
Chemical and Process Engineering 2017, 38 (4), 523-533 

DOI: 10.1515/cpe-2017-0041 

 

 

*Corresponding authors, e-mail: sebapater@chemia.pk.edu.pl     cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 
523 

 

MATHEMATICAL MODELLING OF THERMAL AND FLOW 

PROCESSES IN VERTICAL GROUND HEAT EXCHANGERS 

Sebastian Pater*, Włodzimierz Ciesielczyk 

Cracow University of Technology, Department of Chemical and Process Engineering, Warszawska 

24, 31-155 Kraków, Poland 

The main task of mathematical modelling of thermal and flow processes in vertical ground heat 

exchanger (BHE-Borehole Heat Exchanger) is to determine the unit of borehole depth heat flux 

obtainable or transferred during the operation of the installation. This assignment is indirectly 

associated with finding the circulating fluid temperature flowing out from the U-tube at a given inlet 

temperature of fluid in respect to other operational parameters of the installation. 

The paper presents a model of thermal and flow processes in BHE consisting of two analytical 

models separately-handling processes occurring inside and outside of borehole. A quasi-three-

dimensional model formulated by Zeng was used for modelling processes taking place inside the 

borehole and allowing to determine the temperature of the fluid in the U-tube along the axis of BHE. 

For modelling processes occurring outside the borehole a model that uses the theory of linear heat 

source was selected. The coupling parameters for the models are the temperature of the sealing 

material on the outer wall of the borehole and the average heat flow rate in BHE. Experimental 

verification of the proposed model was shown in relation to BHE cooperating with a heat pump in 

real conditions. 

Keywords: vertical ground heat exchanger, borehole, geothermal heat pumps, thermal and flow 

processes 

1. INTRODUCTION 

Under Polish conditions heating or cooling systems with so-called ground heat pumps often cooperate 

with a BHE (Wiśniewska and Forysiak, 2014). In vertical boreholes of depth from several tens to up to 

200 m the single U-tube has been widely used. The empty space between the pipe and the wall of the 

borehole is filled with the sealing material. The heat transport medium flowing through the U-pipe 

extracts heat from the ground surrounding the borehole as well as from the groundwater (if present), 

and transports it to the refrigerant in an evaporator of the heat pump. If the heat pump works in cooling 

mode, the heat from the upper heat source is transmitted into the ground. Heat transport in BHE occurs 

by convection from the fluid to the wall of the U-tube and subsequently by sealing of the borehole to 

the ground mainly by conduction. In the areas of active groundwater exchange this process takes place 

also by convection. 

The main task of mathematical modelling of thermal and flow processes in BHE is to determine the 

unit of borehole depth heat flux obtainable or transferred during the work of the installation (Kozioł, 

2012). The analytical models describing the processes occurring in BHE most commonly separately 

examine the phenomena arising inside and outside the borehole (Rees, 2016; Salimshirazi, 2012). 
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The main area of modelling thermal and flow processes inside BHE is to determine the fluid 

temperature at the inlet and outlet of the U-tube, depending on temperature of the borehole wall and 

mass flow rate of a fluid, with the assumed physicochemical data of fluid, sealing material and U-tube 

pipe (Koohi-Fayegh and Rosen, 2014). For a rough computational analysis a simplified one-

dimensional model shown at work (Gu and O’Neal., 1998) can be used. This model omits the axial 

changes of borehole material, heat capacity and also thermal interaction between the circulating 

medium flowing in U-tube. Hellström (1991) developed an analytical solution of thermal resistance 

between the pipes in U-tube in the cross-section perpendicular to the axis of the borehole. On the basis 

of this model a quasi-three-dimensional model formulated by Zeng (Zeng et al., 2003) was created, 

which takes into account temperature changes of the fluid along the axis of the borehole with neglected 

axial heat conduction. 

One of the first analytical models for a quantitative description of the thermal and flow processes 

outside BHE was a model using the theory of linear heat source (Kelvin's line source) presented in 

(Ingersoll and Plass, 1948). In this model, soil is treated as a medium with an initial uniform 

temperature in the entire volume and the borehole with the U-tube is assumed to be an infinite line 

source. In the cylindrical source model (Wołoszyn, 2014) the borehole is considered as an infinite 

cylinder surrounded by a homogeneous material with properties being constant over time. Eskilson 

(1987) presented a model that takes into account the axial changes of ground temperature with time and 

depth. The temperature distribution on the outer wall of the borehole BHE was determined as so-called 

"g" function which represents a specific configuration of the boreholes (Rees, 2016). The finite line 

source model developed by Zeng's team (Zeng et al., 2002) uses the model proposed by Eskilson. The 

temperature distribution in the borehole can be obtained by solving analytical equations. Integration of 

these equations is faster than numerically solving this problem (Zeng et al., 2002). 

In recent years, thanks to increased computing capacity, numerical models of thermal and flow 

processes in BHE are dynamically developing (Yang et al., 2010). These models offer the possibility to 

include, among others, heat flow inside and outside the borehole, the spatial changes of 

physicochemical properties of soil and sealing material of the borehole, interaction between the 

boreholes in BHE and also changes of boundary conditions in time and space (Wołoszyn, 2014). Due to 

the high slenderness ratio of BHE (small diameter compared to length) and a large number of elements 

in three-dimensional mesh calculations carried out in the simulation programs can be extremely time 

consuming. Publications by Śliwa et al. (2005, 2011, 2012) should also be mentioned. 

Performing computations using numerical models despite the fact that they may offer a high degree of 

flexibility and accuracy is not justified if there is no reliable information on the physicochemical 

properties of the soil surrounding the borehole (Kozioł, 2012). Analytical models of thermal and flow 

processes in BHE are developed mainly for practical reasons, because they allow to perform 

calculations in a quick and relatively simple way in comparison to numerical models (Yang et al., 

2010). 

The paper presents a model of thermal and flow processes in BHE consisting of two analytical models 

separately handling processes occurring inside and outside of the borehole. For modelling processes 

taking place inside the borehole a quasi-three-dimensional model formulated by Zeng (Zeng et al., 

2003) was used, which: 

 allows determining the temperature of the fluid in the U-tube along the axis of BHE, 

 takes into account the heat exchange between the pipes which are being arranged symmetrically 

in a borehole, 

 assumes identical temperature on the external wall of borehole along its axis, which however can 

vary with time, 

 assumes a homogeneous structure of the ground material and the sealing of the borehole, whose 

physicochemical properties are independent of temperature (Zeng et al., 2003). 
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The model does not take into account heat conducted in axial direction, heat transferred by convection 

from the groundwater and the phase transition of the moisture in the borehole sealing. 

For modelling processes occurring outside the borehole a model that uses the theory of linear heat 

source (Ingersoll, 1948) was selected. It assumes: 

 initial uniform temperature of soil (so called undisturbed ground temperature) and constant 

thermo-physical parameters in the entire volume, 

 one-dimensional heat conduction without heat conduction in the axial direction (also from the 

surface above and below of the borehole), 

 heat exchange between the outer wall of borehole and the surrounding soil. 

The coupling parameters for models are the temperature of the sealing material on the outer wall of the 

borehole and the average heat flow rate in BHE. The average heat flow rate at specified intervals 

remains constant, but may vary between these intervals. 

2. MODEL OF THERMAL AND FLOW PROCESSES IN BHE 

Energy balance equations for the fluid flowing up and down in the U-tube (Zeng et al., 2003) were 

formulated as (1) and (2): 
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Expressions 
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2R  and 
12R  are calculated from Eqs. (3, 4, 5): 
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R11 and 22R represent a thermal resistance between the wall of the borehole and the fluid. R12 is the 

thermal resistance between the flowing fluids in the pipes (Fig. 1). Because the pipes in the borehole 

are located symmetrically it is assumed that R11 = R22. 

 

Fig. 1. The cross-section of borehole with U-tube 
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Hellstrom (1991) specified Eqs. (6) and (7) describing the thermal resistances R11 and R12 as follows: 
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The value of the thermal resistance Rp from fluid to the outer pipe surface is determined (Zhang et al., 

2015) from Eq. (8) as: 
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The coefficient hf was estimated from Dittus-Boelter correlation (9): 
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Depending on the operating mode of the heat pump factor n takes a value 0.40 for heating and 0.33 for 

cooling mode. To solve the energy balance Eqs. (1) and (2), the following boundary conditions were 

assumed (10): 
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Using the Laplace transform (Zeng et al., 2003) the solutions of Eqs. (1) and (2) are given by Eqs. (11) 

and (12): 
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Dimensionless coefficients used in Eqs. (11) and (12) are defined by: 
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The ground temperature depending on the distance from the linear heat source and time, for the average 

heat flux (Fang et al., 2002) is calculated from Eq. (17): 
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The exponential integral in Eq. (17) can be approximated (Fang et al., 2002) by Eq. (18): 
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Under real conditions a value of the heat exchanged in BHE varies with time due to e.g. different 

demand for heating or cooling for industrial process or in the building construction. In order to apply 

the model under considerations to predict the operating parameters of BHE under varying conditions it 

must be assumed that at certain intervals the heat flux remains constant, while between these intervals, 

this heat flux may change. Using the technique of superposition (Fang et al., 2002) increase or decrease 

of the soil temperature can be determined from Equation (19): 
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Precision of calculations based on Eq. (19) is dependent on the length of assumed intervals. If the value 

25 br  is smaller than the length of the time interval, the error of estimation of the soil temperature 

with respect to the accurate model (e.g. numerical model) and a model of a linear heat source is less 

than 10% (Salimshirazi, 2012). Increasing the time interval to a value greater than 220 br , reduces 

the error to about 3% (Salimshirazi, 2012). 

The coupling parameters for the models are the temperature of the sealing material on the outer wall of 

the borehole and the average heat flow rate in the BHE in a specified time interval. The calculation 

algorithm proposed in (Koohi-Fayegh and Rosen, 2014) is based on determining the soil temperature Tg 

from the linear source model for a given heat flux q  in the time interval and distance from the source 

equal to rb. Knowing the temperature Tb it is possible to determine 2fT using Eq. (20): 
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Equation (12) simplifies to the form (21): 
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In Eq. (20) the temperature 
'
fT  can be determined from Eq. (22): 
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By combining Eqs. (20) and (22), Eqs. (23) and (24) were obtained enabling to calculate 
'
fT  and  02fT  

in a given time step: 
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Because the proposed model is intended for an analysis including a variable heating and cooling load of 

a building or installation within a year, as well as varying degrees of this load coverage by a heat pump, 

the value of the average heat flux at a given time interval for a different operating mode of the heat 

pump is determined from Eqs. (25) and (26): 
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3. EXPERIMENTAL VERIFICATION OF MODEL 

Experimental verification of the proposed model was shown in relation to BHE cooperating in real 

conditions with a compressor brine-water heat pump. The heat pump heating output was approx. 10 kW 

and the cooling output approx. 3 kW (in passive cooling mode). In the BHE three boreholes, each of 

which had a depth of 70 meters, were installed. The boreholes were made in one line, with seven meter 

intervals and six meters away from the northern wall of the building. In each borehole, a single 

polyethylene U-tube was mounted. The intermediate fluid which transmitted energy from the ground to 

the evaporator was aqueous propylene glycol solution. 

Below 4 m in depth the soil surrounding the boreholes in the BHE was made of clays with low water 

permeability. In addition, by maintaining an appropriate distance between the boreholes limiting their 

thermal interaction, in the further part of the article heat-flow processes were considered for only one 

single borehole in BHE. 

Table 1 presents the physicochemical properties of materials used in BHE and other data. Table 2 

shows calculated values of the necessary parameters for the model verification. The value of T  was 

determined based on the paper by Fidorów and Szulgowska-Zgrzywa (2015) in which the real 

temperature values of the soil surrounding BHE in the Polish climate were presented. 

Table 1. The physicochemical properties of the materials used in single borehole and other data 

Parameter Value Parameter Value  Parameter Value 

H [m] 70 br [m] 0.0675 s [kg/m3] 1 045 

D [m] 0.0338 pir [m] 0.0163 gc [J/(kg·K)] 800 

bk  [W/(m·K)] 1.000 por [m] 0.0200 sc [J/(kg·K)] 3 636 

fk [W/(m·K)] 0.385 T [K] 285.15 s [kg/(m·s)] 0.00935 

gk  [W/(m·K)] 2.200 g [kg/m3] 1 800 sm [kg/s] 0.198 

pk [W/(m·K)] 0.400  
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Table 2. The calculated values of the necessary parameters for model verification 

Parameter Value  Parameter Value 

h  [W/(m2·K)] 
351.9 (for heating) 

257.2 (for cooling) 
pR [m·K/W] 0.109 (for heating) 

0.119 (for cooling) 

 [m2/s] 1.5310-6 P [-] 
0.0406 (for heating) 

0.0406 (for cooling) 

11R [m·K/W] 
0.318 (for heating) 

0.328 (for cooling) 
 [-] 

0.306 (for heating) 

0.296 (for cooling) 

12R [m·K/W] 1.3310-2  02Θ  [-] 
0.557 (for heating) 

0.567 (for cooling) 

Verification of the proposed model was conducted by determining the temperature of the brine flowing 

out from the U-tube at a given temperature of the fluid flowing into the U-tube for the time interval 

equal to 6 h. Due to the fact that in the considered installation the time of continuous operation of the 

heat pump usually does not exceed a few hours, only for over a dozen days in several years of heat 

pump operation data were available and used for further calculations. 

Figure 1 shows measured changes of fluid temperature at the inlet and the outlet of U-tube on 

16 February 2012 during the operation of the heat pump in heating mode. Figure 3 presents theoretical 

changes of fluid temperature at the inlet and the outlet of U-tube on 16 February 2012. The theoretical 

change of fluid temperature in U-tube was determined from 6.00 to 12.00 and was equal to 3.39 ºC. 

The average experimental temperature difference of fluid at the inlet and the outlet of BHE (dotted 

rectangle in Fig. 2) was 3.48 ºC. The absolute value of the relative error of the determination of the 

fluid temperature difference was 2.6%. 

 

 

Fig. 2. Experimental changes of fluid temperature in inlet and outlet of U-tube on 16 February 2012 
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Fig. 3. Theoretical changes of fluid temperature in U-tube on 16 February 2012 

The described procedure was carried out for several time periods in different years of BHE operation. 

For given time intervals the real average temperature difference of the fluid at the inlet and the outlet of 

the U-tube in BHE (Fig. 4) was determined. Then, using the developed mathematical model the 

temperature of soil on the inner surface of borehole and the fluid temperature at the outlet of U-tube 

was calculated. The absolute value of the relative error calculated theoretically does not exceed 16% of 

the measured value. 

 

Fig. 4. Comparison of theoretical calculations with measurement data 
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4. CONCLUSIONS 

The proposed model of the thermal and flow processes in BHE allows to perform analyses involving 

long-term cooperation of the heat pump with BHE during heating seasons, the natural thermal 

regeneration of soil, regeneration of soil by accumulating the heat from the cooling process, as well as 

supplied from e.g. solar collectors, variable heating and cooling load of a building over the years and 

different degree of coverage of the heat demand for the building by the heat pump. The model allows to 

perform calculations related to the BHE in a relatively simple and quick way compared with numerical 

models. By using equations possible to be analytically solved obtaining the results of multivariate 

simulations of the operating conditions does not take much time. 

Since the model does not take into account the thermal interaction between multiple boreholes which 

are in close proximity, its use is limited to a single borehole BHE. This model can be used for analysis 

of BHE with more boreholes if: 

 in BHE the minimum distances between the boreholes which limit their thermal interaction are 

maintained, 

 they are of equal depth, 

 the ground surrounding the boreholes is additionally characterised by low permeability. 

Experimental verification of the model proved that it is quantitatively in good agreement with 

experiments. Calculations were performed on a computer with an AMD Turion X2 Ultra clocked at 

2.20 GHz, 3 GB of RAM and a graphics card Radeon HD 3450. Calculation of the soil temperature at a 

distance r = rb for 1216 time intervals lasting 24 h has been done in Microsoft Excel in a few seconds. 

SYMBOLS 

c  specific heat of the fluid, J/(kg·K) 

D distance between the pipes in a borehole, m 

Ei  exponential integral 

h  coefficient of heat transfer from the brine to the surface of the pipe, W/(m2·K) 

H depth of the borehole, m 

k  thermal conductivity, W/(m·K) 

m  mass flow rate, kg/s 

n coefficient depending on the operating mode of the heat pump 

P  dimensionless coefficient 

Pr Prandtl number 

q  average heat flux, W 

Q  amount of heat exchanged, J 

r  radius, m 

Re Reynolds number 

t  time, s 

T temperature, K 

z  coordinate axis, m 

Z  dimensionless coefficient 

A constant 

Greek symbols 

  soil thermal diffusivity, m2/s 

  dimensionless coefficient 
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  Euler–Mascheroni constant 

ΔT temperature difference, K 

Θ  dimensionless temperature of the fluid 

  coverage of demand for heating or cooling by heat pump in the time interval 

Superscripts 

‘ inlet 

Subscripts 

1 fluid flowing down in U-tube 

2 fluid flowing up in U-tube 

b outer wall of borehole 

c cool 

g soil surrounding the borehole 

f fluid 

k time interval 

m material filling the borehole 

p pipe wall 

pi inner wall of the pipe in a borehole 

po outer wall of the pipe in a borehole 

s fluid in U-tube 

∞ undisturbed ground 

Abbreviations 

SPF Seasonal Performance Factor of Heat Pump 

BHE Borehole Heat Exchanger 
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