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Abstract 

An urban system is influenced by many disruptions that may cause failures for it, in the end. In order to 
maintain continuity of its operations, analysis of its components operation becomes very necessary. To do this, 
water infrastructure is chosen from its components to analyze the evolution of the water flow, when the popula-
tion consumes the drinking water. This infrastructure is essential for the urban system and it is used daily by the 
population. For examining how to maintain water consumption, the evolution of the discharge head (the maxi-
mum height reached by the pipe after the pump) is analyzed and monitored. This height is strongly linked to the 
drinking water rate. Using water is estimated by a Markov model and the futures heights are prevented. This 
prevention requires the calculation of the transition probability of the water flow used by the population. An ex-
ample is provided, where it is determined the level of risk. Under this one, the urban system operates in security, 
against failures. 
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INTRODUCTION 

An urban system (or system of the city) is a set of 
components that are essential for the life in the city. It 
is organized in order to ensure that the city can con-
tinue to be in life. According to the modeling of an 
urban system presented by BARRERE-LUTOFF [2000] 

and MOINE [2007], these components are: urban infra-
structure, urban areas, population, activities and pow-
ers. We mention also the interaction of this system 
with the economic, social, physical and urban net-
works. Most papers that are focused to maintain the 
continuity of urban system to be in life, have dis-
cussed in their works the sustainability [ANDERSSON 

2006; CASTAN, BULKELEY 2013; CHILDERS et al. 

2014] and resilience [BERAUD et al. 2011; ERNSTON 
et al. 2010; LIM, LIM 2016]. 

FALCO et al. [2015] develop a framework for mi-
crogrids application to promote water resilience in the 
face of changing climate impacting water infrastruc-
ture. For management of water system, several papers 
(BRDYS, ULANICKI [1994], CEMBRANO et al. [2000; 
2004; 2011], MAYS [2004], OCAMPO et al. [2009]) 
have presented models of Drinking Water Networks 
(DWN), in order to supply water to consumers. These 
models, as some others that have been used for pre-
diction, utilize stochastic models for analysis and pre-
venting. HOSSEINI and EMAMJOMEH [2014] have 
worked on Water Distribution Networks, to evaluate 
its serviceability level. MOOSAVIAN and JAEFARZA-

DEH [2014] applied hydraulic analysis of water net-
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work using Hardy-Cross method, they have used 
a mathematic modeling. A stochastic approach was 
used by [YUNG et al. 2011] to quantify water supply 
system risk in terms of reliability, resiliency, and vul-
nerability (RRV), under the influence of population. 
In the same way, we search to incorporate a probabil-
istic model to evaluate the risk that can be reach the 
urban system, when the use of the water infrastructure 
by the population increases. 

Based on researches of BERAUD et al. [2012], the 
urban infrastructure has a crucial role in the ability of 
the urban system to maintain continuity of its opera-
tions. LAVIGNE [1988] has discussed about “urban 
failure”. The importance of the urban infrastructure 
appears in its ability to recover from disaster [SAND-

ERS 1992] and the ability to continue [CAMPANELLA 

2006; PELLING 2003; SANDERS 1992]. Thus, maintain-
ing an urban system to be in life can be understood as 
maintaining its urban infrastructure to continue in 
operation. 

From all of this, it becomes very important to 
work on an urban infrastructure to cope our problem, 
that is: “how to maintain the continuity of operations 
for the urban system, despite disruptions that may 
influence its components and achieve, finally, to 
a failure of this system”. We can name this by “Main-
taining in Operational Conditions”. It can be defined 
as: “All the means and procedures that a system will 
need to remain in operation, throughout its duration of 
use and despite the occurrence of disruptions and fail-
ures”. 

More the continuity of the system operation is 
maintained, more the system is stable. In this article, 
we choose to analyze the stability of the urban system 
and to conclude if it is maintained in operational con-
ditions, using the infrastructure of water pumps facili-
ties. In fact, “Human life depends on water daily, es-
pecially for drinking and food production” [VAN 

OVERLOOP 2006], so, it is best to work on this infra-
structure, because, it is used by the entire population 
and all activities and all these factors make it an es-
sential infrastructure in the urban system.  

The aim of this purpose is to seek means to main-
tain in operational conditions the infrastructure of 
water pumps facilities, despite the increase of popula-
tion in cities. Our idea is to study the use of drinking 
water from population. To do this, we will discuss the 
behavior of the discharge head (the maximum height 
reached by the pipe after the pump), which increases 
whenever there is pulling water from the reservoir. 
The discharge head is a decreasing function on the 
water flow. A probabilistic approach, based on 
a Markov model is used to estimate this height after 
a long time of drinking water consumption from the 
population. 

This article includes four parts. The first present 
our study and describe how residents use water from 
its resource to the reservoir, considering the installa-
tion of the drinking water as a network. In the second 
part, we present the considered Markov model for this 

study, in which the repression height evolves, after 
the consumption of the drinking water. We seek to 
estimate future heights in the third part, in which we 
assume that the flow of water drawn from the tank 
follows a pattern of [NASH 1957]. The fourth part is 
an application of the obtained results, especially those 
in the third section.  

In this way, we can deduce if the system remains 
in operation despite the changes that influence it, dur-
ing the time of its operation. If not, on what parameter 
we must act to maintain its stability? 

ANALYSIS OF THE PHENOMENON  

Every year, the population increases in cities, due 
to economic and social conditions. This growth is 
owing to increased demand for all goods and services, 
including the use of drinking water resources. 

For studying this phenomenon, we choose to 
monitor the channels of water, which are in the form 
of networks. They are usually called: Water Supply 
Network (WSN). A network is modeled by a graph  
Γ = (Φ, Π), where Φ is the set of nodes and Π is the 
set of paths. 

Each Water Supply Network (WSN) is comprised 
of underground conducts, with diameters and different 
materials. A conduct is a segment delimited by two 
water consumption nodes. The water flow is made 
from the node with the highest pressure to the node 
whose pressure is lower. We can associate to each 
node a set of pumps, characterized by a power and 
a characteristic curve, that describes the relationship 
between the discharge head and the flow rate, sup-
plied with a function H = f(Q). People use water from 
channels associated to local cisterns. The distribution 
of water from the reservoir into the cistern is present-
ed in the following figure (Fig. 1). 

 

Fig. 1. Distribution of water from the reservoir  
into the cistern, through the water pumps; → flows;  

source: own elaboration 

In this figure, the discharge head is well illustrat-
ed in the diagram. This height is increased whenever 
there is pulling water from the reservoir. In our work, 
we consider that the nodes are the water reservoirs. We 
seek a relation between the water level in the reservoir 
and the water flow consumed by the population, using 
the water pump associated with this reservoir. 
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ESTABLISHING THE MODEL  
FOR THE WATER FLOW  

CONSTRUCTING THE TRANSITION 
PROBABILITY OF THE WATER CONSUMPTION   

We seek to build a transition probability matrix. 
We use a similar method to the one built in the article 
of drinking water conduits [LARGE et al. 2015]: 
– we decompose the time in tranche [Tk, Tk+1], k  ℕ, 
– we consider the network node is the reservoir of 

water and paths are pumps, associated with these 
reservoirs, 

– each reservoir or node is characterized by: 
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We define the probability of pulling water from 
reservoir, before the time t by the following equation,  

 Q(h) = P(H > h) (2) 

 is a random variable representing the discharge ܪ
head after a pulling water. 

BUILDING THE MARKOV TRANSITION MATRIX  

We are seeking now to model the evolution of the 
height of the water, for a given node (reservoir). The 
probability ݌ represents the height of discharge head 
change from one value to another higher. However, ݍ 
is the probability representing the transitions of water 
flow used by residents.  

We consider m heights of head discharge and we 
associate to every height a state of the system. So, we 
have m states {h1, …, hn, …, hm}, where h1 < ∙∙∙ < hn < 
∙∙∙ < hm, 1 < n < m. A simple calculation of (pn, n ≥ 1) 
(the probability that the height changes from state n to 
state n + 1) is given by the equation (3).   
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Then, the Markov chain associated to this proba-
bility can be represented as the Figure 2 shows. 

And the transition matrix, in which the height of 
head discharge passes from a height hk to the height 
hk+1, for k  ℕ, is given by the equation (4). 
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Fig. 2. Markov chain, in which the probability of the head discharge passes from height level to another superior;  
source: own elaboration 

ESTIMATION OF FUTURE HEIGHTS 

In the water pump, the discharge head is a bijec-
tive and decreasing function, depending on the flow 
(Fig. 3). 

NASH [1957] supposes that the flow trajectory, 
within a basin with rainfall, is equivalent to the flow 
through a linear succession of reservoirs. The flow out 
of a reservoir becomes the input for the next. Thus, the 
flow of the nth reservoir is given by the equation (5) 
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 is a coefficient corresponding to the average capaci-
ty of the reservoir storage, in the time t. 

Using this principle and this result, if we define λ 
by λ = 1/k, we have, 
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This is the density function of the gamma law, 
with parameters λ and n : Γ(λ, n). Thus, Qn = F’Tn(t), 
where (Tn, n ≥ 0) is a random variable of Γ(λ, n) and 
FTn is his distribution function. Because this function 
is increasing, we can conclude for t = FTn

–1(q), that Tn 
≤ t, when Qn ≤ q. 

 

Fig. 3. The characteristic curve, describing the relationship 
between the discharge head and the flow, with the function 

H = f (Q); source: own elaboration 

Furthermore, as we can notice from the Fig. 3, the 
function f decreases as the flow increases. So, if H > 
hn, then Qn ≤ q. We obtain from this, that for n ≥ 0: 

 
)(

)(

)(

)(

)(

)( 111

tTP

tTP

qQP

qQP

hHP

hHP
p

n

n

n

n

n

n
n 











   (7) 

And, 
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Consequently, we have the equation bellow, 
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Now, we calculate In: 
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We calculate firstly I0: 
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Then, by recurrence, we find In–1: 
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And, 
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Finally, 
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NUMERICAL APPLICATION 

We apply our studies on the Moroccan barrage: 
“Al Wahda”, which is a part of the Sebou basin and 
contains 20 large barrages, 44 small barrages and 
lakes [FILALI-MEKNASSI 2009]. It has a storage ca-
pacity of 3720 million m3. The current overall storage 
capacity of 20 large barrages is more than 6020 mil-
lion m3. 

We consider that the value of the storage reser-
voir coefficient is k = 

6020
3720  ≈ 0.62, thus, λ ≈ 1.6.  

We get for 5 states, over a period of 40 months, 
the Figure 4, in which we can view the probability 
that the discharge head increase from a value to an-
other more superior, so the probability that the system 
changes from a state to another. 

We can see, from this figure, that the system 
passes from a state to another, rapidly, during the five 
first months, and the probability to pass from a state  
 

 

Fig. 4. Variation of the transition probability of the states, 
for the discharge head (the coefficient of storage  
is k = 0.62); pn is calculated in the equation (16);  

source: own elaboration  

Flow, m3∙s–1 

H
ei

hg
t, 

m
 

Months of the use of water 

P
ro

ba
bi

lit
y 

p n
 state 1 

state 2 
state 3 
state 4 
state 5 

 



Maintaining the water consumption, in an urban system: A probabilistic approach is applied 161 

 © PAN in Warsaw, 2017; © ITP in Falenty, 2017; Journal of Water and Land Development. No. 33 (IV–VI) 

to another is mostly high (more than 0.5). This is ex-
plain that the system is not stable and we can con-
clude that the system is not maintained in operational 
conditions. So, we must maintain all conditions of 
exploitation that the system needs to remain at the 
same state possibly as we can. We search then to 
change the coefficient of storage. 

RESULTS AFTER CHANGING COEFFICIENT  
OF STORAGE  

The coefficient k in our example is a value less 
than 1. We can make some tests with changing the  
 

values of k. In the Figure 5. In this figure, there are 
some simulations of probabilities for various values of 
the coefficient k. We can notice that when k is less 
than 1, we have the same cases of our example and 
the system is not maintained. However, when k is 
more than 1, the transition probabilities from a state to 
another is low for most of months and the system 
changes slowly from a state to another and, conse-
quently, it is more stable. Therefore, the system is 
strongly maintained in operational conditions. Hence, 
it should keep these exploitation conditions. Special-
ly, the coefficient of storage must be in a high value.  

k = 0.2 k = 0.4 

 

k = 0.8 k = 50 

 
k = 100 k = 500 

Fig. 5. Variation of the transition probability of the states, for the discharge head, for various coefficient of storage k;  
pn as in Fig. 4; source: own study 
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THE BEST CHOOSE OF THE COEFFICIENT  
OF STORAGE 

As we have conclude in the previous paragraph 
that the coefficient of storage k must be more than 1, 
and we can obtain from the equation (16), using λ = 
1/k, that: 

For k > 1: 
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So, 
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Then, 
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For a large t, we have  

 et/k > 1 (20) 

For all m > 0, there exists t(m, n) such that for  
t > t(m, n) we have  
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We can conclude that for t > t(m, n) 
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Finally, for t > t(m, n) 
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In the Table 1, we present a test of Mt
m,n, for  

m = 10–10, the states between 1 and 5, and for the time 
between 24 and 72 months. If we take for example  
t = 42 months, because we must choose a high value 
of k (as we have noticed previously), we choose, then, 
the maximum value of M42

m,n, so it must k ≤ 84. We 
can choose, thus, k = 84. The Figure 6 shows the vari-
ations of probabilities for five states, for this coeffi-
cient. As we can conclude that transitions probabili-
ties that the head discharge pass from a value to an-
other more high are lows for all the duration. Conse-
quently, the change of the system from a state to an-
other can be maintained and the system will be more 
stable, in this case.  

 

Fig. 6. Variation of the transition probability of the states, 
for the discharge head (the coefficient of storage is k = 84);  

pn as in Fig. 4; source: own study 

CONCLUSIONS 

In this article, the calculation which estimates the 
discharge head of the water reservoir, gives a new 
indicator of maintaining in operational conditions. 
This is because it informs on the ability or inability of 
the system to be stable in the future or not. 

We have noticed the importance of maintaining in 
operational condition in the continuity of systems op-
eration. We can maintain the system in process de-
spite disruptions; we should just choose correctly pa-
rameters. 

Our methodology helps to manage a population in 
an urban system, however it may be more general for 
other applications. Again, the obtained results can be 
generalized for other infrastructures that use water 
resources. 

 

Table 1. The Mt
m,n obtained when states n and months t change 

State n 
Time t, months 

24 30 36 42 48 54 60 66 72 
1 48 60 72 84 96 108 120 132 144 
2 24 30 36 42 48 54 60 66 72 
3 16.6406706 20.8008382 24.9610059 29.1211735 33.2813412 37.4415088 41.6016765 45.7618441 49.9220118 
4 12.8948392 16.1185490 19.3422588 22.5659686 25.7896784 29.0133882 32.2370980 35.4608078 38.6845175 
5 10.5823225 13.2279031 15.8734837 18.5190643 21.1646449 23.8102256 26.4558062 29.1013868 31.7469674 

Explanation: m = 10–10. 
Source: own study. 
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Zarządzanie zużyciem wody w systemie miejskim: podejście probabilistyczne 

STRESZCZENIE 

Każdy system miejski podlega zakłóceniom, które mogą powodować awarie. W celu utrzymania ciągłości 
jego działania niezbędna jest analiza działania jego składowych. Wybrano infrastrukturę wodną do analizy 
zmian przepływu wody w czasie, ze szczególnym uwzględnieniem poboru wody pitnej. Infrastruktura ta jest 
istotna dla systemu miejskiego, ponieważ pobór wody odbywa się codziennie. Aby zbadać sposób zarządzania 
zużyciem wody, monitorowano i analizowano zmiany szczytowego przepływu wody (maksymalnej wysokości 
poziomu za pompą). Ta wysokość jest ściśle związana z przepływem wody pitnej. Zużycie wody ustalono za 
pomocą modelu Markova w celu zapobiegania przyszłym szczytowym przepływom. Zapobieganie to wymaga 
obliczenia prawdopodobieństwa przepływów wody używanej przez mieszkańców. Podano przykład wraz 
z oznaczonym poziomem ryzyka. W przykładowych warunkach system skutecznie przeciwdziałał awariom.  
 
Słowa kluczowe: prawdopodobieństwo, przepływ wody, ryzyko, stabilność systemów miejskich, utrzymanie  
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