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Abstract

This paper presents the general solution of the least-squares approximation of the frequency characteristic of the
data window by linear functions combined with zero padding technique. The approximation characteristic can be
discontinuous or continuous, what depends on the value of one approximation parameter. The approximation
solution has an analytical form and therefore the results have universal character. The paper presents derived
formulas, analysis of approximation accuracy, the exemplary characteristics and conclusions, which confirm
high accuracy of the approximation. The presented solution is applicable to estimating methods, like the LIDFT
method, visualizations, etc.
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1. Introduction

The least-squares approximation of the data window frequency characteristics with
appropriate linear functions is used in the linear interpolation of the discrete Fourier transform
(LIDFT) [1-3] and the zero padding can also be used with this approximation to increase
approximation accuracy [4]. Linear approximation of the spectrum allows for linearizing
relationships to determine component frequencies and this feature of the LIDFT method
differs it from other methods of signal estimation [5-13].

The piece-wise linear DFT approximation is used in [14] but in the simple form, not by
least squares method. In the methods described in [1-4] the approximation function is
discontinuous, which can be inadvisable in some applications.

The paper removes discontinuity from the approximation function and is organized as
follows. Symbols and basic equations are defined in Section 2. In section 3 the approximation
from [4], with zero padding technique, is presented in more general form than in previous
papers [1-4]. Afterwards the alternative approximation is analysed in Section 4. Section 5
describes how the formulas for continuous approximation function are obtained and Section 6
presents the exemplary characteristics for a triangle data window.

2. The data window frequency characteristic

The data window frequency characteristic W(A) is given by equation:

no+N-1 _
W (1) = zwne—JZnn/wN ’ (1)

n=n,

where: 1 =fNT is the normalized frequency (in [bins]), f is the frequency in [Hz], T is the
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sampling period, N is the length of data window, which is defined by values w, and n, denotes
the first value of the sample index. Most often ng = 0, what gives the discrete-time Fourier
transform (DtFT) of the data window or ny=-N/2 what gives shifted DtFT of the data
window. In this paper the shifted DtFT is used (np=—N/2) because for a symmetric data
window, the W(A) has only real values. The non-shifted standard DtFT is obtained from W(A)
for no = —N/2 (and vice-versa) by simple formula:

N/2-1 N-1
W (ﬂ) — ane—jZTcnﬂ/ N — ejn/l ane—JZnnﬂ/ N ) (2)
n=—N/2 n=0

The zero padding technique involves computing (2) for the M-element series
{W.N2, ooy W1, O, ..., OFng instead of the series {W_np, ..., Wno-in. Such a “R-times”
zero padding technique (where M = NR) takes the following form from (2):

N/2-1 )
W(AIR)= D we 2 /M (3)

n=—N/2

The values W(A /R) for integer values of A are easy to obtain by using the FFT algorithm
and (2)-(3):
N/2-1 ) )
ane—JZnnk/M — ejnk/RFFTk{Wn}NR’ (4)

n=-N/2

where: {wn}nr is the zero padded data window:
{Wn}NR :{{Wn}N !{O!"'!O}N(R—l)} (5)

and M = NR is the natural power of 2 for radix-2 FFT algorithm.
The window spectrum W(A) defined by (2) is approximated in the LIDFT method by

function W (1) and in the least squares method the quality of this approximation is given by

the mean square approximation error Q:
N/2

Q= [IW@)-W@) da. (6)
-N/2
This error has a different form in Sections 3-5, what gives different formulas for the
parameters of the function W (4).

3. The approximation by linear functions used in the LIDFT method

For data window and the zero padding technique, the LIDFT method assumes an
approximation of the frequency characteristic W(1) from (2) using linear functions, as shown

in Fig. 1a [4]. The linear functions V\A/k (1) =a, A +Db, approximate the window characteristic
W(A) for A € [K/R, (k+1)/R]. The error Q from (6) is defined as:

NR/2-1 (k+D)/R

Q= > | W)~V dz ™

k=—NR/2 k/R
and is described in the matrix form (on the base of (A7) of Appendix A) by:

Q=N-ww+(c-2)"Alc-2)-z"Az =N -w'w+c"Ac-c'Az —z"Ac, (8)
where:
W:[W—N/Z"""WN/Z—l]T’ (9)
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C= [CrT CMT]T ’

C,=[CLM/2""’CI,\/I/2—1]T! Cy ZE(akw—i_bkj’

R R
” 14 14 14 a
c :[C—MIZ""’CMIZ—l T’ C = GFSZ J
7 = [Z!T ZNT]T ,
(k+1)/R
2 =[Z o] 2= [W(A)dA,
k/R
(k+1)/R
” n 14 n k+1/2
2 =[2 o Ziioal’ s 7 =2R | (1— = )W(,z)d,z.
k/R

The coefficients z,, z; from (15)-(16) are given, by use of (2), as:

n
n=-N/2 k/R

n
=—N/2 k/R

N/2-1 (k+D/R N2 (k+1)/R |
=3 w jef,zmmdl, Z=2R 3w I (ﬂ—kﬁlzje‘z“"””dﬁ,

The integrals in (17) are given by:

(k+1)/R .
J‘e—jznnz/Nd/I _ sInc x, o P gmi2mnk/M

k/R
(k+1)/R inc'
J- 21— k+1/2 e‘jZ”M/Ndﬂ _ J Sinc Xn .e—jxne—jZTcnk/M
k/R R2 |

where:

x:%, M=NR, n=-N/2..N/2-1,

n

. sin x . d(sinc x cos X. —(sinx )/ x
sinc X, = D sinc' X, = ( n) — n ( n) n
X dx X

Taking into account (17)-(21), the matrices (15)-(16) are given by:
Z=R'W,-w, Zz'=R*'W,-w",
where:
W, =[e"™M],n, k=—M/2,.,M/2-1, n=-N/2,.,N/2-1,

W =Wy Wy oa]™, W, =W, (sinc x,)e >,

W" = [WfN/2,-..,Ws/271]T y M = jWn (S"‘]C' Xn)e_jxn .
Let us notice that:
WHW, =M 1.

From (24) the matrix z (14) is given by:

Z_1 W, O w'’
TR0 W | |w|

(10)
(11)
(12)
(13)
(14)

(15)

(16)

A7)

(18)

(19)

(20)

(21)

(22)

(23)
(24)
(25)

(26)

(27)
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The task of determining the coefficients ay, by of the approximating linear functions that
minimize Q defined by (8) can be replaced by an equivalent task of determining the
coefficients c, , ¢, from (12)-(13). They are obtained from:

d—Q=2A(c—z):0, (28)
dc
which gives:
c=2z (29)
and then Q has minimum value determined on the basis of (8) and (29):
Q..=N-w'w-z"Az. (30)
From (10), (24)-(27) the expression z"Az from (30) is given by:
N/2-1
z"Az =N -[(W)" W +3w") "W =N > wZ[(sinc x,)* +3(sinc'x,)?] (31)
n=-N/2
and then (30) has the following form:
N/2-1
Qun =N Dlcw:, ¢, =1—(sincx,)*—3(sinc'x,)’. (32)
n=-N/2

Let us define the vectors d' and d” and coefficients d,, d;, based on the values of

approximating function V\A/k (1) for A=Kk/R, (k+1/2)/R, (k+1)/R (two extreme values and the
median value of the range [k/R, (k+1)/R]) as follows:

' , , . o (k+1/2 k+1/2
d =[d—M/2""’dM/2—1]T’ d =Wk(Tj=ak T"‘bkv (33)
" " " " 7 k +1 " k a
d =[d—M/2""’dM/2—1]T’ d :Wk(T]_Wk(EJZEk- (34)
Using (11)—(13) they can be described as:
I 0
d :[d!T der]T — R|:O 6. Ii|c (35)
and taking into account (27), (29) one has:
W, 0 '
d= [d/T d"T ]T — R . w (36)
0 W.||6-wW"
or in non-matrix form by:
. N/2-1 ) )
dli =Wk(k +1/2}=ak k+1/2+bk _ ZWnSinC Xnefjxne—JZnnk/M ’ (37)
R R n=-N/2
~(k+1) ~(k) a .. "& o
d/ =W, | —= |-W,| = |==%=j6 > wsinc'x e e 12™/M 38
k k( R j k(R) R J n:;mn n ( )

The coefficients d,, d; can be calculated by FFT from (4).
The equations (36)-(38) allow the calculation of the parameters d,, d; of approximating

linear functions, and hence their coefficients ay, by can be calculated. The graphical
interpretation of d;, d; is shown in Fig. 1b.



WWWw .CA‘L{S(J])iblllﬂ.])illl.pl P N \-\‘\\;‘\'\'.j()Ul'll‘dl}-,l)ill’l,l)l

N

Metrol. Meas. Syst., Vol. XVII (2011), No. 3, pp. 379-390.

bl 4 of=
-] -
oE - LS
oT}|
]
]
D4l o
Gj_-:
[ i

Fig. 1. Approximation of data window spectrum by linear functions: a,b) in Section 3; c¢,d) in Section 4

4. Alternative approximation by linear functions

The approximation alternative to the presented in Section 3 is defined by V\7k(/1) =a,l+Db,

for A € [(k=0.5)/R, (k+0.5)/R] (Fig. 1c). The mean square error Q of such approximation is
different from (7), i.e. it has a different range of integration:

NR/2-1 (k+1/2)/R

Q= > [ Wo-W@[d (39)

k=—NR/2 (k-1/2)/R

and, on the basis of (A10) of Appendix A, is equal (8) where matrices w, A, ¢, ¢", z are
defined by (9)-(11), (13)-(14), and ¢', z', z" are defined by:

e ' , 1 k
C :[C—M/21'"1CM/2—1]T’ =35 ak_+bk , (40)
R R
(k+1/2)/R
2 =[2 o2l 2= [W(R)A, (41)
(k-1/2)/R
(k+1/2)/R k
2 =[2y g Tial s 7L =2R [x--)w (A)dA. (42)
(k-1/2)/R R
After taking into account (2), the coefficients z;, z; from (41)-(42) can be written as:
N/2-1 (k+l/2)/R. N/2-1 (k+1/2)/R k )
= > w, [e”™MNdi, zZ=2R Y w, | (,1——] EING g (43)
n=-N/2  (k-1/2)/R n=—N/2  (k-1/2)/R R
The integrals in both of these dependencies are given by:
(k+1/2)/R - (k+1/2)/R k H]
p-i2maiNg g _ SINC X, - i2mk/M (ﬂ__Je—jznnz/Nd;t oy SINC X, . -izmkiM (44)
) 2 )
(k-1/2)/R R (k-1/2)/R 2R

where: Xp, SIinc Xn, Sinc’x, are defined by (20)-(21).
The matrices (41)-(42) can be written as in (22), i.e. Z=R™"W,-w', z"=R™"W,-w",
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where W, is defined by (23), and vectors w', w" are defined as:
W =Wy 0 W og]Ty W =W, (siNC X,), (45)
w” :[WjN/Z""’WI:HZ—l]T’ Wr’1’ = jWn (sinc' Xn)' (46)

The task of determining the coefficients a,, b, (c,, c;) of the approximating linear

functions that minimize Q defined by (39) is obtained by using equations (28)-(29), and
similar transformations as in (30)-(31) give the same result for the mean square error of
alternative approximation as the (32).

By defining the vectors d' and d" with coefficients d,, d;, based on the values of

approximating function V\Alk (4) for 1= (k-1/2)IR, kIR, (k+1/2)/R (two extreme values and the
median value of the range [(k—-1/2)/R, (k+1/2)/R]) as follows:

! ! [ r Y k k
d =[d—M/27"'7dM/2—l]T1 dy =Wk(_j=ak_+bk’ (47)
R R
~ (k+1/2 ~(k=1/2) a
d": d" ,...,d” T, dﬂ =W N e _W =_k’ 48
[ -M/2 M/2—1] k k( R j k( R j R ( )

it is possible, after taking into account (11), (13), (40), (45)-(46), to express them in the
matrix form (35)-(36) or in the non-matrix form by:

A~ k k N/2-1 ] _
dy =W, (Ej =a, =Y b= D wsinc x,e ™M, (49)
n=-N/2
— N/2-1 )
dlf=Wk(k+1/2j—Wk(k 1/2j:i: J6 zwnsincuxne—jZnnk/M ) (50)
R R R n=—N/2

The coefficients d,, d; can be calculated by FFT from (4).
The equations (49)-(50) allow the calculation of the parameters d,, d; of approximating

linear functions, and hence their coefficients ay, by can be calculated. The graphical
interpretation of d;, d; is shown in Fig. 1d.

Both approximations from the Sections 3 and 4 shown in Figure 1 are discontinuous,
which may be disadvantageous in some applications. Their modification presented in the next
Section, minimizes this discontinuity.

5. Reduction of approximation discontinuity

There is a natural question whether it is possible to eliminate or at least reduce the
approximation discontinuity at points of transition to the next line fitting (Fig. 1). To this aim,
it is possible to minimize the error (7) taking into account, with the weight ., an additional

component which is the mean square error of discontinuity:

NREZE . (k+1) o (k+1
oo (ol
k=—NR/2 R R

or in the same way for the error (39):

2

(51)
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N2k 1/2) s (k+1/2)
Q=Q+u Z '\Nkﬂ( R j_wk( R )‘ : (52)
k=—NR/2

In both cases (based on equation (A12) of Appendix A), the Q, is given by:
Q,=Q+uc"All-E I1+E]'[I-E I1+E]Ac, (53)

where: Q, w, A are defined by (8)-(10) and c, z are defined by (11)-(16) for the

approximation from Section 3 and by (11), (13)-(14), (40)-(42) for the approximation from
Section 4 and, additionally, the matrix E is a circulant matrix defined as:

01 0 -0
00 1 .0
E={0 00 - o0 (54)
10 0 0O
Minimization of error (53) is achieved for the condition:
%=2A(c—z)+2yA[l—E I+E]'[I-E 1+E]JAc=0 (55)
c
and hence:
c+u[l-E 1+E]'[I-E I1+E]JAc=2z, (56)
uBAc=z, (57)
where:
B=y'A*+[I-E I1+E]'[I-E I1+E]. (58)

Calculation of the matrix A is simple (since A is a diagonal matrix) and in calculating
the matrix B~ can be used specific properties of the matrix B, including the fact that the
matrix E appearing in (58) is a cyclic permutation matrix (a kind of circulant matrix), for
which the decomposition can be performed to form a diagonal matrix with the use of Fourier
matrix W [15]. The solution of equation (57) is (according to equation (A16) of Appendix A)
the vector ¢ defined as:

W 0 2 i H
coz 2K : _AA JA‘Z‘AB W0 Az (59)
M| 0 W]||jA,A, Ag 0 w-
or by:
W 0 2 3 H
c= L J1oay M Walo |o | JW5 01 (60)
M| 0 W JAAAG Al 0o w"

where: W=[e ?™M] is a MxM matrix (n,k=-M/2,..,M/2-1), and matrices
Ap=[AA], Ag =[Ag,] are M -element diagonal matrices with elements defined by:

1-1/2

A, =(sinx.)- 1+12;¢R(cos,2xn +%sin2xnj Xy = nﬁn (61)
— 71-1/2
) 1., mn
Ag, = (COSX,)- 1+12yR[cos X, +sin xnj VR (62)

with the range n=-M/2,...,.M /2-1.
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Using (27) in (60) and the fact that W"W, =M -[0 1., 0] we have:

C_L[We o 0 ) TI-4RAL) 2R ALAL | [W )
RL O Wi | |- jduR-AWAL 1-124R(AL)? | W'
where: A, =[AA ], A =[Ag,] are N -element diagonal matrices with elements defined by

(61)-(62) for the range n=—-N/2,..,N/2-1, and vectors w', w" are defined by (24)-(25)
for the approximation from Section 3 and by (45)-(46) for the approximation from Section 4.
Equation (63) can be transformed, using (61)-(62) and dependences for w’, w", to the form:

c—l We 0 . A W c'—EWAw c”—iWAw (64)
Rl 0 W, ||@6)-A,| R M 6R

where: w is the vector of the data window, diagonal matrices A,, A, are defined for the
approximation from Section 3 as A, =[a,e ], A, = j[B,e” "] and for the approximation
from Section 4 as A, =[e,], A, = j[3,] with the coefficients «,, B, defined by:

1+124R cos x,sinc X, sinc'x, — 4uR sin x sinc’x,

= (sinc x . P.(u)=06 . . (65
o (1) = n)1+12yR(COSZXn +1sin’x,) Pulw) 1+124R(cos?x, + Lsin®x,) (65)
Taking into account (64) and definitions A, A, (35) has the form:
d= We O A w, d=W,A w, d'=W,A,w (66)
L0 W | A, T R T TR
or in the non-matrix form, from (33)-(34) for the approximation from Section 3:
N/2-1 . )
dli =Wk(k +1/2j —a, k+1/2 +bk _ anan(ﬂ)e—ane—jZnnk/M 1 (67)
R R n=—N/2
n " N/2-1 . .
=i X i )= = S e e (68)
R R) R "\ F
and similarly, from (47)-(48) for the approximation from Section 4:
~ (K k N/2-1 _
d, =W, (—j =a,—+b = > wa, (e ™M, (69)
R R n=—N/2
" o k +1/2 2 k —1/2 ak - NZ2 1 —j2nnk/M
dy =W, -W, =—=1 ZWmBn (w)e™ : (70)
R R R n=N/2

For u=0 the Egs. (67)-(68) are identical with (37)-(38), and (69)-(70) are identical with

(49)-(50).

Let us notice that for 12=0 (64) is the same as (27), i.e. z=c(x=0). From this fact and
from (64) the expression (c—z)" A(c—2z) is determined. Using additional relations (30)-(31)
the total mean square error Q of approximation defined by (7)-(8) or (39) is obtained:

N/2-1

Q(u,R) =N D c ()W, (71)

n=—N/2
where:
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¢, (1 R) =1—an2(0)—éﬁn2(0)+[an () -, O)T° %wﬂ W-BOF. (72

For =0 the Eqgs (71)-(72) are the same as (32).
The Maclaurin series of the c,() for =0 and u — oo are described by:

x* 4x®  2x®8 16x*°
Co(u=0)="0——n 4 —"n__ " +o(x7), 73
n(,u ) 45 1575 14175 3274425 ( " ) (73)

4 6 8 10
X 4x 14x 16x
RN Rl S 12

c,(u—>w)=-""1 "+ 0(X

45 189 2025 18711 "

These series and (20) show that for high values of R, the Q(u — ) — Q(x=0), what is
also confirmed by Fig. 2 and the figures presented in Section 6.

). (74)

Fig. 2. Values of R%c,(z) versus n as obtained from (72)
6. Exemplary approximations for triangle window

The conclusions obtained at the end of Section 5 and in Fig. 2 are confirmed for the case of
calculation of (71) for the triangle window — the mean square error Q(x, R) is proportional to
R™: when R is doubled, the value c,(z) to decrease 16-fold (Fig. 2 and (71)-(72)), which
results in the 16-fold reduction of the mean square error Q(z, R), as is shown in Fig. 3a,b,
especially for big R. The value of the Q(x, R) depends also on the value of parameter  — for
small R this dependence is significant, but the higher the value R, the dependence on x is
lesser (Fig. 2, 3a,b). The influence of the value x is clearly shown in Fig. 3c in circle zooms —
for x= 0 the discontinuity of the approximation is the largest at analyzed point 4= 0.75 bins
(although the mean square error Q has a minimum, as shown in Fig. 3a,b), for 4= 0.1 this
discontinuity is more then twice smaller (but the Q is increased), and for u— o
approximation is continuous (but the error Q is significantly larger for small R, as shown in
Fig. 3b). The cases for the triangle window, 4= 0 and R = 2 are also shown in Fig. 1.

For the data window, the most important feature is its frequency characteristics |W(A)|.
This characteristic is completed by a graph of the frequency characteristic of the
approximation error |W (A1) —V\7(/1)| (Fig. 4). For R > 2 and triangle window, the envelope of
this error is about (2.4R%)-times smaller than the envelope of the triangle window leakage
(Fig. 4). The approximation error |W (1) —W ()| is discontinuous for z=0 and continuous

for ;1 — oo. The differences in Fig. 4 are the most visible for small value of R, i.e. R = 2.
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1'10" 1w A a0 10" 10 10 ot 2 3 4 a & T a g 10 a0 0.5 1.0 1.8 20

Fig. 3. The quality of approximation (example for a triangle window): a,b) dependence of the mean square error
Q from zzand R in a graph R*N?Q versus x and R, c) different degree of the approximation discontinuity at a
point A =0.75 bins magnified in three circle zooms for =0, 0.1, «

Fig. 4. Graph of |W () |and |W (1) —W ()| for a triangle window and z=0, 0.1, o

7. Conclusions

The main result of the paper are the Egs. (65)-(70) for the parameters d,, d, of the
approximating linear functions (and hence their coefficients a,, b, ) for the given value of the
parameter u, which defines the degree of the approximation discontinuity. The special cases
are obtained for =0 (largest discontinuity, smallest mean square error of approximation)
and x — oo (continuity approximation, largest mean square error). The values of coefficients
of approximating linear functions are easy to calculate by FFT algorithm with the use of zero
padding technique. The obtained formulas are valid for both kinds of approximation: when
approximating linear functions are defined for the range [k/R,(k+21)/R] bins (Fig. 1a,b), and
for the range [(k-1/2)/R,(k+1/2)/R] bins (Fig. 1c,d). Results obtained in the paper are
valid for any data window, not only symmetric like the triangle window used as an example,
because all formulas are obtained without any assumption of this type. The formulas for
parameters of approximating functions are given for the shifted DtFT, but it is possible to use
them also for the non-shifted DtFT, by simple multiplication by the function exp(—jnk/R),
as follows from (2)-(4).

Appendix A. Selected mathematical equations

(k+1)/R (k+1)/R (k+1)/R 2
jdz:i, Iﬂdﬂb:k+12/2’ jﬂzdl:(k+1£2) N 13’ (A1)
k/R k/R R k/R R 12R
(k+1/2)/R (k+1/2)/R (k+1/2)/R 2
jdﬂ:l, j,’td,’t:iz, jfd,1=k—3+i3, (A2)
(k-1/2)/R (k-1/2)/R (k-1/2)/R R 12R
A 2
W (2)-W, ()] =W (2) -2 2 -bJW"(4)-a;A-b] A3)

=|W(2) [* H(@cA+b) (@ A+b )] = [ag AW (A)+bW ()] - [, AW * (A)+b W " (2)]
Based on (2), (9) there is:
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N/2 N/2-1
j|W(/1)|2 dA=N Y w=N-w'w. (A4)
_N/2 n=-N/2

Based on (Al), (10)-(13) there is:
M/2-1 (k+1)/R
Y @A+ (aa+b)di=c"Ac. (A5)

k=—M/2 k/R

Based on (10)-(16) there is:
M /21 (k+)/R
> j (aA+b )" W(A)dA =c"Az . (A6)

k=—M /2 k/R

Based on (A3)-(A6) there is:
M/2-1 (k+)/R . 2
> ’\N(/l) ~W, (/1)\ di=N-w'w+c"Ac—crAz —zMAc. (A7)

k=—M/2 YR
Based on (A2), (10)-(11), (13), (40) there is:
Mol (k+l/2)/R
Y [@Aa+b)(ai+h)di=c"Ac. (A8)
k=—M /2 (k-1/2)/R
Based on (10)-(11), (13)-(14), (40)-(42) there is:
M/2-1 (k+1/2)/R
Y [@a+b)yW(hdi=c'Az. (A9)
k=—M/2(k-1/2)/R

Based on (A3)-(A4), (A8)-(A9) there is:

M/2-1 (k+1/2)/R . 2
> ’\N(l) —\, (;L)\ dl=N-w'w+c"Ac—c'Az —z"Ac. (A10)
k=—M/2 (k-1/2)/R
For any X=[X_y /zrX/oa]' s Y =[Yom /20 Y /20l Meeting the condition x,,,, = X, , the
matrix E from (54) and identity matrix |, there is:

M/2-1 ., M/2-1 -
ZXk+1Yk =y EX, ZXk+1Yk =X"Ey. (All1)
k=—M /2 k=—M /2

For any X =[X_y 20 Xp2a] s Y =[Y_m 20 Yu/2a]' Meeting the conditions x,,,, = X,,

Yo = Yi» 2=[Xx" y']", the matrix E from (54) and identity matrix I, based on (Al1),

there is:
M/21

> X = %)~ ea + ¥ =2"[1-E 1+EI'[I-E 1+Ez. (A12)

k=—M /2

For diagonal matrices A; (i=1 2,3), orthogonal matrix W meeting the condition
WW "™ =W"W =M -1 there is for the following block matrices:

{WAlw“ WA3WH]{WA2(A1A2+A§)‘1WH WA, (A A,+AZ) W

B H H 2y-1\p/H 2\-1\p/H =M*I. (A13)
WAW"  WA,W | | WAL(AA+AZ) WY WA (A AA+AD) W

For the matrix W=[e *™M] (nk=-M/2,..,M/2-1), matrix E from (54) and
diagonal matrix A, =[e >™™] there is:

M-E=WAW", M-ET=WAW", A =[e""""]. (A14)
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For the matrices: E from (A14), A from (10) and identity matrix | there is:
B=u'A"+[I-E 1+E]'[I-E 1+E]
C 1 WIR+ (R DI - (A, + AW W(A, - AD)W" (A15)
M ~W(A, - AW W2 + (3R) ™)l + (A, + AZ)IW"

For A, =2+ (R) ™I —(A+AL), A, =2+ GBR) ™M) +(A+AL), A, =A,~A] in (Alb)
there is from (A13):

B,l:ﬁw 0.|_4yA A2 —jALA, _AWH 0
M0 W JAAAG A 0o w-

2 2 : H ’ (A16)
_ a4 A{W o}{ A —jAAAB}{W O}A

JALAAG Al 0o w"
where: A,, A are defined by (61)-(62).

References

[1] Borkowski, J. (2000). LIDFT — The DFT linear interpolation method, IEEE Trans. Instrum. Meas., 49,
741-745.

[2] Borkowski, J., Mroczka, J. (2000). Application of the discrete Fourier transform linear interpolation
method in the measurement of volume scattering function at small angle, Opt. Eng. 39(6), 1576-1586.

[3] Borkowski, J., Mroczka, J. (2002). Metrological analysis of the LIDFT method, IEEE Trans. Instrum.
Meas., 51, 67-71.

[4] Borkowski, J., Mroczka, J. (2010). LIDFT method with classic data windows and zero padding in
multifrequency signal analysis, Measurement, 43, 1595-1602.

[5] Kay, S.M. (1988). Modern Spectral Estimation: Theory and Application, Englewood Cliffs, Prent.-Hall.

[6] Zygarlicki J, Zygarlicka M, Mroczka J, Latawiec K.J. (2010). A reduced Prony's method in power-
quality analysis-parameters selection, IEEE Trans. Power Del., 25(2), 979-986.

[7] Szmajda M, Gorecki K, Mroczka J. (2010). Gabor transform, spwvd, gabor-wigner transform and
wavelet transform - tools for power quality monitoring, Metrology and Measurement Systems, 17(3),
383-396.

[8] Mroczka, J., Szczuczynski, D. (2009). Inverse problems formulated in terms of first-kind Fredholm
integral equations in indirect measurements, Metrology and Measurement Systems, 16 (3), 333-357.

[9] Duda, K., Borkowski, D., Bien, A. (2009). Computation of the network harmonic impedance with Chirp-
Z transform, Metrology and Measurement Systems, 16(2), 299-312.

[10] Agrez, D. (2002). Weighted Multipoint Interpolated DFT to Improve Amplitude Estimation of
Multifrequency Signal, IEEE Transactions on Instrumentation and Measurement, 51(2), 287-292.

[11] Belega, D., Dallet, D. (2008). Frequency estimation via weighted multipoint interpolated DFT, IET
Science, Measurement and Technology, 2(1), 1-8.

[12] Chen, K.F., Jiang, J.T., Crowsen, S. (2009). Against the long-range spectral leakage of the cosine
window family, Computer Physics Communications, 180, 904-911.

[13] Duda, K. (2010). DFT Interpolation Algorithm for Kaiser—Bessel and Dolph—Chebyshev Windows, IEEE
Transactions on Instrumentation and Measurement, 60(3), 784-790.

[14] Dehkordi, V.R., Labeau, F., Boulet, B. (2008). Piece-wise linear DFT interpolation for IR systems:
Performance and error bound computation, Proceedings of the 42nd Conference on Signals, Systems and
Computers, Asilomar, Pacific Grove, CA., 588-592.

[15] Gray, R.M. (2006). Toeplitz and Circulant Matrices: A review, Foundations and Trends in
Communications and Information Theory, 2(3), 155-239.



