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A substantial quantity of research on muffler design has been restricted to a low frequency range using
the plane wave theory. Based on this theory, which is a one-dimensional wave, no higher order wave
has been considered. This has resulted in underestimating acoustical performances at higher frequencies
when doing muffler analysis via the plane wave model. To overcome the above drawbacks, researchers
have assessed a three-dimensional wave propagating for a simple expansion chamber muffler. Therefore,
the acoustic effect of a higher order wave (a high frequency wave) is considered here. Unfortunately, there
has been scant research on expansion chamber mufflers equipped with baffle plates that enhance noise
elimination using a higher-order-mode analysis. Also, space-constrained conditions of industrial muffler
designs have never been properly addressed. So, in order to improve the acoustical performance of an
expansion chamber muffler within a constrained space, the optimization of an expansion chamber muffler
hybridized with multiple baffle plates will be assessed.
In this paper, the acoustical model of the expansion chamber muffler will be established by assuming

that it is a rigid rectangular tube driven by a piston along the tube wall. Using an eigenfunction (higher-
order-mode analysis), a four-pole system matrix for evaluating acoustic performance (STL) is derived.
To improve the acoustic performance of the expansion chamber muffler, three kinds of expansion chamber
mufflers (KA-KC) with different acoustic mechanisms are introduced and optimized for a targeted tone
using a genetic algorithm (GA). Before the optimization process is performed, the higher-order-mode
mathematical models of three expansion chamber mufflers (A-C) with various allocations of inlets/outlets
and various chambers are also confirmed for accuracy. Results reveal that the STL of the expansion
chamber mufflers at the targeted tone has been largely improved and the acoustic performance of a reverse
expansion chamber muffler is more efficient than that of a straight expansion chamber muffler. Moreover,
the STL of the expansion chamber mufflers will increase as the number of the chambers that separate
with baffles increases.

Keywords: higher order wave, eigenfunction, optimization, genetic algorithm.

1. Introduction

Rayleigh (1945) and Harting & Swanson
(1938) initiated analyzing the effect of a higher
order sound. Thereafter, Miles (1944) stretched the
acoustic performance of higher order waves at the
discontinuity section of the muffler. In 1945, based
on the plane wave theory, Davis (1954) assessed
mufflers and experimentally investigated the plane
wave phenomenon. He found that a wave propagated
along a duct can be regarded as a plane wave when the
duct size is smaller than the wave length of the sound

wave. Later, Igarashi, Toyama, Miwa, and Arai
(1958, 1959, 1960) successfully analyzed a muffler’s
acoustical performance using a four-pole transfer
matrix. Additionally, Munjal (1957) deduced the
advanced four-pole transfer matrix using the fluid dy-
namic theory. Sullivan and Crocker (1978, 1979)
developed coupled equations for the outer and inner
tubes of a perforated muffler. In 1981, Jayaraman
and Yam (1981) provided an analytic solution for
the coupled equations; however, all the solutions were
obtained on the basis of the plane wave theory, where
the accuracy of the analytic solution became worse
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for a higher order wave (a higher frequency wave).
To overcome this drawback, Ih and Lee (1985, 1987)
proposed the acoustic performance of an expansion
muffler with a circular section. The design of bias at
the inlet and outlet of the muffler created two kinds
of mufflers (a straight and reverse ones).
Munjal (1987) simplified the calculation process

using a numerical analysis method. Abom (1990) also
suggested using absorbing end plates in the expansion
chamber. In addition, it is hard to analyze a muffler
using the analytic method if the angle between inlet
and outlet is 90 degrees. This type of muffler is also of-
ten assessed using the finite element method (Young,
Crocker, 1975) or the two-dimensional boundary
element method (Seybert, Cheng, 1987). Never-
theless, the calculation time is long. Ih (1992) used
the numerical method to analyze the acoustic perfor-
mance of the expansion muffler hybridized with a circu-
lar section/rectangular section inlet/outlet duct. The
inlet/outlet duct may be parallel with/without the
same height and perpendicular to each other. To
quickly search for the appropriate design parameters,
Chang et al. (2004a; 2004b) assessed the acoustic per-
formance of space-constrained single expansion muf-
flers (with/without sound absorbing material inside
the wall) using the GA method. Elsaadany et al.
(2011) assessed the optimization of exhaust systems
for a band of noise.
As mentioned above, the expansion chamber muf-

fler used in the numerical and analytic approach is sim-
ply shaped. The noise reduction of mufflers is not high.
In addition, the temperature of the venting gas passing
through the traditional plenum chamber that equips
with absorbing baffles is often very high. It will cause
the absorbing material erode easily; therefore, applica-
tion of sound absorbing material lined inside a plenum
chamber is limited and will not be used in the study.
In order to enhance the acoustic performance and en-
durance of the expansion chamber mufflers, three kinds
of mufflers (KA: a concentric straight muffler; KB:
a reverse straight muffler; KC: a straight muffler hy-
bridized with two non-absorbing baffles) with no ab-
sorbing material lining are proposed and applied in
noise reduction using the GA method.

2. Theoretical background

For a rectangular expansion chamber muffler with
no noise source located inside a chamber, the acoustical
model is established by assuming that it is a rigid rect-
angular tube and is driven by a piston along the tube
wall. A quiet medium with non-viscous and thermal-
isolated properties fills the chamber. Concerning the
higher order wave, the mathematical models of two
expansion chamber mufflers with different allocations
of inlets and outlets shown in Figs. 1 and 2 will be de-
duced in Subsec. 2.1. In order to enhance the acoustic

Fig. 1. Mechanism of a reverse expansion chamber muffler.

Fig. 2. Mechanism of a straight expansion chamber muffler.

a) muffler KA

b) muffler KB

c) muffler KC

Fig. 3. Mechanisms for three kinds of expansion chamber
mufflers (muffler KA: a concentric straight expansion cham-
ber muffler; muffler KB: a reverse straight expansion cham-
ber muffler; muffler KC: a straight expansion chamber muf-

fler hybridized with two baffles).
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performance of the expansion chamber muffler, three
kinds of mufflers (KA: a concentric straight expan-
sion chamber muffler; KB: a reverse straight expan-
sion chamber muffler; KC: a straight expansion cham-
ber muffler hybridized with two baffles) with different
mechanisms shown in Fig. 3 are proposed. Based on
the analysis of the higher order modes, the acoustic
performances of mufflers (KA, KB, and KC) will be
established in Subsec. 2.2. Finally, the objective func-
tions of the three mufflers at a target tone will be de-
scribed in Subsec. 2.3.

2.1. Derivation of mathematical models

The three-dimensional governing equation of the
sound wave for a rectangular expansion chamber muf-
fler shown in Figs. 1 and 2 is derived by Ih (1992).
The inlet and outlet are on the same side or on differ-
ent sides shown in Figs. 1. The inlet’s acoustic pressure
(p11) is expressed as

p11 = (−1)1jU1Z0
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where b is the width of the expansion chamber, h is
its height, l is its length, b1 is the width of the inlet,
h1 is the height of the inlet, (bc1, hc1) is the centre
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is the wave number of the sound wave in y-axis, m, n
are the acoustic modes, U1 is the volume velocity at
node 1, Z0 is the acoustic impedance of the expansion
chamber in z-axis.
Similarly, the outlet’s acoustic pressure (p22) is ex-

pressed as (Ih, 1992)
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where b2 is the width of the outlet, h2 is the height
of the outlet, (bc2, hc2) is the centre coordinate of the
outlet, U2 is the volume velocity at node 2.
When the inlet and outlet are on the same side, the

interactive average acoustic pressures (p12 and p21) are
(Ih, 1992)
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As indicated in Fig. 2, when the inlet and outlet are
on the opposite side, the interactive average acoustic
pressures (p12 and p21) are (Ih, 1992)
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By using the superposition method, the overall po-
tential energy at the chamber inlet is

P 1 = p11 + p12 = −jZ0 (U1E11 − U2E12) . (5)

Similarly, the overall potential energy at the cham-
ber outlet is

P 2 = p21 + p22 = −jZ0 (U1E21 − U2E22) . (6)

The acoustical transfer matrix between nodes 1
and 2 is
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Developing Eq. (7) yields
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where Pi and Ui are the acoustical potential energy
and the volume velocity at the i-th node.
Consequently, the sound transmission loss (STL) of

the muffler is

STL=20 log
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Z1 = ρ0c/S1, Z2 = ρ0c/S2,

S1 = b1h1, S2 = b2h2,
(9)2

where Z1 is the acoustic impedance of the inlet in z-
axis, Z2 is the acoustic impedance of the outlet in z-
axis, S1 is the section area of the inlet, and S2 is the
section area of the outlet.

2.2. Sound transmission loss of expansion

chamber mufflers

Based on Subsec. 2.1, the acoustic performances of
expansion chamber mufflers KA, KB, and KC will be
established as follows:
For the mufflers KA, KB, and KC, the system’s four-
pole matrix and STL are
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STLKA(f,XKA)
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XKA = (Ao, A1, Lo) ,

XKB = (Bo, Ho, Lo) ,

XKC = (L1, L2, L3, Bo) ,

Ao = Bo ·Ho,

A1 = B1 ·H1,

B1 = B2 = H1 = H2,

(10)7

where Tm(f) is the m-th four-pole transfer matrix be-
tween nodes m and m+1, Si is the section area of the
i-th node, and Li is the i-th horizontal span of the
muffler KC.

2.3. Objective function

By using the formulas of Eq. (10), the objective
functions used in the GA optimization with respect to
each type of muffler are established. For the mufflers
KA, KB, and KC, the objective function in maximizing
the STL at one tone (f1) is

OBJKA = STLKA(f1, XKA),

OBJKB = STLKB(f1, XKB),

OBJKC = STLKC(f1, XKC).

(11)

3. Model check

Before performing the GA optimal simulation on
expansion chamber mufflers, an accuracy check of
the mathematical models on mufflers (A: a concen-
tric straight expansion chamber muffler; B: a bias
straight expansion chamber muffler; C: a reverse ex-
pansion chamber muffler) shown in Fig. 4 is performed
using the analytic solution from Ih (1992). As de-
picted in Figs. 5, 6 and 7, the theoretical prediction

a) muffler A b) muffler B

c) muffler C

Fig. 4. Mechanisms for three kinds of expansion chamber
mufflers (muffler A: a concentric straight expansion cham-
ber muffler; muffler B: a bias straight expansion chamber
muffler; muffler C: a reverse expansion chamber muffler).

Fig. 5. Comparison of the simulated results of a concentric
straight expansion chamber muffler with Ih’s analytic solu-
tion (muffler A: Bo=Ho=0.15 m, B1=B2=H1=H2=0.05 m,

Lo=0.025 m) (Ih, 1992).

Fig. 6. Comparison of the simulated results of a bias
straight expansion chamber muffler with Ih’s analytic solu-
tion (muffler B: Bo=Ho=0.15 m, B1=B2=H1=H2=0.05 m,

Lo=0.025 m) (Ih, 1992).
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Fig. 7. Comparison of the simulated results of a re-
verse expansion chamber muffler with Ih’s analytic solu-
tion (muffler C: Bo=Ho=0.15 m, B1=B2=H1=H2=0.05 m,

Lo=0.025 m) (Ih, 1992).

from Eq. (10) and Ih’s analytic data are in agree-
ment. Therefore, the proposed fundamental mathe-
matical models for the one-chamber mufflers with in-
lets and outlets on the same side and on opposite sides
are acceptable. Consequently, the models linked with
the numerical method are applied to the shape opti-
mization of mufflers KA-KC shown in Fig. 3 in the
following section.

4. Case studies

There are three kinds of primary pure tones
(500 Hz, 1000 Hz, and 2000 Hz) occurring in three
venting pieces of equipment. In order to reduce the
individual pure tone noise, three kinds of mufflers
(KA-KC) with simple mechanisms shown in Fig. 3 are

Table 1. Constrained conditions in the mufflers.

muffler KA

Design Parameters Min. [m] Max. [m]

L0 0.20 0.40

A0 0.10*0.10 0.30*0.30

A1 0.05*0.05 0.10*0.10

muffler KB

Design Parameters Min. [m] Max. [m]

L0 0.20 0.40

B0 0.10 0.30

H0 0.10 0.30

muffler KC

Design Parameters Min. [m] Max. [m]

L1 0.05 0.15

L2 0.05 0.15

L3 0.05 0.15

B0 0.10 0.30

adopted where KA is a concentric straight expansion
chamber muffler, KB is a reverse straight expansion
chamber muffler, and KC is a straight expansion cham-
ber muffler hybridized with two baffles. The heights
(HH1 and HH2) of the baffles are fixed at 0.1 m.
Obtaining the best acoustic performance by ad-

justing the design parameters, numerical assessments
linked to a GA optimizer are applied. There are three
kinds of targeted tones (500 Hz, 1000 Hz, and 2000 Hz)
used in the optimization. The correspondingOBJ func-
tions and ranges of the design parameters are summa-
rized in Eq. (11) and Table 1.

5. Genetic algorithm

A genetic algorithm (GA) used to search for the
global optimum by imitating a genetic evolution-
ary process was first formalized by Holland (1975)
and later extended to functional optimization by
Jong (1975). It has been widely used in various
fields (Chiu, Chang, 2008; Chiu, 2010a; 2010b).
The main advantages of the GA include the fol-
lowing: (1) solutions coded as bit strings (chromo-
somes) in which large problems can be easily han-
dled by using long strings; (2) genetic operations
such as crossover, mutation, and elitism, which are
very easy to apply; (3) a mating pool of chromo-
somes.
In this paper, for the optimization of the ob-

jective function (OBJ), the design parameters of
(X1, X2, . . . , Xk) were determined. When the bit (the
bit length of the chromosome) and the pop (the popu-
lation number) were chosen, the interval of the k-th de-
sign parameter (Xk) with [Lb, Ub]k was then mapped
to the band of the binary value. The initial popula-
tion was randomly built up. The parameter set was
encoded to form a string that represented the chromo-
some. By evaluating the objective function (OBJ), the
whole set of chromosomes [B2D1, B2D2, . . . , B2Dk]
that changed from a binary to a decimal form was
then assigned a fitness by decoding the transforma-
tion system. As it can be seen in Fig. 8, one pair of
offspring was generated from the selected parent us-
ing a uniform crossover with a probability of pc during
the GA optimization. Hereditarily, mutation occurred
with a probability of pm in which the new and un-
expected point was brought into the GA’s optimizer
search domain. To prevent the best gene from disap-
pearing and to improve the accuracy of optimization
during reproduction, the elitism scheme for keeping the
best gene in the parent generation using a tournament
strategy was adopted. As indicated in Fig. 9, the pro-
cess was terminated when the number of generations
reached a pre-selected value of itermax. The GA opti-
mization has been programmed in Fortran and run on
an IBM PC.



M.-C. Chiu, Y.-C. Chang – An Assessment of High-Order-Mode Analysis and Shape Optimization. . . 495

Fig. 8. Operations of the GA method.

Fig. 9. Flow chart of the GA.

6. Results and discussion

6.1. Results

The accuracy of the GA optimization depends on
five types of GA parameters that include pop (popula-
tion number), bit (chromosome length), pc (crossover
rate), pm (mutation factor), and itermax (maximum
iteration). To achieve a good optimization, the follow-
ing parameters are varied step by step. The related GA

control parameters used in the optimization are shown
in Table 2.

Table 2. Selected GA parameters during
shape optimization.

GA parameters Value (or condition)

bit 20

pop 50

elitism (tournament)

crossover (uniform crossover)

pc 0.5

pm 0.5

itermax 1000

Considering Eqs. (10) and (11) and using the GA
parameters in the optimization process, the maximiza-
tion of the STLKA ∼ STLKC with respect to mufflers
KA∼ KC at three targeted tones (500 Hz, 100 Hz, and
200 Hz) was performed and shown in Tables 3–5. As
illustrated in Table 3, the STL of the muffler KA at
500 Hz, 1000 Hz, and 2000 Hz has been improved from
11 dB, 18 dB, 4 dB to 25 dB, 25 dB, and 52 dB. Sim-
ilarly, as illustrated in Table 4, the STL of the muf-
fler KB at 500 Hz, 1000 Hz, and 2000 Hz has been im-
proved from 15 dB, 6 dB, 5 dB to 72 dB, 49 dB, and
42 dB. Likewise, Table 5 indicates that the STL of the
muffler KC at 500 Hz, 1000 Hz, and 2000 Hz has been
improved from 10 dB, 20 dB, 44 dB to 28 dB, 95 dB,
and 115 dB.
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Table 3. Comparison of STL and design parameters of the muffler KA before and after the optimization.

Target tone
Design Parameters OBJ

L0 A0 A1 STLKA [dB]

500 Hz
original 0.30 0.20*0.20 0.05*0.05 11

optimization 0.2054 0.2991*0.2991 0.0509*0.0509 25

1000 Hz
original 0.30 0.20*0.20 0.05*0.05 18

optimization 0.3959 0.2992*0.2992 0.0507*0.0507 25

2000 Hz
original 0.30 0.20*0.20 0.05*0.05 4

optimization 0.2447 0.2709.0.2709 0.0550*0.0550 52

Table 4. Comparison of STL and design parameters of the muffler KB before and after the optimization.

Target tone
Design Parameters OBJ

L0 B0 H0 STLKB [dB]

500 Hz
original 0.30 0.20 0.20 15

optimization 0.2836 0.2888 0.2566 72

1000 Hz
original 0.30 0.20 0.20 6

optimization 0.2974 0.1713 0.1829 49

2000 Hz
original 0.30 0.20 0.20 5

optimization 0.2637 0.1321 0.2227 42

Table 5. Comparison of STL and design parameters of the muffler KC before and after the optimization.

Target tone
Design Parameters OBJ

L1 L2 L3 B0 STLKC [dB]

500 Hz
original 0.10 0.10 0.10 0.20 10

optimization 0.1491 0.1470 0.0879 0.2993 28

1000 Hz
original 0.10 0.10 0.10 0.20 20

optimization 0.1475 0.1376 0.1415 0.1959 95

2000 Hz
original 0.10 0.10 0.10 0.20 44

optimization 0.1473 0.0521 0.1300 0.1286 115

Using this optimal design in a theoretical calcu-
lation, the optimal STL curves with respect to the
muffler KA at targeted tones (500 Hz, 1000 Hz, and
2000 Hz) are plotted in Figs. 10–12. Equally, the opti-
mal STL curves with respect to the muffler KB at tar-
geted tones (500 Hz, 1000 Hz, and 2000 Hz) are plot-
ted in Figs. 13–15. Consequently, the optimal STL
curves with respect to the muffler KC at targeted
tones (500 Hz, 1000 Hz, and 2000 Hz) are plotted in
Figs. 16–18.

6.2. Discussion

As indicated in Figs. 10–18, the STLs of the ex-
pansion chamber mufflers have been precisely maxi-
mized at the targeted tones. As illustrated in Table 3,
the STL of the muffler KA at 500 Hz, 1000 Hz, and

Fig. 10. Comparison of the STL of the muffler KA before
and after optimization is performed (target tone: 500 Hz).
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Fig. 11. Comparison of the STL of the muffler KA before
and after optimization is performed (target tone: 1000 Hz).

Fig. 12. Comparison of the STL of the muffler KA before
and after optimization is performed (target tone: 2000 Hz).

Fig. 13. Comparison of the STL of the muffler KB before
and after optimization is performed (target tone: 500 Hz).

2000 Hz has been increased by 14 dB, 7 dB, and 48 dB
after the shape optimization process. Similarly, Table 4
indicates that the STL of the muffler KB at 500 Hz,
1000 Hz, and 2000 Hz has been increased by 57 dB,
43 dB, and 37 dB when performing the optimization
process. Likewise, Table 5 indicates that the STL of
the muffler KC at 500 Hz, 1000 Hz, and 2000 Hz has

Fig. 14. Comparison of the STL of the muffler KB before
and after optimization is performed (target tone: 1000 Hz).

Fig. 15. Comparison of the STL of the muffler KB before
and after optimization is performed (target tone: 2000 Hz).

Fig. 16. Comparison of the STL of the muffler KC before
and after optimization is performed (target tone: 500 Hz).

been improved by 18 dB, 75 dB, and 71 dB with the
GA optimization.
As indicated in Figs. 5 and 6, for a straight expan-

sion chamber muffler (mufflers A and B) with a fixed
outline size, the profile of the STL will be shifted and
the influence of the overall acoustic performance will
be limited when adjusting the allocation of the inlet
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Fig. 17. Comparison of the STL of the muffler KC before
and after optimization is performed (target tone: 1000 Hz).

Fig. 18. Comparison of the STL of the muffler KC before
and after optimization is performed (target tone: 2000 Hz).

and outlet. As indicated in Fig. 7, the overall acous-
tic performance will be improved when both the inlet
and outlet are located on the same side (muffler C:
a reverse expansion chamber muffler).
To realize the acoustical influence with respect to

different types of expansion chamber mufflers, three
kinds of mufflers (KA-KC) are adopted and optimized
at three targeted tones (500 Hz, 1000 Hz, and 2000 Hz)
by adjusting the outline dimensions of the mufflers via
the GA optimizer. Figures 10–15 reveal that the overall
STL of the muffler KB (a reverse expansion chamber
muffler with one chamber) is larger than that of the
muffler KA (a straight expansion chamber muffler with
one chamber). Also, Figs. 10–12 and Figs. 16–18 indi-
cate that the overall STL of the muffler KC (a straight
expansion chamber muffler partitioned to three cham-
bers with two baffles) is larger than that of the muffler
KA (a straight expansion chamber muffler with one
chamber).
Consequently, the acoustic performance of a

straight expansion chamber muffler partitioned to
three chambers with two baffles is superior to the other
two mufflers (a straight and a reverse expansion cham-
ber ones).

7. Conclusion

It has been shown that the optimization of expan-
sion chamber muffler shapes can be easily and effi-
ciently carried out by using a four-pole transfer matrix
as well as a GA optimizer. As indicated in Figs. 10–18,
the predicted maximum value of the STL is precisely
located at the desired frequency. Hence, the tuning
ability established by adjusting the design parameters
of mufflers KA-KC is reliable. In addition, as indicated
in Figs. 5 and 6, the influence of the overall acous-
tic performance for a one-chamber expansion chamber
muffler with a fixed volume and fixed inlet/outlet sec-
tions will be small when adjusting the allocation of
the inlet and outlet. Also, as indicated in Fig. 7, the
overall acoustic performance of a one-chamber expan-
sion chamber muffler with a fixed volume and fixed
inlet/outlet sections will be improved when both the
inlet and outlet are located on the same side.
Furthermore, as indicated in Figs. 10–18, optimal

results reveal that the muffler KC is superior to the
other mufflers. It can be seen that the acoustic perfor-
mance of a reverse expansion chamber muffler is better
than that of a straight expansion chamber muffler. In
addition, more chambers in the muffler will result in
a better acoustic performance.
Consequently, considering the higher order mode

of the sound wave, the approach used for the opti-
mal noise elimination of pure tones for various kinds
of expansion chamber mufflers proposed in this study
is quite important and can be efficiently achieved
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