘) + Algxg(k’) + Blu(kz),
(6)
EQAﬂxQ(k —+ ].) = Agllﬂl(k) —+ Aggl‘g(k) + Bgu(k),

where k € Z1, z1(k) € R™ and z5(k) € R™ are the state
vectors, u(k) € 1™ is the input vector and E;, A;; € R™*",
By € Ry g =1,2.

16

where A1, = A1 + Era, Agg = Aoy + Egﬂ and F; €
Rraxm - By € R}RM2*"2 which represents the descriptor 2D
standard system with increasing number of delays.

Finding a solution for the system (7) is very difficult since
det Ey = 0, det E; = 0 and the pencil is very complex.

It is much easier to use a standard form

A%xqi(k+1 k
nEED g B B, sa)
Aﬂx2(l€ + 1) $2(k’)
where
E 0 A A B
E— 1 ’ _ 11 12  B= 1 (8b)
0 Kb Agr Az By
It is assumed that
det E =0 (92)
and
E 0 A A
det 121 _ 11 12 £0 (9b)
0 EQZQ A21 A22

for some z € C' (the field of complex numbers). This assump-
tion lead to descriptor system with regular pencil.

Now, using the Weierstrass-Kronecker decomposition the-
orem of the regular pencil [22, 29] and adopting it to the
systems with two different fractional orders, we have the fol-
lowing Lemma.

Lemma 1. If (9a) and (9b) hold for the systems with two
different fractional orders (8), then there exist nonsingular
matrices P, ) € R"™*"™ such that

E A A
p 121 0 B 11 12 0
0 EQZQ A21 A22
(10)
_ Eqiz 0 | A A
0 Eoz Ay Agp |
where
P
p=| 0 =] @ 0 (an
0 P2 0 Q2
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and the following decomposition is possible

_ I: 0
E,=PFEQ =| ™ :
1 1 lQl l 0 N1 ]
_ I, 0
Fy = PyFyQy = | ™ :
2 2 EaQo l 0N, ]
_ Ay 0
A, =P A — :
11 1 11Q1 0 In% ]
R ] (12)
_ A, 0
Ay = P A =" ],
12 1 12Q2 0 A%2
_ AL 0 |
Ay = PA =7 ],
21 hAg1 Q1 0 i,
_ Ayy 0 |
Agg = PyAgyQo = | =2 :
0 I

where N7 € %"?mf, Ny € R2XT5 are a nilpotent matrices
with the index s, i = 1,2 (ie. N/ = 0 and N 7" # 0),
A € R, Ay € Rmexma AL e Rmexmi, A2 e
Rraxni AL, € Rmixna, A2, € RS and rank By = nl,
rank By = n%, n% + n% =nq, n% + n% = N9, N1 + Ng = N.

Computation methods for the matrices P and () have been
given e.g. in [8, 9, 22].

Using Lemma 1 and solution presented in [6, 7], the solu-
tion z(k) to Eq. (6) with given initial conditions z(0) and an
input vector u(k) for k € Z is derived in the next section.

4. Solution of the state equation

Premultiplying the state Eq. (8a) by the matrix P € R"*"
and introducing new state vector

Ty (k)
(k) | _ o 1 (k)
T5 (k) za(k) |’
75 (k) (13)
Tl (k) e R, T2(k) € R,
zh(k) € R"2, w2(k) € R
we obtain
1 AaIl(k' + 1)
PEQQ APzy(k+1) ]
(14)
o PA —1 Zl(k)
= PAQQ 2ok + PBu(k), ke Z,.

Bull. Pol. Ac.: Tech. 64(1) 2016

Now, substituting (12) and (13) into (14) we have

Ly 0 0 0 A°Tt(k+1)
0 N, 0 O AT (k4 1)
0 0 Iy 0 APZL(k 4+ 1)
0 0 0 Ny || A%Tk+1)
B B B (15)
0 I 0 A2 72 (k B2
—| ny L 12 ﬁ( ) + % u(k)
A21 0 A22 0 IQ(k’) BQ
0 A3, 0 Lz |[ 7k B2
for k € Z,, where
Bl egmixm, B2 ¢ goixm
(16)

Bl € jraxm B2 € jrzxm.
Lastly, from (8) we can distinguish two subsystems. The stan-
dard one

A°zi(k+1)
APTL (K +1)

A7)
Ay Al Yk B}
_ %1 12 ac}( ) + % u(k)
Ay Az z3(k) B,
and nilpotent one
Ny 0 A°T3(k +1)
0 N [| APZE(k+1)
N N (18)
A3y Lz || 23(k) B3 '

Using Theorem 1, a solution to the subsystem (17) can be
computed by the use of the following formula

-1 =1 nl
7 (k) z1(0) By
_ - (I)k _ + q)kfzfl ~ u(z),
l e o | B}
keZ,,
(19)
where
In%-{-n% for k= O7
A®y_ — D1 ®p_y — ... — Dj_1 Dy
Dy for k=1,2,....1, (20a)
A®jy — D1®pg — ... — Di®j_i
for k=i+1,i+2,..,
A— %O‘ %2 !
A%1 AQﬁ 7
b | calbk DIy 0 (20b)
o 0 colk+ Dl |

Avla = Avll + In%a, Avgﬁ = AVQQ + Inéﬁ

17
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To find a solution of the subsystem (18) for Ny # 0, Ny # 0
nilpotent (e.g. for

we have three equations with three unknown elements) we
simple start by solving the equation related with the zero row
and then continue solving the rest of the equations, see e.g.
[6, 71.

If Ny =0, N, =0 then from (18) we have

B0 | [ g — A48 (3%, 5% - BY)
73 (k) L.z — A3, AT, 71[A3, BT — B3]
Finally, knowing

—1 =2

A [FEe]

T3 (k) T3 (k)
from (13), we can find the desired solution of the system (6)
in the form

(2D
ke Z,.

71 (k)
[ eall) ] =Q A2 | keZ,. (22
75 (k)

Remark 1. In this study, only the diagonal form of matrix £
has been considered. These considerations can be extended to
the systems with the matrix E of (8) in general form. It is
well-known [29, 30] that by the use of elementary row oper-
ations it is always possible to reduce matrix to its diagonal
form.

Examples 1. Find the solution of the descriptor fractional lin-
ear system (6) with the fractional orders o = 0.5, § = 0.6,
matrices

It is easy to check that the matrices (23) satisfy the as-
sumptions (9). In this case the matrices P and () have the

1 00 -1 -1 -1
Er=10 1 0|, Ey= 2 4 2 |,
0 0 O 1 4 1
1 0 1 4 11
Ay = 0 1 0 |, Ae=]2 5 ,
-1 0 -1 0 0 -
(23)
3 2 6 0.8 1.7
Asr=19 2 3|, Ax=]04 08 14
3 70 22 46 22
1
B, = 0 |, Ba=1] 0|,
—1 1
and consistent initial conditions z1(0) = [ 1 2 —1 ]7,

z2(0)=[0 2 1]

18

form
I BT O
0 PQ 0 Q2
01 0 1 -2 5
P = P = — —
A 101,211241,(24)
0 0 -1 4 3 -
1 0 [ —2 1 -1
Q1= 0 0], Q2= 1 0 0
0 -1 1 L 0 0 1
and
(1 0 0 0 00
Lp 0 0 0 010000
PEQ:0N100=000000
0 0 Ip 0 000100
0 0 0 Nof |00 0010
000000
[z, (k) |
o1 wi(k) | Ti(k) _ 71 (k)
z2(k) Ty (k) Ty (k)
T3 (k) Ty (k)
| 73, (k) |
Ay, 0 AL 0
PAQ = ~0 In% ~0 A2,
AL, 0 Ay 0 s
0 A3, 0 I, (25)
100 1 2 0]
000 3 4 0
oo 1 0 0 2
30001 1 0}
1 30 0 020
003 0 0 1|
S
B! 0
Bl 1
PB=| 22| = ,
B? 0.545
B2 —0.091
0.182 |
ny =nj =2, ni=n3=1,

TL1=TL2=3,

n =ni+ ng = 6.

Bull. Pol. Ac.: Tech. 64(1) 2016
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Taking under considerations n},n3, formula (19) has the form

71, (k) 71,(0) . B},
=1 k’ =1 0 - Bl
T g |1 S | B2 )
T (k) T5,(0) i—0 ?21 (26)
Tao (k) T35(0) B3,
ke Z,,
where ®;, is defined by (20a) with
15 0 1 2
i A, Al 0 05 3 4
AL, Ap| |3 0 07 1|
1 3 0 08
Qi+ 1)1
p, = |lt DR 0 @7
0 cp(i+ 1)1,
Bl 0
Bi, | 0
B | | 0545
Bi, —0.051

To compute (26), first we have to compute matrices P for
k € Z,, which in this example have the form

q)() = I47

o — | Ao Al, 0 05 3 4
PULAY Ayp| |3 0 o7 o1 |
1 3 0 08
- 42 ala—1)
b [Ae W] | T 0
AL Agg 0 5(@2'—1) I
7375 6 22 56 (28)
| 13 12375 36 82
| 76 3 364 75 |
23 39 10 14.79

O3 = ADy — D1 A — Dol

23.263 19.8  27.059 45.718

| 385 30.663 53.077 86.236

© 130177 24 19.043 36.978 |’
48.359 46.677 21  41.941

then we can commute vector
[ Zh(k) Tia(k) Tn(k) Th(k) 1"

Bull. Pol. Ac.: Tech. 64(1) 2016

Nilpotent subsystem (18) has the form

Ny 0 _ {n% g%z f%l(k) é% u(kz)
0 N A3 Ly || T3, (K) B3 (29)
keZ,,
where
Ny = Ny =0,
Le A% | |1 2
A3 Iz 3 1) (30)
Byl | 1
B2 | |oas2]

In this case, from (29) for (30) we have

73 .
[E;Em _ l_ool52g4] w(k), keZy. (3l

Finally, the desired solution of the descriptor fractional linear
system (6) with (23) is given by

1, (k)
Ty (k) Tiy(k)
z1(k) Ti(k) Q1 0 ||z (k)
L;Q(k)] =9 ) lo QJ N
T5(k) Ty (k)
| 75, (k) |
where

—1 —2

f } (k) and f ; (k)

Ty(k) 5 (k)
are determined by (26) and (31), respectively.

5. Concluding remarks

The fractional discrete-time linear systems with two differ-
ent fractional orders has been analyzed. The Weierstrass-
Kronecker decomposition theorem of the regular pencil has
been extended to the descriptor fractional discrete-time lin-
ear system with two different fractional orders. The method
for finding the solution of the state equation has been de-
rived. Effectiveness of the method has been demonstrated on
a numerical example. Extension of these considerations on
systems consisting of n subsystems with different fraction-
al orders is possible. An open problem is the application of
the Drazin inverse to finding the solution of the system with
different fractional orders.
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2014/13/B/ST7/03467.
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