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Applying rigorous analytical methods, formulas describing the sound radiation have been obtained
for the wedge region bounded by two transverse baﬄes with a common edge and bottom. It has been
assumed that the surface sound source is located at the bottom. The presented formulas can be used
to calculate the sound pressure and power inside the wedge region. They are valid for any value of the
wedge angle and represent a generalization of the formulas describing the sound radiation inside the
two and three-wall corner region. Moreover, the presented formulas can be easily adapted for any case
when more than one sound source is located at the bottom. To demonstrate their practical application,
the distribution of the sound pressure modulus and the sound power have been analyzed in the case of
a rectangular piston located at the wedge’s bottom. The inﬂuence of the transverse baﬄe on the sound
power has been investigated. Based on the obtained formulas, the behaviour of acoustic ﬁelds inside
a wedge can be predicted.
Keywords: wedge region, sound pressure, sound power, Neumann boundary value problem, Helmholtz
equation, vibrating piston, Hankel transform.

1. Introduction
Theoretical analysis of sound radiation allows noise
reduction in the human environment to be performed
in an eﬃcient way. Some vibrating surfaces, which
can be easily found as components of machines, vehicles, or architectural structures, represent surface
sound sources. Therefore, active noise control as well
as theoretical investigations are of considerable importance in the case of such sound sources. The methods
based on the use of piezoelectric elements and various
algorithms have been proposed to reduce the vibrations of structures (Górski, Morzyński, 2013; Leniowska, 2009; Mazur, Pawełczyk, 2013; Wiciak,
Trojanowski, 2013). Acoustic behaviour of vibrating
surfaces can be predicted on the basis of theoretical
investigations. This means that the acoustic properties of a considered vibroacoustic system can be optimized at the stage of construction, which allows application of eﬀective noise control. The sound radiation of
some baﬄed surface sources has been analyzed by use
of some advance methods (González-Montenegro

et al., 2014; Palumbo, 2009). At present, modern architectural structures consist of some walls with different shapes and acoustic properties. The buildings’
walls can be arranged in a diﬀerent way, leading to
the popularity in urban areas of such spatial regions
as, for example, the two-wall corner, three-wall corner, wedge, cylinder. Therefore, it is of interest to analyze the sound radiation inside the spatial regions of
diﬀerent shapes. The Green’s function for the twowall corner region and three-wall corner region has
been obtained (Rdzanek, Rdzanek, 2006). Then,
the sound radiation of surface sources located at the
boundary of the two-wall corner and three-wall corner
region has been investigated (Rdzanek et al., 2007;
Szemela, 2014; Szemela et al., 2012). Moreover, the
acoustic behaviour of a spherical sound source inside
a quarterspace has been analyzed (Hasheminejad,
Azarpeyvand, 2004). The acoustic properties of rectangular rooms have also been discussed (Aretz et al.,
2014; Godinho et al., 2011; Meissner, 2013). Acoustic waves propagated in wedges have been analyzed
by use of various methods (Abawi, Porter, 2007;
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Budaev, Bogy, 2003; Hladky-Hennion et al.,
1998). The acoustic behaviour of the wedge room has
been discussed as well (Mechel, 2013).
So far, the formulas describing the sound radiation
of a surface source located at the bottom of the wedge
region are unknown. Therefore, the main aim of this
study is to obtain the rigorous analytical formulations
determining the sound pressure and sound power in
the case of the wedge region with the perfectly rigid
inﬁnite transverse baﬄes and bottom, and an arbitrary
wedge angle. They will represent a generalization of
the formulas valid for the two- and three-wall corner
regions which can be obtained based on the presented
in the literature Green’s functions.

2. Statement of the problem
The sound radiation has been analyzed inside the
wedge region. It has been assumed that the considered
region is bounded by two ﬂat inﬁnite transverse baﬄes
with a common edge and bottom which is aﬂat inﬁnite
baﬄe. The wedge’s transverse baﬄes and its bottom
are perfectly rigid. It is necessary to emphasize that
the considered model of the wedge region can be used
only to describe the sound radiation in the case when
the wedge’s walls are nearly rigid and their dimensions
are much greater than the acoustic wavelength. The
transverse baﬄes are perpendicular to the bottom. The
angle between the wedge’s transverse baﬄes ϕ0 , called
the wedge angle, can vary within the limits of 0 < ϕ0 ≤
2π. It can be noticed that for ϕ0 = π/2 and ϕ0 = π, the
wedge region is the three- and two-wall corner regions,
respectively. The ﬁeld point’s location is described in
the cylindrical coordinate system by the vector r =
(r, ϕ, z). The sound source is located at the bottom of
the wedge region, i.e., on the plane z = 0. Additionally,
to determine the sound source’s location, the Cartesian
coordinate system (x, y) has been introduced on the
plane z = 0. The considered region with a sound source
and the introduced Cartesian coordinate system has
been illustrated in Fig. 1.

The medium inside the region is lossless, homogeneous, and isotropic. The amplitude of acoustic waves
is small enough to use the acoustic ﬁeld linear theory. All the analyzed processes have been considered as
steady-state and time-harmonic. On the basis of the introduced assumptions, the acoustic potential Φ(r) can
be found as the solution of the Helmholtz equation
given by (cf. Crocker, 2010)
∆Φ(r) + k 2 Φ(r) = 0,

(1)

where ∆ = ∂ /∂r + (1/r) ∂/∂r + (1/r )∂ /∂ϕ +
∂ 2 /∂ z 2 is the Laplacian in the cylindrical coordinates,
k = ω/c is the wavenumber, ω = 2πf is the angular
frequency, f is the vibration frequency, and c is the
sound speed in the medium. In the case of the considered wedge region, the following boundary condition
can be imposed:
2
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(3)

(4)

is the distribution of the vibration velocity at the
wedge’s bottom, vS (r, ϕ) describes the vibration velocity of the sound source’s points, and S is the sound
source’s surface. It should be emphasized that, in
particular, the distribution of the vibration velocity
vS (r, ϕ) can be discontinuous. Hence, the considered
problem can be easily extended to the case when more
than one sound source is located at the bottom of the
wedge region. For this purpose, it is enough to assume
that vS (r, ϕ) describes the distribution of the vibration
velocity for many sound sources, and S denotes their
surfaces.

3. Solution of the Helmholtz equation
for the acoustic potential
The acoustic potential can be expressed as the following Fourier series (Wright, 2005):
Φ(r) =

∞
X

Ψm (r, z) cos(νm ϕ),

(5)

m=0

Fig. 1. Wedge region with a sound source located at the
bottom. The introduced Cartesian coordinate system and
the wedge angle ϕ0 between the wedge’s transverse baﬄes.

where the functions Ψm (r, z) are the unknown Fourier
coeﬃcients and νm = mπ/ϕ0 . The proposed solution
satisﬁes the boundary conditions given by Eq. (2).
Making use of the Hankel transform, the unknown
functions from Eq. (5) can be written in the following form (Morse, Ingard, 1968):
Z∞
(6)
Ψm (r, z) = Jνm (τ r)χm (τ, z)τ dτ,
0

K. Szemela – Sound Radiation from a Surface Source Located at the Bottom of the Wedge Region

where Jνm (·) is the Bessel function of the order νm ,
χm (τ, z) are the functions to be found. Inserting
Eq. (6) into Eq. (5) and using the Helmholtz equation
from Eq. (1) result in
∂ 2 χm (τ, z)
+ γ 2 χm (τ, z) = 0,
(7)
∂ z2
√
where γ = k 2 − τ 2 . The general solution of the above
equation is
χm (τ, z) = Am (τ ) eiγ z + Bm (τ )e−iγ z ,

(8)

where Am (τ ) and Bm (τ ) are the unknown functions.
The ﬁrst term in Eq. (8) represents outgoing waves,
while the second one presents ingoing waves. Taking
into account that the sound source is located on the
plane z = 0, incoming waves cannot be propagated
along the z axis and it is necessary to assume that
Bm (τ ) = 0. Then, combining Eqs. (5), (6), and (8)
yields
∞

Z
∞
X
 Am (τ )Jνm (τ r)eiγ z τ dτcos(νm ϕ). (9)
Φ(r) =
m=0

0

The function Am (τ ) can be found based on the boundary condition from Eq. (3). Using the cosine Fourier
series and the Hankel transform of the order νm , the
distribution of the vibration velocity at the wedge’s
bottom can be written as follows:

∞
Z
∞
X
 Km (τ )Jνm (τ r)τ dτcos(νm ϕ), (10)
v(r, ϕ) =
m=0

0

where

εm
Km (τ ) =
ϕ0

Z

vS (r, ϕ)Jνm (τ r) cos(νm ϕ) dS

(11)

It has been assumed that the argument of µ is equal
to 0 when ϑ ≤ 1 and it is equal to π/2 for ϑ > 1.
This causes that the integrals appearing in Eq. (13) are
convergent and the acoustic potential assumes a ﬁnite
value at each ﬁeld point.

4. The sound pressure and sound power
Assuming that the time dependence for the considered processes is given by exp(−iωt), the sound pressure p(r) can be expressed by means of the acoustic potential as follows (cf. Morse, Ingard, 1968;
Crocker, 2010):
p(r) = −iωρΦ(r),

0

(16)

· cos(νm ϕ).

From the practical standpoint, it has been assumed
that the upper limit of summation in the above formula is equal to the appropriate ﬁnite number Map .
This number should be large enough to achieve a high
accuracy of the obtained results. On the basis of the
impedance approach, the sound power Π can be formulated as (cf. Pierce, 1981)
Z
1
p(r, ϕ, 0)vS∗ (r, ϕ) dS,
(17)
Π=
2
S

where the symbol “*” denotes the conjugate of a complex quantity. Making use of Eqs. (16) and (17), the
sound power can be written in the following form:
Map Z
∗
ω 2 ρϕ0 X
Km (kϑ)Km
(kϑ)ϑ dϑ
,
2c m=0
εm µ
∞

and ε0 = 1, and εm = 2 for m > 0. The integration in
Eq. (11) is performed over the sound source’s surface,
which is a consequence of Eq. (4). Inserting Eqs. (9)
and (10) into the boundary condition given by Eq. (3)
leads to
Am (τ ) = iKm (τ )/γ.
(12)
By substituting τ = kϑ into Eq. (9) and using Eq. (12),
the acoustic potential can be expressed in the following
form:

∞
Z
∞
X
ϑ
dϑ

 Km (kϑ)Jνm (kϑr)eikµz
Φ(r) = ik
µ
m=0
0

· cos(νm ϕ),
µ=

(15)

where ρ is the density of the medium in equilibrium.
Inserting Eq. (13) into Eq. (15) results in
∞

Map
Z
ω2ρ X 
ϑ
dϑ

p(r) =
Km (kϑ)Jνm (kϑ r)eikµ z
c m=0
µ

S

where
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(√

1 − ϑ2 for ϑ < 1,
√
i ϑ2 − 1 for ϑ > 1.

(13)

(14)

Π=

(18)

0

where
∗
Km
(τ )

εm
=
ϕ0

Z

vS∗ (r, ϕ)Jνm (τ r) cos(νm ϕ) dS. (19)

S

The formulas from Eqs. (16) and (18) describe the
sound radiation in the case of an arbitrary sound
source located at the bottom of the wedge region.
In the case of an arbitrary sound source, the integration over the surface S in Eq. (11) can be performed
as follows:
εm
Km (τ ) =
ϕ0

rZmax β(r)
Z

vS (r, ϕ)Jνm (τ r)

rmin α(r)

· cos(νm ϕ) dϕr dr,

(20)

226

Archives of Acoustics – Volume 40, Number 2, 2015

where rmin , rmax are the minimal and maximal distance of the source point from the origin of the cylindrical coordinate system, respectively. The functions
α(r) and β(r) determine the values of the variable ϕ
at the sound source’s edges for a ﬁxed value of the variable r. The geometric interpretation of the functions
α(r) and β(r) has been illustrated in Fig. 2. The integration in Eq. (19) can be performed in an analogous
way.

Fig. 2. Piston’s location I at the wedge’s bottom.
The vector d = (dx , dy ) indicates the piston’s central
point. The geometric interpretation of the functions
α(r) and β(r) appearing in Eq. (20).

In general, the formulas given by Eqs. (16) and (18)
contain the triple integrals which can lead to time consuming numerical calculations. If the considered sound
source is a piston and vS (r, ϕ) = v0 = const, where
v0 denotes the amplitude of the piston’s vibration velocity, the formulas from Eqs. (19) and (20) can be
rewritten in the form of the following single integral:
∗
Km (τ ) = Km
(τ ) = v0

to show one of them, the sound radiation of a rectangular piston located at the wedge’s bottom has been
investigated. It has been assumed that the lengths of
the piston’s sides are equal to a = 0.2 m and b = 0.1 m.
The side of the length a is parallel to the x axis and the
location of the piston’s central point is deﬁned in the
Cartesian coordinate system by the vector d = (dx , dy )
(see Fig. 2).
Assuming that c = 340 m/s and ρ = 1.293 kg/m3 ,
the analysis has been performed in the case when the
wedge region is ﬁlled with the air. Moreover, the numerical calculations have been performed for the vibration velocity of the sound source equal to v0 =
5 · 10−3 m/s. The functions α(r) and β(r) appearing
in Eq. (22) have to be determined for the given piston’s location. In the case when the whole surface of
the considered sound source lies in the ﬁrst quadrant
of the Cartesian coordinate system, it can be deduced
that α(r) = α1 (r) and β(r) = β1 (r) where



|dy | − b/2


for rmin ≤ r < r2 ,
arcsin

r


(23)
α1 (r) =
|d | + a/2


arccos x
for r2 ≤ r ≤ rmax ,
r



|dx | − a/2


for rmin ≤ r < r1 ,
arccos

r


β1 (r) =
(24)

|dy | + b/2

arcsin
for r1 ≤ r ≤ rmax ,
r
where
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r1 =

rZmax

Um (r)Jνm (τ r)r dr, (21)
r2 =

rmin

where

(β(r) − α(r))/ϕ0
for m = 0,




 



2
mπ
mπ
Um (r) =
sin
β(r) − sin
α(r)


ϕ0
ϕ0

 mπ
for m > 0.

rmax =
(22)

On the basis of Eqs. (16), (18), and (21), the sound
radiation can be analyzed for a piston of any shape
and of an arbitrary location at the wedge’s bottom. In
the case of this sound source, the formulas describing
the sound pressure and sound power can be expressed
as a series of double integrals.

5. An example – the sound radiation
of a rectangular piston
The obtained formulas given by Eqs. (16) and (18)
can be used for many practical applications. In order

q
2
2
(|dx | − a/2) + (|dy | − b/2) ,

q
2
2
(|dx | − a/2) + (|dy | + b/2) ,

q
(|dx | + a/2)2 + (|dy | − b/2)2 ,
q
2
2
(|dx | + a/2) + (|dy | + b/2) .

The functions α(r) and β(r) can be expressed as
α(r) = π−β1 (r), α(r) = π−β1 (r) and α(r) = π−β1 (r),
β(r) = π + β1 (r) when the whole piston’s surface lies
in the second and third quadrant, respectively. The
four locations of the piston’s central point have been
considered: location I – dx = 0.25 m, dy = 0.1 m, location II – dx = 0.25 m, dy = 0.25 m, location III
– dx = −0.25 m, dy = 0.1 m and location IV –
dx = −0.25 m, dy = −0.1 m. Assuming that the values
of the wedge angle are: ϕ0 = π/3, 5π/6, 5π/4, 5π/3,
the numerical analysis has been performed for the convex as well as concave wedge region. After deﬁning
the values of parameters describing the considered vibroacoustic system and determining the functions α(r)
and β(r) from Eq. (22), the numerical analysis of the
sound pressure and power can be performed based on
Eqs. (16) and (18).
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To ﬁnd the appropriate value for the upper limit of
summation Map in Eqs. (16) and (18), it is convenient
to analyze the following relative error:

EM =

QM −

(Ref)
QM

(Ref)

100%,

(25)

QM

where QM is the value of the quantity Q calculated using all the terms in Eq. (16) or (18) for which m ≤ M
(Ref)
and QM
is the reference value of the quantity Q
calculated by taking into account in Eq. (16) or (18)
(Ref)
the number of terms MRef . The reference value QM
has to be calculated for a large value of the number MRef . However, MRef cannot be arbitrarily large
to avoid time consuming calculations. Therefore, it
has been assumed that MRef = max(20, 2M ), where
max(η, δ) is equal to η when η ≥ δ and δ if η < δ.
The number MRef increases as the number M increases
and has a suﬃciently large value, even for a small
value of the number M . A small value of the relative error EM means that a contribution of additional
terms to the total result is not signiﬁcant and the series from Eq. (16) and (18) are convergent. Hence, it
can be concluded that the obtained results have an
acceptable accuracy when the value of EM is small
enough.
In the numerical analysis, it has been assumed that
the value of the number Map appearing in Eqs. (16)
and (18) is large enough so that EMap < 1%. This leads
to obtaining accurate results and formulating correct
conclusions.
The formulas from Eqs. (16) and (18) for ϕ0 = π/2
represent the generalization of the formulas which can
be obtained based on the presented in the literature
Green’s function valid for the three-wall corner region.
Therefore, it is of interest to compare the results obtained by means of the formulas presented in this paper and those obtained on the basis of the Green’s
function. The formulas describing the sound radiation
of the considered piston inside a three-wall corner region obtained by using the Green’s function have been
presented in Appendix. The validation of the formulas
from Eqs. (16) and (18) for ϕ0 = π/2 can be performed
by estimating the following relative error:
Ecom =

|Q − QRef |
100%,
QRef

(26)

where Q is the value calculated from Eq. (16) or
Eq. (18), and QRef denotes the value determined based
on the corresponding formula from Appendix. The formulas obtained by using the Green’s function have
been considered as correct and exact, while the validity of the present in this paper formulas is investigated.
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5.1. Numerical analysis of the sound pressure
modulus
On the basis of Eq. (16), the distribution of the
sound pressure modulus inside the wedge region can be
determined. The values of the sound pressure modulus
calculated in the case when ϕ0 = π/2 have been compared with the values of this quantity obtained based
on Eq. (31). The relative error Ecom from Eq. (26) has
been estimated for the sound pressure modulus at a
ﬁxed ﬁeld point of the coordinate z = 0.5 m. It has
been assumed that the upper limit of summation in
Eq. (16) is equal to Map = 20. In the case of the piston’s location I and the ﬁeld point located above the
central point of the sound source, the relative error
Ecom is equal to about 6 · 10−5% for f = 0.25 kHz and
about 4 · 10−5 % for f = 0.5 kHz. When f = 0.5 kHz,
the quantity Ecom does not exceed 9 · 10−5 % for the
piston’s location I and the ﬁeld point x = 0.5 m and
y = 0.2 m. The considered relative error is less than
8 · 10−6% in the case of f = 0.5 kHz, the piston’s location II and the ﬁeld point x = 0.01 m and y = 0.25 m,
which is near the transverse baﬄe. The estimated values of the relative error Ecom are negligible. Therefore,
it can be concluded that in the case of the sound pressure modulus, the results obtained for the wedge region
of the angle ϕ0 = π/2 agree with the corresponding results obtained on the basis of the Green’s function.
In order to determine the value of the upper limit
of the summation Map , the relative error EM from
Eq. (25) has been estimated for the sound pressure
modulus in the case of several diﬀerent ﬁeld points and
some values of the number M . The chosen piston’s locations as well as some sample values of the vibration
frequency and the wedge angle have been analyzed. In
Fig. 3, the sound pressure modulus and the considered
relative error have been presented as the functions of
the normalized angular coordinate ϕ/ϕ0 for some sample values of the radial coordinate r.
Figure 3a shows that the distribution of the sound
pressure modulus is nearly axis-symmetric when the
value of the radial coordinate r is suﬃciently small,
i.e., r = 0.1 m. In the vicinity of the baﬄe given by the
equation ϕ = ϕ0 , a signiﬁcant increase in the value of
the sound pressure modulus is observed. This fact can
be explained by a strong interference of acoustic waves
coming directly from the sound source and acoustic
waves reﬂected from the baﬄe. Figure 3b proves that
the maximal value of the relative error EM estimated
within the limits ϕ ∈ [0, ϕ0 ] increases as the value of
the radial coordinate r increases. The quantity EM
does not exceed about 10−5 % for r = 0.1 m, is smaller
than 0.1% when r = 0.5 m, and does not exceed 1%
if r = 1 m. This means that the value of the number
Map determined for a maximal analyzed value R of
the radial coordinate r can be also used as the value of
Map for all the cases when r < R. In Fig. 4, the sound
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a)

b)

Fig. 3. Sound pressure modulus |p (r)| and the
corresponding relative error EM from Eq. (25) as
the functions of the normalized angular coordinate ϕ/ϕ0 . It has been assumed that the piston is
at location III, f = 0.5 kHz, M = 7, z = 0.5 m,
and ϕ0 = 5π/4. The line keys: solid – r = 0.1 m,
dashed – r = 0.5 m, dotted – r = 1 m.

pressure modulus and corresponding relative error EM
have been presented as the functions of the normalized
angular coordinate ϕ/ϕ0 for some sample values of the
coordinate z.
Based on Fig. 4a, it can be concluded that the increase in the value of the sound pressure modulus is
observed in the vicinity of the baﬄes. Moreover, the increase in the value of the coordinate z causes that the
distribution of the sound pressure modulus becomes
more similar to the axis-symmetric distribution. The
maximal value of the relative error EM observed within
the limits ϕ ∈ [0, ϕ0 ] rapidly diminishes as the value
of the coordinate z increases (see Fig. 4b). The value
of EM is smaller than 1% for z = 0.1 m and does
not exceed 0.01% when z = 0.5 m. Therefore, it can
be deduced that the value of the upper limit of the
summation Map determined for the minimal analyzed
value z0 of the coordinate z can be used as the value
of Map for all the cases when z > z0 . The distribution
of the sound pressure modulus on the surface r ≤ 1 m,
0 ≤ ϕ ≤ ϕ0 , and z = 0.5 m has been illustrated in
Figs. 5–8, while the distribution of this quantity on the
surface 0 ≤ ϕ ≤ ϕ0 , 0.1 m ≤ z ≤ 1 m, and r = 0.5 m
has been shown in Fig. 9. The chosen piston’s locations
and some sample values of the vibration frequency have
a)

a)

b)

Fig. 4. Sound pressure modulus |p(r)| and the relative error EM from Eq. (25) as the functions of the
normalized angular variable ϕ/ϕ0 . The following
is assumed: the piston’s location I, f = 0.5 kHz,
M = 6, r = 0.5 m, and ϕ0 = 5π/6. The line keys:
solid – z = 0.1 m, dashed – z = 0.5 m, dotted –
z = 1 m.

b)

Fig. 5. Distribution of the sound pressure modulus |p(r)| on the surface r ≤ 1 m, 0 ≤ ϕ ≤ ϕ0 ,
and z = 0.5 m for ϕ0 = π/3 and the piston’s location I. Moreover, the assumptions
are such that: a) f = 0.25 kHz and Map = 1,
b) f = 0.5 kHz and Map = 2.
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a)

b)

b)

Fig. 6. Distribution of the sound pressure modulus |p(r)| on the surface r ≤ 1 m, 0 ≤ ϕ ≤ ϕ0
and z = 0.5 m for ϕ0 = 5π/6 and the piston’s location I with the assumption that:
a) f = 0.5 kHz and Map = 3 and b) f = 1 kHz
and Map = 8.
c)

been investigated. In the case of Figs. 5–8, the upper
limit of the summation Map in Eq. (16) has been assumed as the minimal value of the number M for which
the maximal value of the relative error EM estimated
within the limits ϕ ∈ [0, ϕ0 ] and for r = 1 m is less than
1%. This causes that EMap < 1% for all the points of
the considered surface. In the case of Fig. 9, the number Map has been estimated so that EMap < 1% for
z = 0.1 m, r = 0.5 m, and within the limits ϕ ∈ [0, ϕ0 ].
This allows the quantity EMap to be lower than 1% at
all the considered points.
The assumed values of Map have been given in
the ﬁgures’ descriptions. To satisfy the condition
EMap < 1% in the case of a small value of the coordinate z, it is necessary to assume a large value for
the number Map This causes that the numerical calculations are very time consuming in the case of the
ﬁeld points located near the plane z = 0. Therefore, in
Fig. 9, the distribution of the sound pressure modulus
has not been illustrated for z < 0.1 m. Analyzing the
assumed values for the number Map , it can be noticed
that these values increase as the value of the vibration frequency increases. In the case of ϕ0 = 5π/6 and
the piston’s location I, Map = 3 for f = 0.5 kHz and
Map = 8 when f = 1 kHz. This eﬀect can be linked to
the fact that the distribution of the acoustic ﬁeld is
more complicated for the high vibration frequency.
The increase in the value of the wedge angle causes
that the upper limit of the summation Map increases.
For example, in the case of f = 0.5 kHz and the piston’s location I, Map = 2 for ϕ0 = π/3 and Map = 5
for ϕ0 = 5π/4. This fact can be due to an increase in

Fig. 7. Distribution of the sound pressure modulus |p(r)| on the surface r ≤ 1 m, 0 ≤
ϕ ≤ ϕ0 and z = 0.5 m for ϕ0 = 5π/4, and
f = 0.5 kHz, with the following assumptions:
a) the piston’s location I and Map = 5, b) location II and Map = 9, c) the piston’s location III and Map = 7.

the surface area of the analyzed acoustic ﬁeld. Moreover, the value of the number Map is inﬂuenced by the
piston’s location.
In the case when the wedge region is convex ϕ0 =
π/3, 5π/6, the sound pressure modulus assumes some
great values for some small values of the radial coordinate r, i.e., in the wedge’s corner (see Figs. 5 and 6).
Moreover, the distribution of the acoustic ﬁeld is nearly
axis-symmetric if the wedge angle is acute ϕ0 = π/3
and the vibration frequency is low f = 0.25 kHz
(Fig. 5a). The inﬂuence of the diﬀraction of acoustic
waves on the distribution of the sound pressure modulus has been illustrated in Figs. 7–9 in the case of the
concave wedge region. The distribution of the acoustic
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a)

a)

b)
b)

c)

Fig. 9. Distribution of the sound pressure modulus |p(r)| on the surface 0 ≤ ϕ ≤ ϕ0 , 0.1 m
≤ z ≤ 1 m and r = 0.5 m for ϕ0 = 5π/4, and
f = 0.5 kHz. The following parameters have
been also assumed: a) the piston’s location I
and Map = 9, b) the piston’s location II and
Map = 13.

5.2. Numerical analysis of the sound power

Fig. 8. Distribution of the sound pressure modulus |p(r)| on the surface r ≤ 1 m, 0 ≤ ϕ ≤ ϕ0 ,
and z = 0.5 m for ϕ0 = 5π/3. The following
has been also assumed: a) f = 0.25 kHz, the
piston’s location III, and Map = 6, b) f =
0.5 Hz, the piston’s location III, and Map = 9,
c) f = 0.5 kHz, the piston’s location IV, and
Map = 9.

ﬁeld is signiﬁcantly inﬂuenced by the piston’s location
(see Figs. 7–9). Figure 7 shows that in the case of the
piston’s location I, some small values of the sound pressure modulus are observed for ϕ > π and the values
of the coordinate r close to 1 m. This eﬀect is not observed for the piston’s locations II and III. Based on
Figs. 7, 8c and 9, it can be concluded that the increase
in the value of the sound pressure modulus can occur
in the vicinity of the transverse baﬄes.

Making use of Eq. (18), the sound power of the considered vibroacoustic system can be calculated. The
results obtained from Eq. (18) for ϕ0 = π/2 have been
compared with the results obtained on the basis of
Eq. (33) and valid for the three-wall corner region.
The relative error Ecom given by Eq. (26) has been
estimated for the modulus |Π| and the phase θΠ of the
sound power. It has been assumed that the upper limit
of the summation in Eq. (18) is equal to Map = 50. The
estimated values of the relative error Ecom show that
the calculations performed using Eq. (18) for ϕ0 = π/2
and Eq. (33) lead to very similar results. For example,
in the case of the following values of the vibration frequency: f = 0.5 kHz, 1 kHz and 1.5 kHz, the quantity
Ecom calculated for the sound power modulus does not
exceed 0.1% and 0.13% for the piston’s location I and
the piston’s location II, respectively. This relative error calculated for the sound power phase and the same
values of the vibration frequency is lower than 0.02%
in the case of the piston’s location I and II. It can
be noticed that the relative error Ecom assumes much
smaller values in the case of the modulus than in the
case of the phase of the sound power. The small dif-

K. Szemela – Sound Radiation from a Surface Source Located at the Bottom of the Wedge Region

ferences between the results obtained from Eq. (18)
and Eq. (33) can be due to assuming the ﬁnite upper
limit of the summation in Eq. (18) as well as to some
numerical procedures. Therefore, it can be concluded
that these results agree with each other. In Figs. 10
and 11, the modulus and phase of the sound power
have been presented as the functions of the vibration
frequency for some sample values of the wedge angle
and for some chosen piston’s locations.
a)

b)

a)

b)

Fig. 11. Sound power: a) modulus |Π|, b) phase
θΠ as the functions of the vibration frequency
for ϕ0 = 5π/4. The line keys: solid – the piston’s
location I and Map = 16, dashed – the piston’s
location II and Map = 28, and dotted – the piston’s location III and Map = 18.
a)

Fig. 10. Sound power: a) modulus |Π|, b) phase
θΠ as the functions of the vibration frequency
for the piston’s location I. The line keys: solid
– ϕ0 = π/3 and Map = 7, dashed – ϕ0 = 5π/6
and Map = 10, and dotted – ϕ0 = 2π and
Map = 25.

In order to determine the value for the upper limit
of summation Map in Eq. (18), the relative error EM
from Eq. (25) has been estimated for the modulus and
phase of the sound power. The value of the number
Map has been assumed so that EMap < 1% for all the
analyzed cases and it has been given in the ﬁgures’
descriptions. It is worth noting that the value of Map
increases as the value of the wedge angle does. Moreover, the value of Map is inﬂuenced by the piston’s location. To illustrate the behaviour of the relative error
EMap , this quantity calculated for the modulus as well
as the phase of the sound power has been presented
in Fig. 12 as a function of the vibration frequency in
some selected cases.
The relative error EMap has been estimated for the
following values of the vibration frequency f = 50n Hz
where n is an integer and 1 ≤ n ≤ 30. Figure 12 conﬁrms that in the case of the modulus as well as the
phase of the sound power, the value of EMap is smaller

b)

Fig. 12. Relative error EM given by Eq. (25) calculated for: a) the sound power modulus |Π|,
b) the sound power phase θΠ as the functions
of the vibration frequency. The line keys: solid
– ϕ0 = π/3, Map = 7 and the piston’s location I, dashed – ϕ0 = 5π/6, Map = 10 and the
piston’s location I, dashed-dotted – ϕ0 = 5π/4,
Map = 28 and the piston’s location II, and dotted – ϕ0 = 2π, Map = 25 and the piston’s location I.
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than 1% for all the analyzed values of the vibration
frequency. Moreover, it can be noticed that the quantity EMap assumes some greater values for the sound
power modulus than for the sound power phase.
In Fig. 10, the curves obtained for ϕ0 = π, 5π/4
and 5π/3 lie very close to the curve obtained in the
case of ϕ0 = 2π. Therefore, taking into account the
ﬁgures’ clarity, these curves have not been presented.
Figure 10 shows that the increase in the value of the
wedge angle from ϕ0 = π/3 to ϕ0 = 5π/6 causes a considerable change in both the modulus and phase of the
sound power. This eﬀect can be due to a signiﬁcant
change in the interference of acoustic waves reﬂected
from the transverse baﬄes. Moreover, the sound power
is slightly inﬂuenced by the value of the wedge angle
when ϕ0 > π/2.
Figure 11 illustrates the inﬂuence of the piston’s
location on the sound power. It can be concluded
that a change in the piston’s location causes a signiﬁcant change in both the modulus and phase of the
sound power when the value of the vibration frequency
is greater than about 0.25 kHz. However, the sound
power is not considerably inﬂuenced by the piston’s
location when the value of the vibration frequency is
lower than about 0.2 kHz.
From the practical standpoint, it is of interest to
investigate the inﬂuence of the transverse baﬄes on
the sound power. This inﬂuence has been analyzed in
the case of the baﬄe given by the equation ϕ = ϕ0 .
For this purpose, the following normalized quantities
have been introduced:
qm = |Π| /Π(Ref)
,
m
(Ref)

(Ref)

(Ref)

qp = θΠ /θΠ

,

(27)

where Πm
and θΠ
denote the modulus and the
phase of the reference sound power, respectively. The
reference sound power has been calculated for Map =
25 and in the case when the baﬄe of the equation ϕ =
ϕ0 is absent, i.e., when ϕ0 = 2π. Moreover, it has been
assumed that all the quantities appearing in Eq. (27)
have been calculated for the piston’s location I. The
quantities qm and qp have been presented in Fig. 13
as the functions of the vibration frequency for some
sample values of the wedge angle.
Figure 13 shows that the inﬂuence of the considered
baﬄe on the modulus and phase of the sound power
decreases as the value of the vibration frequency increases. This eﬀect can be explained by the fact that
the sound radiation of a source becomes more focused
in the direction perpendicular to its surface when the
value of the vibration frequency increases, which is
the cause of diminishing of the inﬂuence of acoustic
waves reﬂected from the baﬄe on the sound power.
Based on Fig. 13, it can be noticed that the considered baﬄe has a greater inﬂuence on the sound power
modulus than on the sound power phase. Moreover,
it can be also concluded that the analyzed inﬂuence
decreases as the value of the wedge angle increases.

a)

b)

Fig. 13. Quantities: a) qm , b) qp given by
Eq. (27) as the functions of the vibration frequency. It has been assumed that the modulus
|Π| and phase θΠ of the sound power appearing in Eq. (27) have been calculated for: solid
line – ϕ0 = 5π/6 and Map = 10, dashed line
– ϕ0 = π and Map = 12, dashed-dotted line –
ϕ0 = 5π/4 and Map = 16, and dotted line –
ϕ0 = 5π/3 and Map = 21.

This is due to the fact that the inﬂuence of reﬂected
and diﬀracted waves on the sound power diminishes as
the value of the wedge angle increases. Making use of
Fig. 13, the minimal value of the vibration frequency,
for which the inﬂuence of the considered baﬄe on the
sound power can be ignored with a small value of error,
can be determined. For example, without taking into
account the inﬂuence of the considered baﬄe on the
sound power, some accurate results can be obtained
when f > 1.15 kHz and ϕ0 > 5π/6. In particular, the
performed numerical analysis conﬁrms that the semiinﬁnite transverse baﬄe can be modelled by the inﬁnite baﬄe when the value of the vibration frequency is
suﬃciently high.

6. Conclusions
The formulas describing the sound radiation inside
the wedge region bounded by perfectly rigid and inﬁnite baﬄes have been obtained. They are valid for any
value of the wedge angle and represent a generalization
of the formulas describing the sound radiation inside
the two or three wall corner regions. Moreover, these
analytical formulations can be easily extended to the
case when more than one sound source is located at the
wedge’s bottom, which increases their applicability.
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As an illustrative example of a practical application, the obtained formulas have been used to investigate the sound radiation of the rectangular piston
located at the bottom of the wedge region. The distribution of the sound pressure modulus inside the considered region has been analyzed. The performed numerical calculations show that in the case of the convex wedge region, large values of the sound pressure
modulus occur in the wedge’s corner. It can be also
concluded that the distribution of the acoustic ﬁeld is
nearly axis-symmetric when the wedge angle is acute
and the value of the vibration frequency is small. As
expected, the theoretical investigations conﬁrm the increase in the value of the sound pressure modulus in
the vicinity of the transverse baﬄes. Moreover, they
predict a strong inﬂuence of the sound source’s location on the distribution of the acoustic ﬁeld.
On the basis of the obtained formulas, the sound
power has been investigated in the case of the values
of the vibration frequency smaller than 1.5 kHz. Some
sample values of the wedge angle as well as some selected piston’s locations have been analyzed. The inﬂuence of the transverse baﬄe on the sound power has
been discussed. The numerical analysis shows that this
inﬂuence decreases as the value of the vibration frequency increases. It has also been proved by the numerical calculations that in the case of the sound power,
the semi-inﬁnite transverse baﬄe can be modelled by
the inﬁnite baﬄe when the value of the vibration frequency is suﬃciently high. This fact can be used to
simplify some theoretical investigations.
The performed numerical analysis shows that the
obtained formulas allow for predicting of the acoustic behaviour of the considered vibroacoustic system.
Hence, it can be concluded that they can be used, in
the future, for both noise control and many other practical applications.

Appendix.
Formulas describing the sound radiation
of a rectangular piston inside the three-wall
corner region obtained by using the Green’s
function
In the study (Rdzanek, Rdzanek, 2006), the
Green’s function for the three-wall corner region has
been presented in the following form:

4ik 2
G (r|rS ) =
π2

Z∞ Zπ/2
cos(ξ x) cos(ξ xS )
0

0

· cos(η y) cos(η yS )eiγ z

τ dτ dθ
, (28)
γ

where ξ = kτ cos θ, η = kτ sin θ and
( √
k 1 − τ 2 for 0 < τ < 1,
γ=
√
ik τ 2 − 1 for τ > 1,
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(29)

are the components of the wave vector k in the Cartesian coordinate system, r = (x, y, z) denotes the vector
deﬁning the location of ﬁeld point P , and rS = (xs , yS )
is the vector determining the location of sound source’s
point G on the plane z = 0 (see Fig. 14).

Fig. 14. Considered sound source at the boundary of the
three-wall corner region. The introduced Cartesian coordinate system and the vectors r and rs determining the
locations of the ﬁeld point and source point, respectively.

Based on this function, the formulas describing the
sound radiation can be obtained in particular cases,
i.e., when the sound source is located at the bottom of
the wedge region with the angle ϕ0 = π/2.
The sound pressure can be expressed with the aid
of the Green’s function as follows:
Z
p(r) = −iωρ vS (rS )G(r|rS ) dS,
(30)
S

where vS (rS ) is the vibration velocity of the sound
source’s points and S denotes the sound source’s surface.
It has been assumed that the sound source is a
rectangular piston with the sides equal to a and b, and
the location of the central point given by the vector
d = (dx , dy ). The piston’s location has been shown in
Fig. 14. In the case of the considered sound source,
the sound pressure from Eq. (30) can be written in the
following form:
4ωρv0 k 2
p(r) =
π2

Z∞ Zπ/2
M (τ, θ) cos(ξ x)
0

· cos(ηy)eiγz

0

τ dτ dθ
,
γ

(31)
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where
 
 a
b
4
cos(ξdx ) sin η
cos(ηdy ). (32)
sin ξ
M (τ, θ) =
ξη
2
2

Then, making use of the impedance approach and
Eq. (31), the formula for the sound power can be presented as
Z
1
Π=
p(x, y, 0)vS∗ (rS ) dS
2
S

2ωρv02 k 2
=
π2

Z∞ Zπ/2
τ dτ dθ
M 2 (τ, θ)
.
γ
0

(33)

0

The results obtained based on Eqs. (31) and (33)
have been compared with the corresponding results obtained for the wedge region of the angle ϕ0 = π/2.
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