
1. Introduction

During the solidification, and then cooling, generally 
a shrinkage gap or mechanical interaction (grip or slip) can occur 
between the casting and the mold. The character of interaction 
is decided by the shape of casting. Both these phenomena occur 
in most real castings. Shrinkage gap, and specifically its width, 
determines the heat flow between cast and mold, while the 
mechanical interactions lead to increased stress in the solidified 
layer [11]. If these stresses exceed the limit value, they can 
damage the solidified layer and, consequently, cause the 
emergence of casting defects. In most numerical simulations 
the mechanical interactions are not considered. In the case of 
shaped casting solidification modeling, only factors affecting 
the thermal conductivity of the shrinkage gap are taken into 
account in the heat calculation [2, 12, 13, 14].

The casting structure properties are determined by the 
push of solute from the growing solid phase, together with 
the thermal processes and the liquid phase movement. The 
increasing solid phase forms a skeleton that has the ability 

to transfer the mechanical loads. Depending on the type of 
structure, the ability to transfer mechanical loads emerges for 
different values of the local solid phase fraction. 

Diverse temperature gradients together with the resistance 
put up by the mold are the cause of stress in the solidifying 
castings, mechanical interaction and shrinkage gap occurrence 
[1, 4]. The cooling casting shrinkage is the sum of shrinkage 
caused by temperature and phase change. The stresses are 
transferred by the solid phase – in the casting domains 
completely solidified or by the inter-granular layers - in the 
not fully solidified casting domains. The deformations caused 
by the mechanical reactions of solidifying casting and mold 
are small and therefore the friction forces can be neglected 
in mathematical description of the problem. The shrinkage 
gap has the greatest impact on the heat exchange between the 
casting and the mold. Its inclusion in the numerical model 
of solidification, however, requires carrying out simulations 
including both the solidification and the stresses formation [8].

Thermo-mechanics of solidification is a very complex 
field, which consists a lot of phenomena, usually coupled [7]. 
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Numerical model of the thermo-mechanical phenomena in the 
solidifying casting and the mold should take into account the 
coupling of these phenomena. However, the coupling does not 
significantly affect the determination of values describing the 
process, so computer simulations of the thermo-mechanical 
phenomena are carried out as unconjugated. it is possible, 
however, “simultaneously” to carry out computer simulations 
of several thermo-mechanical phenomena, coupled with each 
other through the boundary conditions. In casting process 
these couplings are very important. At each time step, the 
computer simulations are carried out alternately. The results of 
solidification simulation are obtained first and then, in the same 
time step, they are used to simulate the thermo-mechanical 
effects. Computer simulations of the thermo-mechanical 
phenomena coupled through the boundary conditions are 
very time consuming and require the use of high performance 
computers or efficient methods employing the physical 
properties diversity of the modeled domains [5, 6].

This paper takes into account only selected parts of 
the thermo-mechanical modeling occurring during the 
production of castings, namely the determination of the 
thermo-elastic-plastic conditions in the solidifying casting and 
the mold, as well as mechanical interactions between them. 
Numerical simulations carried out in presented work, relate 
to an aluminum - copper alloy, which was selected for two 
main reasons: first - these alloys are increasingly used in the 
manufacture of castings, second - the results of tests carried 
out on this alloy can be easily found in the literature. Research 
conducted on two-component alloys can serve as a model to 
test the proper operation of computer programs.

Based on the assumption of small deformations, the 
thermo-elastic-plastic material model was used. For this 
material, it was assumed the Huber-Mises-Hencky’s yield 
condition (HMH condition), the isotropic strengthening 
and associated plastic flow law. The thermo-elastic-plastic 
states were determined with the use of an explicit integration 
scheme. In the numerical modeling of contact, the criteria 
for mechanical interaction between the domains were 
presented. We specified a geometric and load criterion, in 
which directions of nodal forces determine the overlapping 
or separating domains. We assumed that there is no friction 
between boundaries of the interacting domains. With this 
assumption, we introduced a slip condition which modify the 
global system of equations obtained by the use of the finite 
element method. We performed the numerical simulations of 
the stresses formation and mechanical interactions between 
the two-component alloy (Al - 2% Cu) casting and the metal 
mold. For the considered system (solidifying casting - mold) 
we assumed the plane stress state. We showed the results of 
simulation as effective stress distributions in selected casting 
nodes, shrinkage gap development and the finite element mesh 
displacements of the casting and mold domains.

We focused on interactions between the casting and the 
mold. Creep and relaxation phenomena are very interesting, 
but they don’t affect the geometrical criterion of interactions 
between the casting and mold domains, which is the main 
theme of paper. However, we decided to take into account 
plastic strains and temperature influence on the Young’s 
modulus and yield strength in order to obtain more realistic 
results of stress levels. Unloading phase in the stress-strain 

paths will occur in the mold during its cooling. Impact of the 
multiple loading-unloading phases on physical properties is 
very interesting issue. However, as in the case of creep and 
relaxation phenomena, it should not affect the geometrical 
criterion of the casting and mold interaction.

2. Stress modeling during solidification

The material model is described by the relationships 
between stresses and deformations, obtained by experiment, 
and the relationships between deformations and displacements 
obtained from geometrical considerations. Both the material 
of solidifying/cooling casting and the material of mold can be 
subject to the thermal, elastic and plastic deformations. there is 
isotropic strengthening during the plastic deformation of these 
materials. Since the deformations that occur in the casting and 
the mold are small, the total deformation can be expressed as 
the following sum:

(1)

where  is elastic deformation vector,  is thermal 
deformation vector and  is plastic deformation vector.

The transition of material from an elastic state to a plastic 
state is only possible if the stress satisfies a function known 
as an yield condition. For metals and their alloys the HMH 
condition is used, which states that the material is plasticized 
when the deviatoric deformation energy reaches a certain, 
characteristic for given material, limit value.

Due to the incremental nature of the plastic flow law, the 
elastic-plastic problems need to be solved through the small 
load increments (incremental methods) [3, 9]. For each step 
(load increment) stresses and strains increments are calculated, 
which are then added to the previously calculated stresses 
and strains. Using the finite element method to determine 
the thermo-elastic-plastic states, the displacement increase in 
a single step, corresponding to the load increment, is obtained 
from the solution of the following equation system:

(2)

where  is stiffness matrix,  is displacement increments 
vector and  is load increments vector.

In our discussion we use an enthalpy formulation of 
solidification with a full approximation of enthalpy:

(3)

where  is enthalpy,  is mass matrix,  is right-side hand 
vector,  is temperature vector, and the indirect solid phase 
growth model [15, 16]:

(4)

where n is grain aspect coefficient, k is partition solute 
coefficient, α is the brody-Flemings coefficient,  is pure 
metal solidification temperature and  is liquidus temperature.

At the stage of solidification, stresses occur when 
the coherent solid phase skeleton forms. Therefore, the 
solidification degree of particular casting domains determines 



1903

the stress formation. In the numerical modeling of stresses 
in casting, we should therefore adopt a certain limiting value 
of the solid phase fraction in a finite element (or node), from 
which the process of stress formation begins. It can be assumed 
that the solid phase skeleton is coherent, if the solid phase 
fraction is greater than a predefined threshold.

In order to calculate the stress is therefore necessary to 
know the temporal temperature and solid phase fraction fields. 
In this work it is assumed that in the solidification and stress 
numerical models do not occur coupling parts. The numerical 
solidification and stress calculations can be coupled via the 
boundary conditions. Coupling by boundary conditions results 
in solidification and stress calculations conducted alternately 
for each time step. This approach allows taking into account 
the shrinkage gap formation (increasing the heat exchange 
resistance between the casting and the mold) in the heat 
calculation, which in turn can change the level of stresses in 
the analyzed system of casting - mold.

3. numerical modeling of contact

Mechanical interaction between the casting and the mold 
are the result of resistance, which is caused by the rigid parts of 
shrinking casting and the mold. Because the casting and mold 
domains in the finite elements mesh are separated from each 
other, therefore the stresses, forming in both domains, are not 
carrying through their boundaries. The finite element mesh is 
deformed independently, unless the casting and the mold are 
coupled by a corresponding boundary condition (continuity or 
slip). Binding domains by continuity conditions takes place until 
the formation of a coherent solid phase layer able to carry stresses. 
When the coherent solid phase layer interacts mechanically 
with the mold, the slip condition bind domains. Each of these 
conditions must take into account the both possibilities: the 
mechanical interaction or the separation of domains. If the 
shrinkage gap has formed on a part of boundary, we assumed 
that two domains for this fragment of the boundary are not bind. 
The introduction of the so-defined boundary conditions occurs 
before performing the calculations for the given step of load. 

3.1  mechanical interaction domains criteria

During the numerical modeling of mechanical interactions 
between the mold and the casting, in which coherent solid 
phase layer was formed, we must check whether parts of the 
domains overlap or move away from each other. This checking 
is done using a geometric criterion (Fig. 1). 

If in the previous calculation step, the boundaries of 
domains were in contact, then their further impact or their moving 
is verified by a criterion involving a determination of force 
components at the nodes lying on the separated boundaries. The 
force at nodes is calculated for one of the domains as follows:

(5)

where  is nodal force vector (reaction), b is matrix containing 
shape functions derivatives,  is number of elements in 

domain connected with node on boundary and  is designated 
stress in the current iteration. On the basis of the nodal force 
components, the resultant force is calculated and its direction 
is checked. If it is directed inward the concerned domain, it 
means that these domains mechanically interact (Fig. 2). 
Otherwise, the shrinkage gap is formed.

After finding the mechanical interactions on the part of 
boundary, the system of equations should be modified and re-
calculation performed. The system of equations modification 
is carried out using the contact condition (slip). In the case of 
separating domains, the system of equations modification is 
not carried out.

Fig. 1. Identification of nodes in overlapping domains

Fig. 2. Identification of nodes in separating and overlapping areas (  
shrinking gap,  mechanical interaction)

3.2  slip condition

In the case of mechanical interaction between domains, 
it is assumed they slide without friction. This is achieved by 
forcing equality displacement for a pair of nodes in normal 
direction to movement direction (Fig. 3). As a result, both 
nodes are still on a line parallel to their previous position, but 
do not need to occupy the same positions.
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Fig. 3. pair of nodes equality displacement condition normal to their 
movement direction

The pair of nodes equality displacement condition normal 
to their movement direction, in a generalized form, can be 
described as follows:

(6)

where q is generalized displacement of nodes, i, j are subscripts 
representing the numbers of nodes displacements in the global 
system of equations, and coefficients a,b,c i d are responsible 
for the transformation during projection of displacements on 
the normal direction. 

Introduction of the slip condition to the system of 
equations is associated with corresponding modifications 
in both the matrix of coefficients and the right-side hand 
vector.

4. computation algorithm

First, we assume the elastic behavior of casting 
material. This assumption holds true in successive time 
steps. If at any time step in any finite element the transition 
from elastic state to elastic-plastic one follows, it means 
that the calculated increments of deformation are incorrect. 
They should be corrected by the simultaneous specification 
of the plastic deformation increment. This is an iterative 
process. It is also used for pre-plasticized elements. To 
calculate the plastic strain increments we used an explicit 
scheme and the method of initial stiffness (i.e. the constant 
stiffness in one step of load) [10].

The calculation algorithm presented below only applies 
to the determination of thermo-elastic-plastic states and does 
not take into account the mechanical interactions occurring 
between the casting and the mold. Subsequent stages of the 
algorithm for one time step, i.e. a temperature increment, are 
as follows:
1. For all finite elements:

a. build and solve the system of equations Eq. (2) to 
calculate the displacement increment 

2. For each element, with the solid phase fraction above the 
limit value:
a. calculate the strain increment  and the stress 

increment ,
b. check the plastic deformation criterion; element 

becomes elastic-plastic when its effective stress 
exceeds plastic stress value,

c. if element is in the elastic state proceed to point 7,
d. if element is in the elastic-plastic state, calculate the 

total deformation, total stress and

(7)
if at the previous time step element was in the elastic 
state, modify these values according to the point of 
plastic deformation,

e. calculate the plasticity multiplier increment  and the 
plastic deformation increment

3. Correct the strain increment. For this purpose, construct 
the load vector:

(8)

where ne is number of finite elements in mesh and

(9)

is the difference of deformation increments in two 
successive iteration steps (i). In the first iteration adopt 

4. Solve the system of equations:

(10)
For each element:
a. calculate the correction of deformation increment 

 and upgrade the strain increment

(11)

calculate the plasticity multiplier increment, the plastic 
deformation increment and

(12)
check the convergence condition

(13)
where TOL is predetermined calculations accuracy.

5. If the convergence condition is satisfied for all elements, 
go to point 7, otherwise go to point 3

6. For each element:
a. if element is in the elastic-plastic state calculate the 

stress increment,
b. update the deformation and stress by adding increments 

to their values from the previous time step.
In order to enforce the contact condition, the modification 

of equations system should be carried out before its solution. 
The algorithm realizing the introduction of the slip condition 
Eq. (6) to the global system of equations is as follows:
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1. columns modification:
a. from column i+1 subtract column i multiplied by a,
b. from column j subtract column i multiplied by b,
c. from column j+1 subtract column i multiplied by c,
d. from right-side hand vector subtract column 

i multiplied by d,
2. reset column i,
3. rows modification:

a. from row i+1 subtract row i multiplied by a,
b. from row j subtract row i multiplied by b,
c. from row j+1 subtract row i multiplied by c,

4. reset row i,
5. in row i insert:

a. 1 in column i,
b. a in column i+1,
c. b in column j, 
d. c in column j+1,
e. d in right-side hand vector.

The system of equations modifications Eq. (2) carried 
out in accordance with the above algorithm, which can be 
temporarily saved as:

(14)

are shown in Fig. 4.

5. results and discussion

Our implementation was tested with an example 
presented in Fig. 5, where the dimensions of casting and 
metal mold are shown. The computational domain of 
casting was divided into 3921 finite elements, while the 
mold was divided into 5191 elements. Material of casting 
was Al - 2%Cu alloy and the mold was made from steel. The 
material properties used in the solidification simulations are 
summarized in TABLE 1.

TABLE 1:
Material properties used in solidification simulation

Liquid Solid Mold
ρ, kg/m3 2498 2824 7500
c, j/kgk 1275 1077 620
λ,w/mk 104 262 40
L, J/kg 390000

K 0.125

The heat exchange between the mold and environment 
was modeled by using the boundary condition of 3. type with 
the heat exchange coefficient equal to 100 W/m2k on the 
upper and side walls and 50 W/m2k on the bottom wall. the 
boundary condition of 4. type (heat exchange between two 
domains with boundary layer) was used to model the heat 
exchange between the mold and casting. The heat exchange 
coefficient of boundary layer was equal to 1000 w/m2k. the 
time step was equal to 0.05 s.

Fig. 5. View of the mold and the casting with dimensions

Fig. 4. Global system of equations after modification
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The material properties used in the thermo-elastic-plastic 
model for casting material are:

The Young’s modulus of casting material:

(15)

The yield strength of casting material:

(16)

below 753 k we used a linear interpolation of the young’s 
modulus and yield strength assuming that in 300 k these 
values are equal to: E = 72.5 Gpa and Re = 290 Mpa. The 
poisson’s ratio is equal to 0.35, regardless of temperature, and 
the strain hardening index equals 0.1.

The Young’s modulus and yield strength of the mold are 
calculated in temperature interval from 1573 k to 1773 k from 
formulas:

(17)

and

(18)

below 1573 k we also used a linear interpolation with 
requirement that properties in 300 k are equal to: E = 207 Gpa 
and Re = 350 Mpa. The poisson’s ratio equals to 0.30, regardless 
of temperature, and the strain hardening index equals to 0.2. 
We assumed the plastic strains in mold material, because the 
mold is heated by the casting to temperatures where the yield 
strength is much lower. Moreover, while the mold is heated, 
the casting is cooled and its Young modulus increases. This is 
why we assumed possibility of the plastic strains in mold. 

the coefficients of thermal expansion are equal to 4∙10-5 
1/k for casting and 1.4∙10-5 1/k for mold.

We assumed the plane stress condition in our calculations. 
The stress calculations were started in areas where the solid 
fraction was at least equal to 0.4. All nodes on the bottom 
side of the mold were fixed in y direction. Additionally one 
of nodes (in the left corner) was fixed in x direction.

We conducted two versions of calculations:
a – this version assumes no coupling between the 

solidification and stresses analysis,
b – this version assumes coupling between the 

solidification and stresses analysis by using the boundary 
conditions.

These two versions made it possible to investigate 
influence of the shrinkage gap formation on the solidification 
process. To express the influence of gap width on the heat 
exchange coefficient we use following formula:

(19)

where δ is layer width, λ is conductivity and subscript p denotes 
coating layer, while g denotes gas layer (arisen from nonzero 

shrinkage gap width).

Fig. 6. Cooling speed distribution inside of the casting. Maximum 
value (58 k/s) is marked in light gray, while minimum value (3k/s) 
is marked in black

Both versions give very similar results for cooling speed. 
the maximum obtained cooling speed was equal to 58 k/s and 
occurred in the corners of casting. Large areas of the casting 
solidified with much slower velocity of 3 k/s.

Fig. 7. Distribution of temperature in which solidification is 
completed. Maximum value (877 k) is marked in light gray, while 
minimum value (823k) is marked in black

The same situation occurs for temperature in which 
solidification is completed. Both versions give almost identical 
results, which are shown in Fig. 7. In the investigated example, 
temperature in which solidification is completed was between 
877 k and 823 k.

Fig. 8. Temperature field in the casting after 60 s (case A). Maximum 
value (883 k) is marked in light gray, while minimum value (850 k) 
is marked in black
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Fig. 9. Temperature field in the mold after 60 s (case A). Maximum 
value (761 k) is marked in light gray, while minimum value (540 k) 
is marked in black

Fig. 10. Solid fraction distribution in the casting after 60 s (case A). 
Maximum value (1.00) is marked in black, while minimum value 
(0.93) is marked in light gray

The temperature field in the casting and the mold after 60 
s of simulation for version A are shown in Fig. 8 and Fig. 9, 
accordingly. As we can see from Fig. 9 the casting is not fully 
solidified, however all parts are solid enough to carry stresses. 
The effective stresses for version A are shown in Fig. 11 for 
casting and in Fig. 12 for mold.

Fig. 11. Effective stress distribution in the casting after 60 s (case A). 
Maximum value (0.27 Mpa) is marked in light gray, while minimum 
value (350 pa) is marked in black

Fig. 12. Effective stress distribution in the mold after 60 s (case A). 
Maximum value (217 Mpa) is marked in light gray, while minimum 
value (350 pa) is marked in black

The stresses are caused mainly by the resistance which 
the mold raises to the shrinking material. This causes bending 
upper and lower parts of the casting. The left part of casting 
is bend so much that hits upper part of the mold. A view of 
deformed mesh (with deformation amplification of 20x) is 
shown in Fig. 13, while Fig. 14 shows domains of the plastic 
deformation.

Fig. 13. Mesh deformation (case A). The deformation was amplified 
by factor 20 in order to visualize the shrinking gap

Fig. 14. plastic strain after 60 s (case A). places, where the plastic 
strains occur are black

Figs. 15-21 show results for case B. From these pictures we can 
see the impact of coupling on the solidification temperature. In this 
version the casting solidified slower than in case A, especially in the 
bottom part. Because of different temperature fields, some differences 
in the stress fields can also be observed. 

Fig. 15. Temperature field in the casting after 60 s (case B). Maximum 
value (901 k) is marked in light gray, while minimum value (876 k) 
is marked in black

Fig. 16. Temperature field in the mold after 60 s (case B). Maximum 
value (759 k) is marked in light gray, while minimum value (533 k) 
is marked in black
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Fig. 17. Solid fraction distribution in the casting after 60 s (case B). 
Maximum value (1.00) is marked in black, while minimum value 
(0.93) is marked in light gray

Fig. 18. Effective stress distribution in the casting after 60 s (case B). 
Maximum value (0.11 Mpa) is marked in light gray, while minimum 
value (95 pa) is marked in black

Figure 19. Effective stress distribution in the mold after 60 s (case B). 
Maximum value (191 Mpa) is marked in light gray, while minimum 
value (95 pa) is marked in black

Fig. 20. Mesh deformation (case B). The deformation was amplified 
by factor 20 in order to visualize the shrinking gap

The more detailed observation of differences can be done 
with the use of Fig. 22 and Fig. 23, where changes of temperature 
and stress level are shown as a function of time. These figures were 
obtained for a point that was located on the boundary between the 
casting and the mold in the upper right part of casting.

Fig. 21. plastic strain after 60 s (case B). places, where the plastic 
strains occur are black

Fig. 22. Cooling curves obtained for a point located on a boundary 
between the casting and the mold in a top right part of the casting. 
Additionally, the evolution of gap width is shown. The cooling curves 
and evolution of gap width are plotted for two cases (A and B)

Fig. 23. Evolution of the effective stress in a point located on a boundary 
between the casting and the mold in a top right part of the casting. The 
stress evolution curves are plotted for two cases (A and B).

As we can see, after 100 s, the difference in gap width 
between these two versions is almost 30%, which results in 
almost 50 k difference in temperature in the region close to 
boundary. While the level of stresses in the casting was similar 
for the two cases, the stresses in mold had higher level in case 
A, especially in time interval 10 – 90 s.

6. conclusions

We coupled our model of interactions between the casting 
and the mold with the sophisticated model of thermo-elastic-
plastic analysis. The thermal analysis also includes the effects 
of solid-liquid phase transitions and authors’ model of solid 
phase growth. The test example was based on a complex 
geometry that allowed testing the slip, grip and separation 
of two domains. Additionally, we were also able to test the 
influence of the mechanical interactions between the casting 
and the mold on the conditions of heat dissipation. Our model 
shows that this impact should be considered in calculations, 
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because of observed differences in obtained temperature fields 
and resulting of these differences in the stress levels.
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