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Abstract: This paper presents the mathematical model of a single-phase multi-winding
core type transformer taking into account magnetic hysteresis phenomenon based on the
feedback Preisach model (FPM). The set of loop differential equations was developed for
a K-th winding transformer model where the flux linkages of each winding includes flux
Φ common to all windings as a function of magneto motive force Θ of all windings. The
first purpose of this paper is to implement a hysteresis nonlinearity involved in the Φ(Θ)
function which also accounts residual magnetic flux. The second purpose of this paper is
experimental validation of the developed transformer model in a capacitor discharge test
and several different values of residual magnetic flux.
Key words: single-phase transformer, magnetic flux common, magneto motive force,
magnetic hysteresis, residual magnetic flux, capacitor discharge test

1. Introduction
One of many consequences of the magnetic hysteresis is the possibility of occurrence of
residual magnetic flux density in the core of the transformer, whose value depends on several
factors [1]: the magnetic properties of the core, the power factor at the time of shutdown of the
transformer, the winding connections, etc. The existence of residual flux may be significant to
the maximum value of the inrush current of the transformer and contribute to the undesirable
effects of protection systems installed in the power system [2-4]. Effects of inrush currents are
somewhat limited by the use of appropriate reactors and protection systems with time-lag
characteristics. However, studies are carried out on the use of active control systems of the
moment of a switching transformer, including the residual flux in the core [2, 5] to limit the
inrush current. Accurate determination of the residual flux is a relatively difficult issue because it requires consideration of the hysteresis phenomenon and the eddy currents in the core.
The accurate methods to prediction of the residual flux and inrush current of transformer
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circuits are therefore needed. It is expected that in this prediction method accurate mathematical circuit models of the transformers can be useful.
In this paper a single-phase multi-winding transformer with core type of construction is
studied taking into account the hysteresis phenomenon of magnetic material and residual magnetic flux. Multi-winding transformers are used in central stations, power trains, and electronic
devices. They enable to supply several circuits with different voltage and power level from
a single source through a single physical device.
An arrangement of windings and iron core geometry of the considered transformer in cross
section is shown in Fig. 1. This transformer has the tape wound core made by wrapping thin
long grain oriented silicon steel strip around an appropriate path. The number of windings and
arrangement of particular coils corresponds to a transformer used frequently in electric traction [6]. The coils denoted P2 and P4 are two sections of the primary traction winding. The
coils denoted P1 and P3, connected in series inside the transformer, form a single section
referred to as the primary auxiliary winding. The coils labeled T1 and T2, not connected inside
the transformer, form two sections of the traction secondary windings. The coils S1 and S2,
connected in series inside the transformer, are the auxiliary secondary winding.
Modeling of traction transformers is very important for simulations and analysis of transient states in power trains. The exact circuit parameters are needed for proper control strategy
of drive systems [7] and for diagnosis purposes [8]. The key point of the transformer modeling
is the representation of nonlinear magnetization and hysteresis of the iron core.

Fig. 1. Isometric view of cross section of the considered transformer and arrangement of its primary P1,
P2, P3, P4 windings and secondary S1, S2, T1, T2 windings

2. Macroscopic models of magnetic hysteresis
Several efforts to model magnetic hysteresis have been reported until now. Among many
models proposed so far, the hysteresis model based on Preisach’s theory [9] and the JilesAtherton model [11] are proposed for accurate modeling and prediction of the magnetic
characteristics. The Preisach model (PM) and Jiles-Atherton (J-A) model are classified into
so-called macroscopic models of hysteresis [12].
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In the J-A model the total magnetization in the magnetic material has two components –
reversible and irreversible. The J-A model can be used in analysis of coupled electromagnetic
and thermal phenomena in the transformers [13]. It was reported in [14] that the J-M model
has been successfully utilized to simulate of coupled electromagnetic, fluid dynamic and motion phenomena. This model can be used in FEM calculations [15] and recently, an algorithm
and computer code was presented [16] to effectively determine several parameters of the J-A
model.
In the PM the double integral of the Preisach distribution function μ(α, β) is involved to
find usually magnetic flux density B as the function of the magnetic field intensity H. The
induction B depends not only on the magnetic field but also on the history of magnetization of
the material. The PM had been initially utilized in the field of magnetism but its mathematical
generality suggested implementation of this model in many areas of science. A pure mathematical form of the PM separated from its physical meaning was proposed by Krasnosel’skii
[17]. This approach was further developed by Mayergoyz [18] for determining the conditions
for the representations of the hysteresis nonlinearities and generalization of the PM.
Nowadays there are several generalizations of the original classical PM in other to improve
its ability to represent complex experimental results. One possible solution to gain more accuracy for the representation of hysteresis nonlinearity is to use the so-called feedback
Preisach model [19, 20]. Description of most modifications of classical PM (generalized PM,
moving PM, dynamic PM, vector PM) can be find in paper [21]. Many recent enhancements
to the classical PM also allow simulation of coupled electromagnetic and thermal phenomena
in magnetic materials. The PM has been used in this paper to simulate hysteresis effects in
a single-phase transformer.
Experimental and simulation studies of the influence of the residual magnetic flux on the
value of inrush current are rarely published and selected results are given in [3, 4, 22, 23].
In [3] and [4] lack a comparison of simulation results with experimental results, which do not
allow to validate the models of hysteresis. In [22] the simplified model of the transformer was
used, which does not take into account classical eddy current losses and anomalous losses.
In [23] the components of classical and anomalous losses are included and show relatively
good agreement between the results of simulation and experiment. However, in this hysteresis
model, the shape of the small loops is deduced from the relevant geometric transformation of
the rising and falling curve of the main hysteresis loop, which cannot be proven on the basis of
the macroscopic model.
Two main objectives were formulated in this paper. The first objective concerned the development of a circuit model of the single-phase multi-winding transformer coupled with a generalized scalar Preisach hysteresis model. Equivalent circuit model of the transformer is developed in terms of the common magnetic flux Φc as function of ampere-turns Θ of all coils. In
this paper hysteresis nonlinearity is involved in Φc(Θ) expression. The new Preisach distribution function μ(α,β) is proposed [24] as an analytical formula approximated by functional
series. A hysteresis model with a feedback function as the third order polynomial is assumed
in order to gain accuracy of the transformer model. The model also takes into account the
equivalent circuit representing the classical and anomalous eddy current losses.
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The second objective concerned the simulations of the inrush current at different values of
residual magnetic flux. The study of the transient state was based on the capacitor discharge
through the primary windings at a predetermined value and sign of the residual magnetic flux
in the core. This approach has provided a very good repeatability of the transient states, independent of the switch actuation time and physical phenomena on its contacts. Finally the
simulation results predicted by the model have been successfully verified by experiments.

3. Transformer equivalent circuit
A schematic representation of the considered transformer with K-windings and their
associated terminal voltages and the assumed current directions is shown in Fig. 2. For the
transformer with K = 8 windings operating in a power train, primary traction P1, P2, P3,
and P4 coils (in parallel connection) are energized from a single AC voltage source. Secondary T1, T2, S1, and S2 coils are connected to power converters.
The set of loop differential equations of K – winding transformer model is expressed in
matrix form as:

u = Ri +

d
Ψ (i ) ,
dt

(1)

where: u = [u1, u2,..., uK,]T is the vector of terminal voltages, i = [i1, i2,..., iK,]T is the vector of
winding currents and Ψ(i) = [Ψ1(i), Ψ2(i),..., ΨΚ(i)]T is the vector including the flux linkages
in each winding.

Fig. 2. Schematic representation of a single-phase
and eight winding transformer: P1, P2, P3, and P4
– coils of primary winding (connected in parallel),
T1, T2, S1, S2 – secondary windings

The time rate of change of Ψ can be represented as:

∂ Ψ1 (i ) ⎤
⎡ ∂Ψ1 (i )
L
⎢ ∂i
∂iK ⎥⎥ ⎡⎢ i1 ⎤⎥
1
⎢
d
d
d
Ψ (i (t )) = ⎢ M
M ⎥ ⎢ M ⎥ = Ld (i ) i ,
t
dt
d
d
t
∂ΨK (i ) ⎥ ⎢ ⎥
⎢ ∂ΨK (i )
i
L
K
⎣
⎦
⎢
⎥
∂iK ⎦
⎣ ∂i1

(2)
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where Ld (i) is the matrix of self and mutual dynamic inductances.
Recognizing that there is a flux common to all windings, the flux linkages of the k-th
winding can be expressed by [25, 26]:
K

Ψk (i ) = N k Φ c (Θ(i )) +

∑L

σ ,k ,n in ,

k , n = 1,2,..., K ,

(3)

n =1

where Φc is the flux common to all windings, Nk is the number of turns of the k-th winding,
Lσ,k,n is the leakage inductance resulting from the existence of the leakage flux in the coil k due
to the flux generated by the current in the coil n, Θ is the total ampere turns of all windings
defined by:
Θ(i ) = N1i1 + N 2i2 +,... + N K iK .

(4)

In this paper the relationship Φc (Θ) accounts for nonlinear magnetic properties of the iron
core and hysteresis effect.

4. The feedback hysteresis model
In the classical Preisach model a ferromagnetic material is made up of infinite set of magnetic dipoles (hysteresis operator), each having magnetic characteristics with two separate,
randomly distributed properties α, β as shown in Fig. 3. Each operator has a rectangular hysteresis loop and is defined as mathematical operator γα β (H) that can assume only two values,
+1 (positively switched) and –1 (negatively switched).

Fig. 3. Rectangular loop of elementary hysteresis operator

The relationship between magnetic field intensity H and flux density B in the classical
Preisach model is expressed in the integral form as:

B=

∫∫ μ(α, β)γ

α ≥β

αβ ( H ) d α d β

,

(5)
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where μ(α,β) is a finite weight function having nonzero values within the limits of a major
hysteresis loop. The term μ(α, β) is also called the Preisach distribution function and can be
regarded as a material constant. The weight function μ(α, β) can be also treated as a probability density function where μ(α, β)dαdβ equals the probability that a randomly selected operator
has a rectangular loop (α, β). In the feedback Preisach model (FPM) the positive switching
field α is replaced by α + Hf (B) and the negative switching field β is replaced by β + Hf (B) in
Eq. (5).
In this paper the hysteresis nonlinearity is proposed to be involved in Φc (Θ) expression.
Hence, a block diagram representing the proposed hysteresis model taking into account Φc (Θ)
term is shown in Fig. 4.

Fig. 4. Block diagram of the feedback hysteresis model

The upper rectangle shown in Fig. 4 represents the classical Preisach transducer [18]. The
lower rectangle in feedback loop represents the contribution term Θf (Φc) to the effective magnetomotive force Θm (t) = Θ(t) + Θf (Φc) acting on elementary hysteresis operators. Hence, the
scalar feedback Preisach model (FPM) is formulated by the following formula:
Φ c (t ) =

∫∫ ρ [α + Θ

α ≥β

f

(Φ), β + Θ f (Φ))] γ α, β [Θ m (t )]d α d β ,
(6)

Θ m = Θ + Θ f (Φ c ) ,
where the ρ(α, β, Θ(Φc)) is the so called Preisach distribution function (PDF), which in this
model also depends on the common flux Φc by a feedback relationship, γα, β (Θ) describes the
rectangular loop of elementary hysteresis operators.
Application of the FPM in a circuit simulation requires determination of ρ(α, β, Θ(Φc))
and Θf (Φc) functions. An analytical approach for determination of feedback field contribution
for Hf (B) function is proposed in [27]. However this approach is applicable only for relatively
small feedback factors. A complete parameter identification procedure of FPM is proposed
in [28]. In this procedure however a linear feedback function is assumed and it may be applicable to some materials only. In [29] the nonlinear feedback function Hf (B) is taken into
account and the factorisation property of the function μ (α, β) is assumed. However this is
simplifying assumption and can be usable for a given class of magnetic materials.
In this paper a functional series of two-dimensional Gauss expressions to approximate the
PDF is proposed [24] as:
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ρ( α , β) =

1
2π

N

∑
n =1

2 ⎞
⎛ − ( α + β) 2 ⎞
⎛
An
⎟ exp⎜ − (α − β) ⎟ ,
exp⎜
⎜ 2S 2
⎟
⎜ 2S 2
⎟
S x , n S y ,n
x, n
y, n
⎝
⎠
⎝
⎠
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(7)

where An, Sx,n, and Sy,n are constant parameters.
A feedback function is proposed to be the third order polynomial:

θ f (Φ c ) = K1Φ c + K 3Φ c 3 ,

(8)

where K1 and K3 are constant parameters.

5. Parameter identification of the feedback Preisach model
Identification of the FPM requires determination of An, Sx,n, Sy,n, K1, and K3 parameters by
means of a convenient set of measured data. Measurements were carried out on a single-phase
and eight-winding transformer (Fig. 5). The apparent power of P2, P4, T1, and T2 coils is
6.4 kVA, with a rated voltage of 230 V. The apparent power of P1, P3, S1, and S2 coils is
3.2 kVA, with a rated voltage of 115 V. Rated currents of all coils are the same – 28 A. The
iron core of the tested transformer is made with a grain oriented silicon steel strip of ET11427 type. Thickness of the strip is equal to 0.27 mm.

Fig. 5. Single-phase tested transformer with eight windings as part of experimental setup
for measurements of hysteresis loops

The magnetizing windings were energized by laboratory power supply of PS 8000 DT type
(Elektro-Automatik GmbH) controlled by a function generator of AFG3011 type (Tektronix,
Inc.). The hysteresis Φc (Θ) characteristics of the tested transformer are calculated from the set
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of measured voltages and currents [30, 31]. The flux density is obtained by numerical integration of the voltage induced in the measurement coil. The core was demagnetized before
measurements. Measurements have been done under slow time varying excitation current. The
frequency equal to 0.020 Hz for the major loop was applied in order to reduce the dynamic
effects in magnetic material.
For determinations of An, Sx, n, Sy, n, K1, and K3 parameters the Levenberg-Marquardt optimization algorithm [32] was used. Only initial and limiting descending Φc (Θ) curves were
utilized for calculation of these parameters. Parameter values of the FPM obtained from the
identification procedure are shown in Table 1.
Table 1. Parameter values of the FPM – unit of Sx, and Sy is ampere
Sx, 1
14.3

Sx, 2
99.8

Sx, 3
1770

Sy, 1
29.3

Sy, 2
34.5

Sy, 3
16.74

A1
0.024

A2
0.013

A3
0.030

The value of K1 = 720 and K3 = −25.9E+06. A surface plot of the PDF of the tested transformer core is shown in Fig. 6.

Fig. 6. Surface plot of the PDF of the tested transformer core

6. Experimental and simulation results of magnetic hysteresis
As an example, the FPM has been applied for representation of some symmetrical major
loops at different total ampere-turns Θ. Fig. 7 shows the simulated symmetrical major loop
compared with the experimental one at the range of ampere turns from 0 to 2600 A. In Fig. 8
the same simulated and measured downward and upward trajectories are shown at the range of
ampere turns from 0 to 250 A. Differences between measured and simulated hysteresis loops
are relatively small.
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Fig. 7. Simulated and measured trajectories
of symmetrical major hysteresis loops – verification of applied model
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Fig. 8. Simulated and measured parts of symmetrical major hysteresis loops – verification of applied
model at the range of ampere turns from 0 to 250 A

7. Circuit simulations of transformer
coupled with the feedback hysteresis model
In this chapter, simulations taking into account the hysteresis model are performed for the
tested transformer, described in chapter 4 (Fig. 5). In order to demonstrate the hysteresis effect
in inrush current the capacitor discharge test at no-load transformer operation is assumed. An
equivalent circuit of the transformer at considered test is shown in Fig. 9. The schematic arrangement of core and primary windings for this test is shown in Fig. 1.

Fig. 9. Equivalent circuit of the considered transformer supplied from voltage source at no load operation

The primary windings (P1 + P3, P2, P4) are energized from the capacitor having capacitance C0 with the initial charge q0. A single equivalent circuit EH for modeling eddy current
losses and an additional loss component (excess loss) is assumed. The rest of particular sym-
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bols are as follows: Ψ1 is the flux linkage of P2 winding; Ψ2 is the flux linkage of P4 winding;
Ψ3 is the flux linkage of P1 winding; Ψ4 is the flux linkage of P3 winning; Ψ5 is the flux linkage of the equivalent loop representing eddy currents and excess losses; R1 is the resistance
of P2 winding; R2 is the resistance of P4 winding; R3 is the resistance of P1 winding; R4 is the
resistance of P3 winding; R5 is the resistance of equivalent loop representing eddy currents
and excess losses.
Mathematical description of the equivalent circuit shown in Fig. 9 that takes into account
all magnetic couplings between the transformer windings has the following general form:

(C

T
u Ld ( io )C u

) ddt i + (C
o

T
u RC u

)i

o

=

− q0
[1 1 1 0]T ,
C0

(9)

where the matrix of dynamic inductances Ld, the matrix of resistances R, and the matrix of
constraints Cu are defined as follows:
⎡ ∂Ψ1
⎢ ∂i
⎢ 1
⎢ ∂Ψ2
⎢ ∂i
⎢ 1
∂Ψ
Ld = ⎢ 3
⎢ ∂i1
⎢ ∂Ψ
⎢ 4
⎢ ∂i1
⎢ ∂Ψ
⎢ 5
⎢⎣ ∂i1

∂Ψ1
∂i2
∂Ψ2
∂i2
∂Ψ3
∂i2
∂Ψ4
∂i2
∂Ψ5
∂i2

∂Ψ1
∂i3
∂Ψ2
∂i3
∂Ψ3
∂i3
∂Ψ4
∂i3
∂Ψ5
∂i3

∂Ψ1 ⎤
∂i5 ⎥⎥
∂Ψ2 ⎥
⎡R1 0 0 0 0 ⎤
⎡1
⎢
⎥
⎢
⎥
∂i5
⎢ 0 R2 0 0 0 ⎥
⎢0
⎥
∂Ψ3 ⎥
⎢0 0 R 0 0⎥
⎢
, R=⎢
3
⎥, Cu = ⎢0
∂i5 ⎥
⎢0 0 0 R
⎢0
0⎥
∂Ψ4 ⎥⎥
4
⎢
⎥
⎢
⎢⎣ 0 0 0 0 R5 ⎥⎦
⎢⎣0
∂i5 ⎥
∂Ψ5 ⎥
⎥
∂i5 ⎥⎦

∂Ψ1
∂i4
∂Ψ2
∂i4
∂Ψ3
∂i4
∂Ψ4
∂i4
∂Ψ5
∂i4

0 0 0⎤
⎥
1 0 0⎥
0 1 0⎥⎥ . (10)
0 1 0⎥
⎥
0 0 1⎥⎦

The matrix of constraints establishes a relation between the so called non-generalized
coordinates (set of currents – i1, i2, i3, i4, i5) and generalized coordinates (set of loop currents
– io,1, io,2, io,3, io,4) included in vector io. The relation between these coordinates is given by:

[i1

i2

i3

i4

[

i5 ]T = C u io ,0

io ,1 io , 2

io ,3

]

T

.

(11)

Assuming that there is a flux common to all P2, P4, P1, and P3 windings, the matrix of
dynamic inductances is expressed by:
⎡ N1N1 N1N 2
⎢
⎢ N 2 N1 N 2 N 2
∂ Φc ⎢
N3 N1 N3 N 2
Ld =
∂Θ ⎢
⎢N N N N
4 2
⎢ 4 1
⎢⎣ N5 N1 N5 N 2

N1N3

N1N 4

N 2 N3

N2 N4

N 3 N3

N3 N 4

N 4 N3

N4 N4

N 5 N3

N5 N 4

N1N5 ⎤ ⎡ Lσ,1,1
⎥ ⎢
N 2 N5 ⎥ ⎢ Lσ,2,1
⎢
N3 N5 ⎥⎥ + ⎢ Lσ,3,1
N 4 N5 ⎥ ⎢ Lσ,4,1
⎥ ⎢
N5 N5 ⎥⎦ ⎢⎣ Lσ,5,1

Lσ,1,2

Lσ,1,3

Lσ,1,4

Lσ,2,2

Lσ,2,3

Lσ,2,4

Lσ,3,2

Lσ,3,3

Lσ,3,4

Lσ,4,2

Lσ,4,3

Lσ,4,4

Lσ,5,2

Lσ,5,3

Lσ,5,4

Lσ,1,5 ⎤
⎥
Lσ,2,5 ⎥
Lσ,3,5 ⎥⎥ , (12)
Lσ,4,5 ⎥
⎥
Lσ,5,5 ⎥⎦

where N1 = 190 is the number of turns of P2 winding, N2 = 190 is the number of turns of P4
winding, N3 = 95 is the number of turns of P1 winding, and N4 = 95 is the number of turns of
P3 winding.

Vol. 66 (2017)

51

Single-phase multiwinding transformer

The matrix of leakage inductances of the considered transformer was defined by Wilk [26]
for which the numerical values given in Henrys are:
⎡ Lσ ,1,1
⎢
⎢ Lσ ,2,1
⎢L
⎢ σ,3,1
⎢L
⎢ σ ,4,1
⎢ Lσ ,5,1
⎣

Lσ,1, 2

Lσ,1,3

Lσ,1, 4

Lσ, 2, 2

Lσ, 2,3

Lσ, 2, 4

Lσ ,3, 2

Lσ ,3,3

Lσ ,3, 4

Lσ, 4, 2

Lσ, 4,3

Lσ, 4, 4

Lσ,5,2

Lσ,5,3

Lσ,5, 4

Lσ ,1,5 ⎤
⎡13.7 1.23 3.05 0.1
⎥
⎢
Lσ ,2,5 ⎥
⎢1.23 13.7 0.1 3.05
⎥
−3 ⎢
Lσ,3,5 ⎥ = 10 3.05 0.1 4.26 0.4
⎢
⎢ 0.1 3.05 0.4 4.26
Lσ ,4,5 ⎥
⎥
⎢
⎢⎣ 0
Lσ,5,5 ⎥⎦
0
0
0

0⎤
⎥
0⎥
0⎥⎥ .
0⎥
⎥
0⎥⎦

The resistances of the considered transformer are as follows (given in Ohms): R1 = 0.347;
R2 = 0.347; R3 = 0.201; R4 = 0.201; R5 = 5490. The procedure for the determination of the value
of R5 was reported in [33].
In this model the relationship Φc(Θ) that accounts for nonlinear magnetic properties of the
iron core and hysteresis effect given by Eqs. (6), (7), and (8) is implemented.

8. Measurements and simulation results
Experimental studies consisted of the discharge of the capacitor through the primary winding at several different values of the residual magnetic flux. The use of a capacitor as a power
source has provided a relatively high repeatability of the measured transient states independent
of the moment of switching and the phenomena at the terminals of the connector [33]. The
measurement results of inrush currents are shown in Fig. 10 and the simulation results of
inrush currents are shown in Fig. 11. All measurements and simulations were performed at the
capacitor C0 charged to a voltage of 200 V.

Fig. 10. The results of measurements of the transi- Fig. 11. The results of simulation of the transient
ent state of the magnetizing current ip, at the differ- state of the magnetizing current ip, at the different
ent values of residual magnetic flux
values of residual magnetic flux

The results are given for three different residual magnetic flux values Φr = 5.28 mWb,
Φr = 0 mWb, and Φr = –5.28 mWb. A positive value of Φr means that the initial magnetic field
direction excited by current ip is consistent with the direction of residual magnetic flux density
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Br. In the case of negative values of Φr, the initial direction of the magnetic field excited by
current ip is opposite.
The differences between measurements and simulations are relatively small. The differences between the waveforms of the exciting currents can be reduced by using nonlinear resistance R5 in the equivalent loop.

9. Conclusions
In this paper the ability of the scalar feedback Preisach model to predict hysteretic behaviour between the common flux Φc and the total ampere turns Θ in the singe-phase and multiwinding transformer was implemented. The numerical implementation of the applied model is
based on the new analytical distribution function ρ (α, β) defined as the functional series of
two-dimensional Gauss expressions. The feedback function is represented by the third order
polynomial. Hysteresis model is coupled with circuit model of the transformer.
Simulation of the free oscillation waveform in a capacitor discharge test is a relatively critical test of the model. The amplitude of the subsequent oscillations are properly modelled and
correspond to the value obtained in the measurements. Good agreement between the phase
relationship of simulation and measurement results is also important. This proves the correct
approach of classical and anomalous losses in the transformer model. The simulation results
indicate the usefulness of the applied circuit modeling methodology for the simulation of the
transformer systems in a transient state, taking into account magnetic hysteresis and remanence.
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