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A FUNDAMENTAL STUDY ON THE FREE VIBRATION
OF GEOMETRICAL NONLINEAR CANTILEVER BEAM
USING AN EXACT SOLUTION AND EXPERIMENTAL
INVESTIGATION

Two fundamental challenges in investigation of nonlinear behavior of cantilever
beam are the reliability of developed theory in facing with the reality and selecting
the proper assumptions for solving the theory-provided equation. In this study, one of
the most applicable theory and assumption for analyzing the nonlinear behavior of the
cantilever beam is examined analytically and experimentally. The theory is concerned
with the slender inextensible cantilever beam with large deformation nonlinearity,
and the assumption is using the first-mode discretization in dealing with the partial
differential equation provided by the theory. In the analytical study, firstly the equation
of motion is derived based on the theory of large deformable inextensible beam. Then,
the partial differential equation of motion is discretized using the Galerkin method
via the assumption of the first mode. An exact solution to the obtained nonlinear
ordinary differential equation is developed, because the available semi analytical and
approximated methods, due to their limitations, are not always sufficiently reliable.
Finally, an experiment set-up is developed to measure the nonlinear frequency of
oscillations of an aluminum beam within a domain of initial displacement. The results
show that the proposed analytical method has excellent convergence with experimental
data.

1. Introduction

Slender and long beam is one of the important models for investigation of the
vibration behavior of engineering structures such as airplane wing, long bridge
and helicopter blades [1]. In the case of small deformation, classic linear theories
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would suffice for modelling of these beams. But, in the case of large deflections,
for accurate modeling several nonlinearities need to be included. Nonlinear inertia
and curvature, shear deformation, Poisson effects and warping are the most im-
portant factors of nonlinearities that affect the equation of motion [2]. According
to the equations of motion formulated by Crespo da Silva and Glynn [3], in many
researches one assumes that, in the case of inextensible long slender beams with
large deflections, warping, shear deformations, and Poisson effects are negligible
[4-7]. Crespo da Silva and Glynn also showed that the generally neglected non-
linear terms due to curvature are of the same order as the nonlinear terms due
to inertia, and that the curvature terms may have a significant influence on the
response of the system [8].

In developing the theory of inextensible long slender beam, some nonlinear
terms are neglected and some nonlinear terms are taken into account, therefore
this theory should be examined to determine the domain of validity with respect to
deformation.

Another issue lies in the extracting nonlinear ordinary differential equation
(ODE) from the partial differential equation (PDE) provided by the theory of
nonlinear long inextensible beam. For this purpose, different approximations based
on different numbers of mode shapes are utilized. Nevertheless, the first mode
discretization via the Galerkin method is one of the traditional approaches to study
the nonlinear behavior of the aforementioned beams [4, 9-13].

The assumption of using the first mode for discretizing the PDE is also needed
to be evaluated experimentally to obtain the domain of validity of this assumption.

For solving the derived nonlinear ODE, several approximate methods, such as
perturbation method [14—16] and harmonic balance method (HBM) [17-20] are
used. These methods usually have some limitations because of their approximate
nature. There are some disadvantages in the perturbation method. Generally, all
perturbation methods are based on small parameter (¢) and, where the small
parameter becomes larger, the perturbation method is no longer valid [21]. Some
typical numerical examples show that the error is increasing if the parameter &
becomes larger [22]. The limitations of the perturbation method were also pointed
outin [23]. In the case of HBM, there are some limitations which are clearly defined
in [24], such as that the higher harmonic terms should have small amplitudes.
The mentioned limitations of approximate methods can significantly affects the
accuracy of the response obtained from the applied solving technique.

Based on the literature, there is a need to evaluate the theory and the first-mode
assumption for obtaining the domain of displacement where the aforementioned
theory and assumption are applicable. The remaining important issue is the lack of
accuracy of the approximate solving technique in dealing with the nonlinear equa-
tion of motion. Therefore, developing an exact solution to the nonlinear equation
of motion would provide a better deduction.

In the present study, firstly the equations of motion of the geometrical non-
linear cantilever beams are derived based on the variation approach and Hamilton
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principle. Next, the Galerkin method with the first-mode assumption is used to
discretize the PDE to the nonlinear ODE. An exact solution for the nonlinear ODE
is developed to calculate the nonlinear frequency of oscillation. In the following, an
experimental set-up with infrared sensor is built to detect the nonlinear frequency of
an aluminum beam under large-amplitude vibration. The comparison between the
analytical and experimental results clearly indicates the domain of oscillation am-
plitudes where the theory and the first-mode assumption can be accurately applied.
This theory and assumption is used to different modelling in various areas includ-
ing nanomechanical resonators [25], noncontacting atomic force microscopes [26],
beams with lumped mass [27], NEMS and MEMS [28], microcantilevers [29], etc.
Therefore, the result of the study can be used for a vast domain of applications which
deal with the inextensible geometrical nonlinear cantilever beam with homogenous
material.

2. Theoretical

Based on the literature review, it is shown that Crespo da Silva and Glynn
theory [3] is the most applicable idea in the case of slender inextensible beam
with large deformation nonlinearity. Also it is shown that first-mode discretization
is a proper assumption for deriving the nonlinear ordinary differential equation
of motion. So at first, based on the mentioned theory, the nonlinear equation is
derived for the flexural motion of beams with large deformation. Then, the first
mode assumption based on Galerkin method is selected for discretization PDE to
the nonlinear ODE. Finally, an exact solution is developed in order to calculate the
nonlinear frequency of oscillation for cantilever beams.

2.1. Equation of Motion

In the first step of theoretical study, Crespo da Silva and Glynn beam theory
is utilized to derive the equation of motion for an elastic, homogenous, cantilever,
long and slender beam by assuming the flexural motion (Fig. 1).

Fig. 1. A schematic of a long slender beam
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A schematic of large-deflection of cantilever beam is shown in Fig. 2. In
this figure, p is the radius of curvature, 6 is angle of rotation, w(x,t) is vertical
displacement, u(x,t) is axial displacement, ds is related to beam length direction
and dx is related to x direction, [ is the length of beam, z is axes in vertical direction,
O xx 18 the stress, €y is the strain, E is the Young’s modulus, V is the potential
energy and A is the cross section of beam.

-
B

Fig. 2. Large deflection of cantilever beam

Based on the selected theory, it is assumed that the beam’s neutral axis is
inextensional and ds is equal to dx. So, the flexural displacement for a cantilever
beam (see Fig. 2) is given by the following equation:

d d
sin(9) = av_ —W; 9 = sin~' (w");
ds dx |

1 de 3 0/ B W// ( )
p dx Vi—w?

According to Eq. (1) the kinetic and potential energy of the element can be
obtained as follows:

pdd =ds=dx —

Potential energy:

1
V= 5 f OxxExx dv, (2)
14
where
Al (p-2)d0 - pdo -z —zw”’

fre = pdf P NI w? )

A large deformation of a structure does not necessarily mean the presence
of large strains. Under large rigid-body rotations, cantilever beams undergo large
deformations but strains remain small. Even when the rigid-body rotations are
small, deformations will still be large for long beams. With respect to a coordinate
system co-rotated with the rigid-body movement, the relative displacements are
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small and the problem becomes linearly elastic [2]. So, the potential energy can be

derived as:
1 l
2 172
ffEsxx dAdx = ffE
0 0
1 )
lf‘EIw”2 1+ w’ ) dx leI w4+ w"zw'z) dx 4
2 2 '
0 0

Kinetic energy:

1
1 .2 .2
T=§fm(u +w)dx, (5)
0
where
du = dx —ds(cos(0)) = dx — dx(cos(8)) = dx(1 — cos(6)),
d 1
Lo 1—cos@) =1-4/1-sin2@) =1-V1I-w2=-w?  (6)
dx 2
p 7”2
- u= f W2 dx.
0
So,
! X
1 5 0 w2 2
T—Efm (w)+(a(f 2dx)”dx. %)
0 0
Using the Hamiltonian principle the following equation is obtained:
153 5]
f&(V—T)dtzO = f(éV—(ST)dtzO. (8)
5] 1
15}
Forf (06V) dt,
1
. 1
_ 172 7212
6V—56fEI(w +w"?w?) dx
0
l El l El
_ 172 2. 12
_f7(5w )dx+f7(6(w w?)) dux. 9)
0 0
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1
EI
Also, for f > (6w”2) dx, by integration by parts:
0

l 1 l
EI
f 7 6w"2 dx = f EIw”(cSw”)dx:EI[ & f w"'((sw’)dx]
0 0 0
1
1 1
:El[ & ’O—w"'5w|o+ f w(’V>(5w)dx]. (10)
0

Based on initial condition,

w(0,1) =w'(0,£) = w"(L,t) =w""(l,t) =0

; (11)
= 0—0+E1fw<’V)(5w)dx.
0
VEI
For term L > (6(w"2w'2)) dx and the same approach:
1 1
fEIw"w’(é(w" '))dx—fEIw”w'(w'éw”+w"éw’)dx
0 0
1 1
= [ f EIw?w'(6w')dx| + EIw"w™ (6w dx]
0
!
[ "y f EI(w"w') (6w)dx |+
0
1
[El(w w fEI(w"w'z) (6w") dx—
0
EI(w"w’)’ 6w|0+ f EI(w"w)" (5w) dx]. (12)

Based on boundary condition,

w(0,)=w’'(0,)=w"(,)=w"(,1)=0 = Elf((w”w') w’) owdx. (13)
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So,

%) %) [
f (6V)di = f ( f wav) 4 L > (W )6wdx) (14)
1 0

1

5]
Forf (6T) dt, where
t

1 X
1 5 ) w’? 2
6T—§6fm[(w)+(5(f > dx)) ]dx
0 0

1 1 X
1 , 1 s w? \1°
—Ef(méw )dt+§fm6[5(f > dx)] dx. (15)
0 0 0
So,
2
Pl W/2
oT dr = (m(Sw )dx+ mo 5 5 dx dx| dr =

15}

i fmww)mf f d

131 a1
F (L[ ow?) dx| d
ortermj;1 (Ej(; (m w) x) t,
f[ f(méw )dx} dt=m ff((wéw)dt) dx

—mf [w6w| f(wéw) dt] dx, (17)

Al

”
dx) dx| dt. (16)

where

1 n
SWangn =0 = mff((v'f/éw) dr) dux. (18)
0
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where
5w@t1 &ty = 0
th I
m (w ow)drdx
fj‘ mz
n 0 (20)

” 6_2([ )Of//éwdx i

The Eq. (20) can be simplified using the following equation,

11
g(x)(ff(x)éwdx) :f(fg(x)dx)f(x)éwdx. (21)
0

X

ot‘)N

I
32 W/Z ,
- ffm ﬁ(f 5 dx) (w'ow)derdx| +
0 0

X

[ l
62 72
ffm — fw dx fw"éwdx drdx
12 2
0 0

0

f7dx) w'éw)drdx| +
0

X

1
fbfg(x)(bff(x)éwdx) dtdx|, (22)

where

X 7”2
fwvdﬁ; fx) = w". (23)
0
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Consequently:

h I 1 62 X ”
w ’” _
ff m(7(f > dx) wowdrdx| =

’

P
0
w’ fx 6—2( f w'zdx) Swdxdt (24)
o2 '
[

0

Finally:

’
X X

, 1 92
mw + EIEWTY) = EI [w' (w'w”)'] —5m w’f(ﬁfw'zdx) . (25

1 0

2.2. First-mode discretization

In this section, Galerkin method via assumption of the first-mode shape in
the case of Cantilever beam is used for converting the derived PDE (Eq. (22)) to
ODE. In this discretization method, one essentially postulates the system response
in the form

w(x, 1) = ¢(x)q(t), (26)

where ¢(x) and ¢g(¢) are the first-mode shape and generalized coordinate of the
system, respectively. The mentioned mode shape of the cantilever beam can be
written as:

cos(Bx) — cosh(Bx) + a; [sin(Bx) — sinh(Bx)],

(27)
- CSTEEZ; i szil((gzl)) - PI=18T5L
Here, Eqgs. (26) and (27) are applied to solve Eq. (25) and the ODE is derived as
mll+ a1 (01G(0) + axq (DG (@) + kig(t) + kag* (1) = 0. (28)
Which,
a 4.6 0 = @, = 12.36E1 Iy = 40.4E1. (29)

P e =7 2 16
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2.3. Exact solution for the equation of motion to calculate
the nonlinear frequency of oscillation

In the final section of the theoretical investigation, an exact solution is de-
veloped based on the obtained nonlinear ODE of cantilever beam (Eq. (28)). The
developed solution presents the nonlinear frequency of oscillation for a long slender
beam. At first, the Eq. (28) is multiplied by ¢ (),

o) + @ (OFOE0 + ¢ Og0) + kdOqn) + kd®g*®) =0 (0)
or
% W + kgD + kdO@N =0, (1)

Then, by integrating, the following equation is derived.

q()

mg(t)q(t) + —

ki k
PO+ 540+ 74 0) =cte. (32)

In Eq. (32), cte term is a constant value and can be obtained from initial
condition of motion (initial velocity and displacement). Similarly, Eq. (32) can be
rewritten as

§*()B(q(1)) + A(q(1)) = cte, (33)
where
m an 2
B(q(®) =5 +—4°(), Aq(1)) = —q (1) 4 q (). (34)
So,
dq®) _ |Alg(to) —A@®) | d = d(q(1) .35
dt B(q(1)) \/A(Q(to)) — A(q())
B(q(1))
Integrating Eq. (35), one obtains the period of oscillation, writtenas
t q(10) 4
T = f dr =4 f (4®) . (36)
. - \/A(q(to)) - A(q(1)
B(q(1))

Based on Eq. (36), the nonlinear frequency equation of system can be obtained

as follows,

w = 27 . (37)

f d(q(1))
J \/A(Q(to)) — A(gq(n)
B(q(1))
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3. Experimental

In the previous section, an exact solution for prediction of nonlinear free
vibration of long slender beams was developed. For verifying the result of this
solution, an accurate and sensitive experimental test is needed.

3.1. Test set-up

In the experimental process and settings of the test, there are some noises and
errors that decrease the accuracy of the test. These noises and errors are classified in
three main groups, mechanical and electrical noises and errors and computational
erTors.

The important sources of noises and errors in mechanical structure are the
loose-fitting of fixture, transforming the shakes and tremors from the base to the
electrical equipment and specimen. The most important challenges for electrical
part are recording all the data without any loss or wrong data. Also, in the case
of long slender beams, the common contact sensor is the source of errors. Finally,
computational errors could occur during receiving data, translating data to decimal
format and analyzing of data correctness with respect to noise in previous noise
groups.

In order to overcome these defects, a sensitive and accurate set-up was de-
signed and prepared. This set-up has 3 different parts, mechanical, electrical and
computational ones. The test set-up is shown in Fig. 3.

The mechanical part consists of a strong adjustable clamp (fixture) applied
in order to fix the specimen for vibration test in various lengths. Also, it locates
the electrical equipment with respect to slender beam. The structure is designed
with high rigidity to operate the vibration test without any shake. The housing of
electrical equipment is isolated from the main structure to avoid transforming the
mechanical noises.

The most important advantage of the electrical part of this set-up is the ap-
plication of a non-contact sensor. As noted above, in the case of slender beams,
this kind of sensor is suitable for accurate detecting. So, the optical non-contacted
sensor with a source of light is utilized. In this system, a noise could occur in
sensing the light beam when this beam is not perpendicular to the slender beam
and also when light beams converge to the sensor detecting angle. So, the selected
optical sensor must have sufficient response time and small detecting angle. Also, a
lens is required in order to improve the quality of detection. So, the HY870 infrared
sensor is selected, which has the response time between 4-20 us and the frame of
this sensor has a narrow slot with 0.5 millimeter width in order to minimize the
detecting angle. Finally, the electrical part includes a driver for BIOS, and for con-
trolling the sensor, recording the data and sending them to the computational unit.
It must be noted that, in order to reduce the mechanical noise from base structure,



www.czasopisma.pan.pl % :N www.journals.pan.pl
POTSRA AKADENIA NAUR

A FUNDAMENTAL STUDY ON THE FREE VIBRATION ... 77

Fig. 3. Test set-up

the sensor and the light beam are separately located perpendicularly to the slender
beam, opposed to the beam when it is in rest.

In the computational part, all the received data in hexadecimal format, as
well as some additional data for indexing and packaging, must be processed.
These processes include receiving data, checking the package of received data,
translating the format of all raw data from hexadecimal to decimal format and
summing up all times of each period to calculate frequencies of oscillation. Also,
the computational part detects if there exist incorrect data due to previous noises or
errors of communication between the driver and the computational unit. At the end,
the computational part draws the frequency diagram with respect to the number of
frequencies until rest.

3.2. Test Procedure

For vibrational test of slender long beams, homogenous aluminum (2024 T3)
samples were selected. The geometric and mechanical properties of the specimen
are shown in Fig. 4 and Table 1.

After fixing the sample on the set-up, a certain initial displacement is applied
on the beam and the frequencies of oscillation for each period from the start to
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350 mm

Fig. 4. Geometry and dimensions of the test specimen

Table 1.
Mechanical property of AL 2024 T3
E (GPa) G (GPa) v p (gr/cm?)
73.1 27.5 0.33 2.78

the stop are recorded. This process is repeated several times for different initial
displacement.

4. Results and discussion

In this section, at first the natural frequency predicted by each of the theoretical
and the experimental approaches for small displacement is reported. The summary
of the results is shown in Table 2.

Table 2.
Theoretical and experimental natural frequencies of cantilever beam
Method Natural frequency, wqy (Hz)
Theoretical 9.20
Experimental
1 8.99
2 8.99
3 8.98
4 8.99
5 8.97
Average 8.984

After that, the large deflection is applied for evaluation of free oscillation of the
samples. As an example, the results of four experimental investigations are shown
in Fig. 5.

The results of Fig. 5 show that, for large displacements, the values of initial
frequencies of oscillations are higher than the natural frequency. By continuing
the oscillations, the frequencies have been decreased and finally converge to the
natural frequency of the beam. This process occurred for all of the tests based on
the different initial excitations.



www.czasopisma.pan.pl P N www.journals.pan.pl

I

POLSKA AKADEMIA NAUK

A FUNDAMENTAL STUDY ON THE FREE VIBRATION ... 79
9.14 9.08
9.11 9.06
~ ~
T 9.08 I 9.04
g g
ag) 9.05 § 9.02
3 3
g g
& 9.02 & 9.00
8.99 8.98
8.96 8.96
0 10 20 30 40 50 0 10 20 30 40 50
Number of period Number of period
(a) 130 mm (b) 110 mm
9.08 : 9.06
9.06 .\T 0.04
Eouf | 1 ]
z ‘ #\‘ . Z 002
Soo02r || ]| 5
& I 0'\ & 9.00
| [l .
£ 900 "/‘L/‘H\/’\f\ £
| (1]
YN \,f'\.,/‘vf\ J”V\J\...J\.J\J 898
8.98 \ \us v
8.96 8.96
10 20 30 40 50 0 10 20 30 40 50
Number of period Number of period
(c) 100 mm (d) 80 mm

Fig. 5. The frequencies of free oscillation of cantilever beam with length 300 mm under different
initial amplitudes

Next, the non-dimensional frequencies

of free oscillation based on the initial

deflection of oscillation (normalized with the length of beam) are plotted in Fig. 6.
It should be noted that these non-dimensional frequencies are normalized with the

1.015
—— Exact solution « ®
1.012 b O Test1l
A Test2 X
X Test3
1.009 X
&
S
K]
1.006
1.003
1000 I I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
o/l

Fig. 6. Non dimensional frequencies of free oscillation for cantilever aluminum beam
under initial large deflections
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natural frequency of the models, and these results are based on the initial oscillation
of system.

The results of Fig. 6 show that, for initial displacement smaller than one third
of the beam length, the differences between theoretically developed approach and
experimental result are less than 3%. Also, these tests show that the differences and
errors for higher range of initial excitations have been increased.

5. Conclusion

In this paper, based on the two fundamental challenges in investigation of
nonlinear behavior of cantilever beams, the theoretical and experimental studies
are carried out. As the first challenge, for selecting the proper theory, based on
the past studies we concluded that Crespo da Silva and Glynn theory is the most
acceptable in the case of cantilever beams. This theory can be used for deriving the
equation of motion for inextensible long slender beams with large deflections.

After deriving the equation of motion, selecting the proper assumptions is the
most important challenge. Therefore, based on the traditional approach, the PDE
of motion is discretized using the Galerkin method via the assumption of the first
mode. Finally, because of the lack of accuracy of the approximate methods, an
exact solution is developed in order to solve the nonlinear ODE and subsequently
calculate the nonlinear frequency of oscillation.

In the following, an experimental test is established for examining the validity
domain of the mentioned theoretical approach. For the experimental test, a sensitive
non-contact set-up is designed and prepared. This set-up records all the frequencies
of free vibration for a long slender aluminum sample with high accuracy.

The comparison between the results shows that the theoretical natural fre-
quency differs by nearly 2.5% from the tests. Subsequently, the nonlinear investi-
gations show that the results of theoretical approach and experimental tests differ
by less than 3% based on initial excitations up to 33% of beam length. Also, larger
initial displacements lead to greater differences and errors. In summary, it can be
concluded that the developed theoretical approach is valid for initial displacements
from zero to one third of the beam length.

Manuscript received by Editorial Board, October 27, 2017;
final version, December 30, 2017.
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