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The normal modes cannot be extracted even in the Pekeris waveguide when the source-receiver distance
is very close. This paper introduces a normal mode extraction method based on a dedispersion transform
(DDT) to solve this problem. The method presented here takes advantage of DDT, which is based on the
waveguide invariant such that the dispersion associated with all of the normal modes is removed at the
same time. After performing DDT on a signal received in the Pekeris waveguide, the waveform of resulting
normal modes is very close to the source signal, each with diﬀerent position and amplitude. Each normal
mode can be extracted by determining its position and amplitude parameters by applying particle swarm
optimization (PSO). The waveform of the extracted normal mode is simply the waveform of the source
signal; the real waveform of the received normal mode can then be recovered by applying dispersion
compensation to the source signal. The method presented needs only one receiver and is veriﬁed with
experimental data.
Keywords: normal mode extraction, dedispersion transform, Pekeris waveguide, source ranging.

1. Introduction
Underwater acoustics are of great importance for
studying the properties of water bodies and sediments (Makar, 2004; Grelowska et al., 2013; Zhao
et al., 2013). In shallow water the sound pressure
ﬁeld can be described by a set of normal modes.
Being able to extract each normal mode is very
useful because each one contains information about
the environment. With the information contained in
the normal mode, the geoacoustic inversion (Bonnel
et al., 2010; 2012) can be conducted and information
about the source (Nicolas et al., 2006) can be obtained.
In this paper, a problem of an actual experiment is
analyzed. This shallow-water propagation experiment
was conducted in the Laoshan Bay of the Yellow Sea

between 15th and 16th of August 2009. The water
depth in the propagation path was about 18 m. The
variance of the sound speed proﬁle (SSP), shown in
Fig. 1a, was less than 1 m/s. A magnetostrictive transducer with a central frequency of 820 Hz and an eﬀective bandwidth of about 200 Hz was used as the source;
its transmitting sensitivity was 185 dB re 1 µPa at 1 m.
The source emitted a pseudo-noise phase-manipulated
rank 10 M-sequence. The recorder was a 16-channel
Sony-SIR-1000w sampled at 12 kHz. The signal was
received using a 15 elements vertical line array (VLA)
with 1 meter spacing located at distances of 1.39 km
from the source. A matched ﬁlter technique was applied by performing autocorrelation to improve the
signal-to-noise ratio (SNR). The source signal and original received signals with autocorrelation are shown in
Fig. 1b and Fig. 2a.
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Fig. 1. The SSP and source signal (with autocorrelation)
of the experimental data.

Fig. 2. The experimental data received at 1.39 km: a) the
original signal from the VLA; b) the spectrogram of the
signal received at depth 11m after time-warping.

The environment of the experiment is close to the
Pekeris waveguide. Nevertheless, there is no method
available to extract both the amplitude and the waveform of the normal mode in this very simple condition. The time-frequency analysis is a convenient way
to show the normal mode distribution. The short time
Fourier transform (STFT) is the most commonly applied time-frequency analysis method. The product of
the time resolution (∆t) and the frequency resolution
(∆f ) of the STFT is a constant. That is, when the
time resolution is improved, the frequency resolution
decreases, and vice versa. Extracting normal modes
using STFT is usually very diﬃcult if the normal
modes overlap. Many high resolution time-frequency
methods have been developed (Huang et al., 1998;
Daubechies et al., 2011). However, all these methods still have limited time-frequency resolution and
cannot determine two substantially overlapped normal
modes (Rilling, Flandrin, 2008; Wu et al., 2011).
In a study by Bonnel et al., a warping transform is used
to isolate the normal mode in spectrogram (Bonnel
et al., 2010; 2011; 2012). This warping method also
relies on a time-frequency analysis with limited ability to separate normal modes as shown in Fig. 2b. The
singular value decomposition (SVD) method (Neilsen
et al., 1997; Neilsen, Westwood, 2002) and the f -k
transform (Walker et al., 2005; Nicolas et al., 2006)
have been presented to extract the mode depth function or to isolate the normal mode in the frequencywavenumber plane. The SVD can only extract the
mode depth function. The f -k transform needs many
samples at diﬀerent ranges which are not available in
this experiment.
Gao et al. (2010) suggested that the waveguide
invariant β could be used to unify the horizontal
wavenumber and remove the dispersion of each normal
mode using one transform – the dedispersion transform. After DDT processing, the pulse length of each
normal mode became as short as the pulse length of
the source signal. In this work, the fact that after
performing DDT on a signal received in the Pekeris
waveguide is close to the superposition of a set of
source signals with diﬀerent positions and amplitudes
is used. The position and amplitude parameters are
determined with PSO (Kennedy, Eberhart, 1995),
from which each normal mode can be extracted.
Section 2 of this paper presents normal mode extraction method based on the DDT. In Sec. 3, the results of applying this method on experimental signals
are reported. The extracted normal modes are then
used to estimate the source distance for further validation.

2. The normal mode extraction scheme
Normal mode extraction aims to identify the amplitude and waveform of each normal mode. In this paper,
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normal mode extraction is conducted in two steps. The
ﬁrst step involves obtaining the amplitude of each normal mode, while the second step is to identify the waveform. Once the amplitude and position parameters are
determined, the waveform of each normal mode can be
identiﬁed using “dispersion compensation”.
As introduced in the work of Gao et al. (2010),
the dispersion of the received signal was removed after
DDT processing, the pulse length of each normal mode
became as short as the pulse length of the source signal. The experiment presented in this paper will show
that the waveform of the received modes after applying
DDT is the same as the waveform of the source signal
in the Pekeris waveguide.
When considering the sound absorption α, the
sound pressure can be written as
∞
X

eikm r
αm (ω), (1)
ψm (zs )ψm (z) √
p(ω, r, z) ≈ S(ω)
km r
m=1
where ψm (z) is the normalized depth-dependent eigenfunction, km is the horizontal wavenumber, S(ω) is
the source signal (Jensen et al., 2011). Considering
the shallow water Pekeris waveguide problem is discussed, density ρ is assumed to be depth independent
for simplicity. The constant part is omitted for convenience. In the Eq. (1),
√ the frequency-dependent terms
are S(ω), ψm (z),√1/ km , and αm (ω). As Fig. 3 and
Fig. 4 show, 1/ km and ψm (z) change slowly with
frequency in a certain bandwidth (this bandwidth is
close to the bandwidth used in the experiment introduced in Sec. 1). If sound absorption is low, given that
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the source frequency is relatively low, then the change
of sound absorption with frequency can also be omitted
(Francois, Garrison, 1982).

√
Fig. 3. The change of 1/ km (m = 1, 2, 3, 4)
with frequency.

In this case, Eq. (2) can be obtained with the help
of DDT.
1 X αm
√ ψm (zs )ψm (z)
p (r, z; x, s) ≈ √
r m=1 km
 +∞

1 Z

−1/β
/c0 )(xs−rηm )
dωS(ω)ei(ω/c0 )(r−x) ei(ω
. (2)
2π

−∞

As the dispersion term is removed
√ and the
frequency-independent terms αm , 1/ km , and
ψm (zs )ψm (z) can be written as the mode-dependent

Fig. 4. The change of ψm (mode depth function) of modes 1, 2, 3, and 4 with frequency.
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constant Cm , the range-dependent term is written as
Ar , the received signal after DDT can be written as:
p(s) ≈ Ar

X

m=1

Cm {S(s − sm )} ,

(3)

where sm is the delay of each normal mode, and
S(s) is the source signal in the s domain. The existence of sm in Eq. (3), due to the dispersion of each
normal mode, is removed at diﬀerent s values which
places diﬀerent normal modes at diﬀerent positions after DDT.
After DDT processing of the received signal, the
superposition of the source signals having diﬀerent amplitudes and positions is an approximation of the resulting signal. If the relative amplitude and position
of each normal mode can be determined, the received
signal can then be reconstructed with source signal.
The thick line at (1) in Fig. 5a shows a piece of the
simulated received signal after DDT processing. The
relative amplitude and position of each normal mode
are easily determined by observation. The newly reconstructed signal (using the source signal) is in a good
agreement with the original received signal after DDT
processing. The correlation coeﬃcient between them is
over 0.98.
When the source-receiver distance is short, the normal modes will overlap even after applying DDT, as
shown in Fig. 5b. Using the concepts presented above,
the obtained signal after applying DDT to the received signal can be described using only the parameters of amplitude and position of each normal mode.
In addition, those parameters can be determined using
a searching process, which will allow the normal mode
to be separated.
In this paper, the PSO is used to search for position
and amplitude parameters. The PSO, initially inspired
by animal behavior, can ﬁnd the optimal value of an
optimization function quickly and with small computational cost. The optimization function deﬁned here
is the correlation coeﬃcient of the target signal (the
received signal after DDT processing) and the reconstructed signal (the superposition of a set of source
signals with diﬀerent positions and amplitudes). The
optimization parameters are the position and amplitude of each normal mode. When the maximum value
of the correlation coeﬃcient is found, the relative position and amplitude of each normal mode can be determined, and all of the normal modes can be extracted. Figure 5b shows the results of the parameter searching process. As the reconstructed signal becomes well correlated with the target signal (the correlation coeﬃcient is generally above 0.9.), the amplitude and position parameters of each normal mode
are determined. Each extracted normal mode agrees
well with its corresponding separately simulated single
mode.

Fig. 5. The simulated received signal after DDT processing
and its reconstruction using the source signal (the reconstructed signal). The data is received at 12 km (a) and
5 km (b) separately. The thick lines at positions (1), (2),
(3), and (4) represent the simulated signal after DDT processing, showing the ﬁrst three: the ﬁrst, the second, and
the third mode, respectively. The thin lines at (2), (3), and
(4) represent the source signals with diﬀerent positions and
amplitudes determined by direct observation (a) and a PSO
searching process (b) separately. The thin lines at (1) represent the combined thin lines at (2), (3), and (4). The
correlation coeﬃcients between overlapping thick and thin
lines are labeled. (In this paper, the simulated signals are
generated by employing the normal mode program Kraken
with the environmental parameters shown in Table 1. Without loss of generality, only ﬁrst three normal modes were
considered in the simulation).

Table 1. Environmental parameters for simulation.
Sound
Sound
Density Attenuation
Water
Source
speed
speed
of sea
of sea
depth
depth
of sea
of water
bottom
bottom
[m]
[m]
bottom
[m/s]
[kg/m3 ]
[dB/λ]
[m/s]
40
1500
1800
1900
0.2
15

Some problems may appear when conducting the
searching process. First, the number of normal modes
is usually not known without having some knowledge
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of the environment, but this number can be determined
with some attempts. For example, when the estimated
number of normal modes is less than the actual number of normal modes, the correlation coeﬃcient will
not be very high. When the estimated number of normal modes is greater than the actual number of normal modes, there will be at least two normal modes
that have the same position. Another problem involves
determining the actual number of normal modes in a
signal. Some modes may not be motivated at certain
depths, so the total number of normal modes present
can be diﬀerent at diﬀerent depths. To solve this problem, the signal transmitted and received by the transducers located at the bottom, where all the normal
modes are motivated, can be used.
In addition to ﬁnding the actual number of normal
modes, the SNR of the target signal needs to be relatively high to guarantee that the correlation coeﬃcient
will be high enough to accurately determine the optimization parameters using PSO. For this study, this
requirement is satisﬁed because the studied signals are
received relatively near the source.
Because the optimization function is deﬁned as the
correlation coeﬃcient between the target signal and
the reconstructed signal, the amplitude parameter of
one mode needs to be ﬁxed to avoid obtaining multiple optimal values. The mode with the ﬁxed amplitude parameter should be the ﬁrst mode because the
amplitude sign of the ﬁrst mode does not change with
the depth (from the surface to the bottom). As dealing with the multi-channel signal, the relative amplitude of each channel needs to be determined because
the amplitude parameter of the ﬁrst mode is ﬁxed. As
shown in Fig. 7b, the front region of the ﬁrst mode is
not aﬀected by the other modes. The amplitude of this
region is used to determine the relative amplitude of
each channel.
Along with the amplitude and position, the waveform of each normal mode must be considered. In this
study, the recovered waveform is used to estimate the
source distance, which is presented in Sec. 3. Previously, it has been proved that the time domain waveform of each normal mode after applying DDT is very
close to the source signal. Consequently, the diﬀerence
in waveform between the source signal and each normal mode of the received signal is mainly from the
dispersion of the waveguide. Therefore, the dispersed
received signal can be expressed as a function of the
source signal:

known in the DDT process. The distance parameter
x is the same for each mode, and the term sm corresponds to the position parameters. By compensating
the source signal with the dispersion, the real waveform of each normal mode can be obtained; it is called
“dispersion compensation”.
Figure 6 shows the recovered third normal mode
waveform by applying dispersion compensation. The
source signal is converted to the third normal mode by
compensating the dispersion of the third normal mode.
The recovered signal matches up well with the directly
simulated signal as shown in Fig. 6b.

+∞
X Am Z
−1/β
xsm /c0
, (4)
dωS(ω)ei(ω/c0 )x−iω
S(t) ≡
2π
m=1

In this section, experimental signals are used to
highlight the usefulness of the presented method. The
experimental data introduced in the Sec. 1 is used.
The extracted modes are further used to estimate the
source distance.
Zhao et al. (2010) introduced a broadband method
to determine the distance from a source in shal-

−∞

where S(t) is the recovered received signal, and S(ω) is
the source signal in the frequency domain. The exponential term and the amplitude term Am are already

Fig. 6. Applying dispersion compensation to the simulated
3rd normal mode: a) the source signal; b) the thick line
corresponds to the recovered signal, and the thin line corresponds to the directly simulated received signal (partially
enlarged view). The correlation coeﬃcient between these
two overlapping lines is labeled.

3. Application and validation
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low water using the Ω interference spectrum. This
method takes advantage of the interference structure
in the frequency domain caused by the third part
of Eq. (6). At a certain distance r, the sound intensity will change with the frequency. In work presented by Zhao et al., the period of the interference
structure was used to estimate the source distance
with
rg ∆Ωg
,
(5)
rt =
∆Ωt
where ∆Ωg is the period of interference structure
caused by the guide source, rg is the distance of the
guide source, and ∆Ωt is the period of the interference
structure caused by the target source. This method
determines the distance to the target source using
only a single receiver and a broadband guide source.
However, this method requires that the received signal consists of only two normal modes and the number of normal modes in the target signal and in the
guide signal must be the same in order to conﬁrm
that the diﬀerence of wavenumber is the same. Because the period of the interference structure changes
with frequency and more than two modes may make
up the received signal, this method cannot be that accurate.
With the method presented in this paper, the normal modes are ﬁrst able to be separated. Then, two
modes are chosen and their actual received waveforms are recovered using dispersion compensation.
The acoustic intensity of these two modes can be written as

and the guide source, respectively. Compared with
Eq. (5), Eq. (8) is more accurate because ∆Ωg and
∆Ωt correspond to diﬀerent frequency scales, while
∆pt and ∆pg in Eq. (8) correspond to the same frequency scale.
Using DDT and the parameter searching process,
the ﬁrst six normal modes of the experimental signal
are extracted. All six normal modes become distinguishable in Fig. 7b. The vertical distribution of the
sixth mode is not clear due to the spatial resolution
limit (only 15 hydrophones on the VLA).

2
I(r, z, zs , ω) = A2 (ω) Bn2 + Bm

+ 2Bn Bm cos (kmn (ω)r)),

(6)

where A2 (ω) is the power spectrum of the source signal, Bn and Bm are the normal mode amplitude,
r is the distance between source and receiver (Jensen
et al., 2011). The interference structure in the frequency domain caused by cos(kmn (ω)r) is shown in
Fig. 8a, c. Using a simple operation, Eq. (6) can be
rewritten as
I(r, z, zs , ω)
2
− Bn2 − Bm
A2 (ω)
.
cos (kmn (ω)r) =
2Bn Bm

(7)

The interference structure is more clearly shown in
Fig. 8b, d. As expressed in Eq. (7), the distance r corresponds to the phase change of the interference structure. The distance of the target source can be obtained
using
∆pt
rt ∆kmn (ω)
rt
=
= ,
∆pg
rg ∆kmn (ω)
rg

Fig. 7. Extracting normal modes from experimental data
received at 1.39 km: a) the thin line corresponds to the
signal after applying DDT, and the thick line corresponds
to the reconstructed signal, with extracted modes shown
in (b); b) the extracted normal mode.

(8)

where ∆pt and ∆pg are the phase change of the interference structure corresponding to the target source

The extracted 1st and 2nd normal modes are recovered to give the actual received waveform using
dispersion compensation, and they are added to observe the interference structure in the frequency domain as shown in Fig. 8a,c. With the application of
Eq. (7), the interference structure is extracted and the
corresponding phase change is obtained as shown in
Fig. 8(b, d, and e). The data at 4.63 km is assumed to
be the guide signal, giving a calculated target source
distance of 1.27 km, while the actual distance is about
1.39 km.
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Fig. 8. Extracting the Ω interference structure of two normal modes and the corresponding phase change using experimental
data: (a, c) spectrum of the 1st and 2nd modes and their compositions received separately at 1.39 km and 4.63 km; (b, d) the
extracted interference structures in the frequency domain using Eq. (7); (e) the corresponding phase changes of (b, d).

4. Conclusions
This study presents a normal mode extraction
method based on DDT to solve a problem raised in
an experiment. In the Pekeris waveguide, the dispersion of a received signal can be removed with DDT,
and the received signal then becomes the composition
of source signal having diﬀerent amplitudes and positions. The amplitude and position parameters can be
determined using a PSO searching process. Once the
amplitude and position parameters have been determined, the normal modes can be separated. With the

introduction of dispersion compensation, the original
waveform of the received normal mode can be recovered by compensating the dispersion to the source signal.
Using the relationship between the normal modes
based on the waveguide invariant, the method presented here can extract normal modes that otherwise
cannot be distinguished using other methods. Given
the extracted normal modes, the source distance can
be estimated by observing the Ω interference structure
which further validate the usefulness of the presented
method. As the environment is usually range depen-
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dent, the geoacoustic and other applications can get
more accurate results when the normal mode information can be extracted at relative close source-receiver
range. That is the main signiﬁcance of this method.
The method developed is tested using experimental conditions obtained from Yellow Sea experiments.
However, this method requires the source signal to be
known and is only applied in the Pekeris waveguide
where the β ≈ 1. When there is a strong thermocline,
the distribution of normal modes becomes more complex. In this case, the waveguide invariant β varies with
frequency and the DDT does not work properly.
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