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ASSESSMENT OF FAILURE STRENGTH OF REAL ALUMINA FOAMS WITH USE OF THE PERIODIC
STRUCTURE MODEL

The subject of the study are alumina foams produced by gelcasting method. The results of micro-computed tomography of the
foam samples are used to create the numerical model reconstructing the real structure of the foam skeleton as well as the simplified
periodic open-cell structure models. The aim of the paper is to present a new idea of the energy-based assessment of failure strength
under uniaxial compression of real alumina foams of various porosity with use of the periodic structure model of the same porosity.
Considering two kinds of cellular structures: the periodic one, for instance of fcc type, and the random structure of real alumina
foam it is possible to justify the hypothesis, computationally and experimentally, that the same elastic energy density cumulated
in the both structures of the same porosity allows to determine the close values of fracture strength under compression. Application of finite element computations for the analysis of deformation and failure processes in real ceramic foams is time consuming.
Therefore, the use of simplified periodic cell structure models for the assessment of elastic moduli and failure strength appears
very attractive from the point of view of practical applications.
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1. Introduction
Cellular materials such as open-cell alumina foams consist
of spatial, three dimensional porous structure of randomly distributed interconnected pores. As already mentioned by Gibson
and Ashby [1], morphology in relation with the mechanical
properties of cellular materials is a challenging research area.
A lot of research has been done during last years with focus on
the experimental and numerical characterisation of the foam
structure and its connection to the mechanical properties. Many
papers have been devoted to describe the complex geometrical
features of open-cell foams and the strength of such structures.
Gibson and Ashby [1] reviewed the available correlations for
prediction of the strength and investigated the behaviour of the
wide range of different foams. Various open-cell foam models
can be found in the literature. The most often used method to
generate the foam structure is the Voronoi tessellation, [1],
since it satisfies the topological requirement on edge and face
connectivity. Jang et al. [2] studied models, which are based on
Surface Evolver simulations of random soap froth with cells in
spatially periodic domains. Roberts and Garboczi [3] analysed
Voronoi tessellation and different stochastic approaches, such
as sphere overlapping, Gaussian random fields and it appeared
that the Voronoi tessellation shows a microstructure similar to
the open-cell foam geometry. In Lu et al. [4], the actual random
foam microstructures were approximated by regular structures of

an elementary cells, cf. also Janus-Michalska and Pęcherski [5].
If the FEM is used for the calculation of the stress fields in the
representative volume element (RVE) of the foam material, the
region occupied by the skeleton should be discretized by finite
element method. As a result, the number of the finite elements
and computational cost of the problem increases essentially in
comparison with the situation when the approximate solutions
of the mechanical problems were obtained on the basis of the
analysis of the regular elementary cell structures.
In this work, an attempt is made to estimate the strength of
a realistic open-cell foam structure. It is possible to show that
the periodic cell structure can be used to reproduce the realistic
skeleton geometry by considering the mean values of window
radius, variable cell radius and wall thickness distributions,
(Nowak et al. [6,7]). The periodic foam structure is possible to
generate by specification of the shape of elemental cell. This
observation leads to the hypothesis that the numerical simulation of the deformation process under compression until failure
performed for the periodic structure of fcc type, see Fig. 4, can
provide an estimation of the failure strength of real alumina
foams considered in the paper. The advantage of such an approach lies in its low computational cost, (Nowak et al. [8]).
The main goal of the presented study is to provide theoretical
background supporting the above mentioned hypothesis. The
energy-based theory of material effort, material strength, in relation to materials revealing the strength differential effect (SDE)
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Fig. 1. Example of typical cross-sections images of the alumina foam sample with porosity of 86%

was developed originally by Burzyński [9,10], cf. e.g. Vadillo et
al. [11] in application to metal plasticity. In particular within the
context of ceramic foams the energy-based theory leads to an
ellipsoidal limit elastic condition, Pęcherski et al. [12], Zhang et
al. [13]. The proposed method of assessment of failure strength
of real alumina foam is compared and validated with analytical
Gibson method and experimental data.

2. Computed microtomography observations
The computed tomography technique is used to reconstruct
the real geometry of alumina foam. Experimental studies of
sample foam with 86% are carried out using the X-Ray Microtomograph SkyScan 1174. The typical cross-sections images
obtained from the studies are shown in Fig. 1. The size of the
individual pixel is equal 2.54 μm and the image size is 1535 ×
1164 pixels. This image resolution gives the detail structure of
the foam without neglecting its relevant characteristics.
The obtained sequence of digital images are used for
further processing with application of ScanIP software [14].
The 3D model of the foam structure is created by applying the

a)
Fig. 3. Periodic cell models a) sc, b) bcc, c) fcc

b)

Fig. 2. The three-dimensional numerical model of real alumina foam
generated using ScanIP software [14]

c)
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threshold value and Gaussian filtering. The detailed description
of the model generation is presented by authors in Nowak et al.
[8]. The final result of digital processing of images is shown
in Fig. 2.
The obtained model of the foam has complex structure.
It is possible to develop simplified equivalent model of periodic cell structure with the same porosity. The parameters
describing the foam structure are determined on the basis of the
computed microtomography observations. It can be assumed
that those parameters are the mean values of window radius,
cell radius and wall thickness distributions. They can be calculated with use of developed numerical procedure described in
Nowak et al. [8].

3. Periodic cell models
The distributions of the window radius and the wall thickness in the real alumina ceramic foams make the basis for the

Fig. 4. Periodic foam structure based on fcc unit cell

a)

b)

c)

Fig. 5. Finite element mesh for periodic cell models a) sc, b) bcc, c) fcc

generation of the particular periodic cell models. The foam
structures: simple cubic (sc), body centered cubic (bcc) and
face centered cubic (fcc) represented by the shape of one cell
are presented in Fig. 3.
The unit cell of fcc type is replicated in three directions.
The periodic fcc structure is presented in Fig. 4.
The numerical simulations of compression processes of the
samples with three periodic cell models of finite element mesh
shown in Fig. 5 leads to the conclusion that the fcc structure
provides the best estimation of experimental results depicted
in Fig. 6.

4. Material model of solid alumina
Fig. 6. The relative Young modulus as a function of porosity for three
types of periodic cell models sc, bcc, fcc confronted with experimental
data, Ep and Es denote the Young modulus for porous (cellular) and
solid material, respectively

One of the most important aspects in numerical simulation
of the material deformation is to formulate constitutive material
model. In this work two constitutive models of solid alumina are
used. The elastic part of deformation for solid alumina describes
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isotropic Hooke’s law
σ = 2GS ε + λS tr(ε)

(1)

where GS = ES /2(1 + v), and Lame parameter is equal λS = ES ν/
(1 + v)(1 – 2v). ES defines Young modulus and v is the Poisson
ratio for solid material.
In terms of small deformations and when the stress level is
much smaller than the elastic limit, the Hooke’s model is a good
way to describe the behaviour of solid alumina. For this range
of deformation there is no damage caused by brittle cracking.
Therefore, this model is used to determine the Young modulus Ep
of the foam based on numerical simulation of compression test.
The elastic limit surface of solid alumina is described by
Burzyński criterion (Burzyński [9,10], Pęcherski et al. [12]).
According to the original proposition of W. Burzyński the limit
condition in terms of elastic energy density is proposed as the hypothesis of variable limit energy of volume change and distortion:
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where Φf – density of elastic energy of distortion and Φv – density
of elastic energy of volume change.
The following replacement of material constants (ω, δ, K)
→ (σYT, σYC, τY) allows to express the criterion (2) in terms of the
limit stress in tension σYT, compression σYC and shear τY.
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3  2 s  s defines the equivalent stress
where the symbol q
and s is the deviatoric stress tensor while p is the hydrostatic
pressure. It can be shown that for porous and in particular cellular materials the ellipsoid limit elastic surface can be applied.
In the space of principal stresses (σ1, σ2,σ3) Eq. 4 defines
the axisymmetric paraboloid around the hydrostatic axis (Fig. 7).
The points inside the paraboloid define the stress states for
which material behaves elastically. Reaching the limit surface is
associated with the initiation of damage. To describe the inelastic
behaviour the additive decomposition of strain tensor is used
ε· = ε· e + ε· in

The constitutive model for inelastic part of deformation is
described by associated flow rule
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·
and λ is the unknown multiplier. The scalar damage parameter d
(Kachanov [15]) is adopted into stress-strain relation. This gives
the following formula (Lubliner [16])
σ = (1 – d ) D e : (ε – ε in)

In this way the known quadric equation is obtained. The
interplay of material constants (σYT, σYC, τY) leads to different limit
surfaces of the second order: parabolid, ellipsoid, cone or cylinder, Burzyński [9], Vadillo et al. [11] and Pęcherski et al. [12].
In case of solid alumina the paraboloid limit elastic surface
is suitable:
F

Fig. 7. The limit surface for solid alumina for parameters σYC = 2400 MPa
and σYC = 105 MPa

(7)

where d = 0 corresponds to no damage and d = 1 is the total
failure. The scalar damage parameter is proposed to be a funcin
tion η of equivalent strain ε– in the form
d = η(ε– in )

(8)

where the equivalent strain is calculated from the equation
(Lubliner [16])
· in
in
σ : ε· = σYC ε–

(9)

The aforementioned constitutive model has been implemented in UMAT subroutine for ABAQUS finite element
program [17]. This model is used to determine the compressive
strength of the alumina foam.

5. Numerical simulation of the periodic structure
compression
Numerical simulations of the uniaxial compression of the
periodic fcc structure outlined in Section 3 to predict the compressive strength of alumina foams is conducted with use of
ABAQUS finite element program. The ceramic foam is assumed
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a)

b)

Fig. 8a) and b). The stress-strain curves obtained in numerical simulations of the compression test of fcc periodic cell model with different values
of porosity

to be isotropic. The bottom surface of the sample is fixed and the
top surface of the sample moves parallel to the z-axis. The following material model is assumed: Young modulus E0 = 370 GPa
and Poisson’s ratio v = 0.22. In the calculations the function η
is assumed as the linear function of ε– in with the limits of the
initial value, η(0) = 0, and final value for ε– in = ε– cin, η( ε– cin ) = 0.9.
The results of numerical simulations of compression test
of the foam specimens with different values of porosity are
presented in Fig. 8. The marked limit points on the stress-strain
curves correspond to the maximum value of calculated compression stress and are considered as the failure stress points.
The values of failure strength σfC calculated for different
porosities are compared with the experimental data obtained by
Nowak [18] and Potoczek [19], Fig. 9. Also the results of analytical model presented by Gibson and Ashby [1] is confronted.

6. The energy-based equivalence hypothesis
Considering two kinds of cellular structures: the periodic
one, e.g. of fcc type, and the random one corresponding to real
alumina foam one can state the hypothesis that the same elastic
energy density cumulated in the both structures determines the
same values of fracture strength σfC under compression. This
energy-based equivalence hypothesis can be validated under
the assumption that, the limit states of linear elasticity of the
alumina skeleton are considered.
The limit condition (3) for the case of uniaxial compression
σ3 = –σ, σ1 = σ2 = 0 leads to:
σ = σYC

(10)

This means that for ceramics under uniaxial compression
2
the equivalence of the elastic energy density ) 1 V :
E
2
Φfcc = Φreal
(11)

Fig. 9. Comparison of computed failure strength σfC with experimental
data and analytical model of Gibson and Ashby [1] as a function of
porosity

leads to the following assessment of the failure strength of
real foam under compression:
§ C·
¨V f ¸
©
¹ real

§ C·
¨V f ¸
©
¹ fcc

Ereal
E fcc

(12)

In Fig. 10 the comparison of the failure strength (σfC )fcc
with the estimated strength (σfC )real is presented.

7. Summary and conclusions
The microstructure of alumina open-cell foams is characterized using computed X-ray microtomography. As a result
the numerical model reconstructing the real foam structure and
the simplified periodic open-cell structure models are obtained.
It appears that the fcc structure provides the best estimation
of experimental data shown in Fig. 6. The performance of the
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Fig. 10. The comparison of the failure strength (σfC )fcc with the estimated
strength (σfC )real and experimental data as a function of porosity

both reconstructed models is compared with measured values
of the elastic moduli and strength under uniaxial compression.
The following observations can be made from this comparison:
•
prediction of Young’s moduli obtained from the reconstructed models of real and fcc type structures are in agreement
with the measured values,
•
prediction of the strength values under compression of
the generated fcc type skeleton are close to the values
obtained in the finite element computations made for the
reconstructed real foam structure, cf. Fig. 10,
•
the energy-based equivalence hypothesis can be extended
to foams and cellular materials of metallic skeleton, at least
for the case of elastic limit strength.
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