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Abstract: In recent years, with the rapid development of digital components, digital
electronic computers, especially microprocessors, digital controllers have replaced ana-
log controllers on many occasions. The application of digital controller makes the per-
formance analysis of impulsive system more and more important. This paper considers
global exponential stability (GES) of impulsive delayed nonlinear hybrid differential sys-
tems (IDNHDS).Through the application of the Lyapunov method and the Razumikhin
technique, a series of uncomplicated and useful guiding principles have been obtained. The
results of a numerical simulation are presented to demonstrate that the method is correct
and effective.
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1. Introduction

Time-delay impulsive systems are widely used in engineering, control technology, biology,
economics, communication networks and other fields [1-6]. Therefore, it is very important
to study the characteristics of these systems. Among them, stability analysis is an important
aspect of studying such systems [7-9]. It is particularly important, especially for the study of
exponential stability. Some achievements have been made in the exponential stability analysis of
such systems. In [10-12], the authors have studied the exponential stability of such systems by
using the Lyapunov and Razumikhin technique.

© 2019. The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution-
@ @ @ NonCommercial-NoDerivatives License (CC BY-NC-ND 4.0, https://creativecommons.org/licenses/by-nc-nd/4.0/), which per-
mits use, distribution, and reproduction in any medium, provided that the Article is properly cited, the use is non-commercial,

and no modifications or adaptations are made.




www.czasopisma.pan.pl P N www.journals.pan.pl

N
S~
KADEMIA NAUK

554 Q. Jia, C. Xia Arch. Elect. Eng.

The research on a hybrid dynamical system (HDS) has become a hotspot in recent years [13,
14]. The hybrid systems provide convenient applications such as robotics, integrated circuit design,
automated highway systems, complex physical phenomena. V. Lakshikantham and X.Z. Liu were
the first to introduce the concept of the impulsive hybrid systems [15]. In their paper, they
established a comparison principle and some stability criteria for such systems. Recently, hybrid
impulsive dynamical systems are studied extensively [16-21]. However, further research on the
HDS is needed. Results of studying the HDS with delay are rare [22—24]. In [23] the author
investigated globally asymptotically and exponentially the stability issue of non-linear impulsive
and switching time-delay systems. However, the conclusion of the paper needs a set of conditions,
and the time delay is less than the impulsive interval length. In [24], by using a Lyapunov function
and Lyapunov functional, the local uniform stability of a time-delay linear hybrid system is studied
for two cases with delay independent or delay dependent.

In this paper, by using the Lyapunov method and the Razumikhin technique, we consider the
global exponential stability (GES) problems for impulsive delayed nonlinear hybrid differential
systems (IDNHDs) for any time delay. Furthermore, the conclusions of this paper can be used
to study the GES of the linear impulsive HDS with time delays. Therefore, the results of this
paper generalize the results of [24] and study the GES under the same conditions. In addition, the
results show that, for a delayed nonlinear or linear differential hybrid system. Even if the system
may be unstable, the impulses can help the GES.

The sections of this paper are as follows: In the second section, we will introduce some
symbols and definitions. In the third section, we obtain some criteria for GES of impulsive delay
nonlinear or linear mixed differential systems with arbitrary delays. In the fourth section, we
discuss two examples validate the conclusions in this paper. In the fifth section, the work is briefly
discussed.

2. Preliminaries

The symbols and definitions used in this paper are described below. R = (—oo, +00) is the set
of real numbers. R* = [0, +o0) is the set of nonnegative real numbers and N = {0, 1, 2,...} is
the set of natural numbers. For the vector u € R", its transpose is denoted as u” . ||u| is defined
as the norm of vector u. R™*" is the real matrix with the order n X n.

Consider the following IDNHDS:

xX(@) =Ax(@®) + f(t, x(t), x(t —1(2))) + Myxy, t+1tr, t=tg,
x(1) = Crx(t7), t=ty, k€N, (D)
-xt() =

where t > 19, ¢ € PC([-7, 0], R"), x(t) € R", A, B and Cg, Mg € R™", the time sequence

0

{tk};gzl satisfyQ =tg <t <tr <--- <t} < ~--,klim ty = +co. Thetimedelay 0 < 7(¢) <7 < +00,
x(@t) = lim x(¢t +s) and x(z7) = lim x(f + ).
s—0t s—0~
Let
PC([-7,0], R") ={¢ : [-7, 0] —» R"}.



www.czasopisma.pan.pl P N www.journals.pan.pl

N

Vol. 68 (2019) Exponential stability of impulsive delayed nonlinear hybrid 555

¢(1) is continuous except for a limited number of points 7. At the points, the condition that
() and ¢(77) exist and (1) = ¢(77) is satisfied.
For
Y e PC([-7,0], R™),

the norm ¥ is defined as:
¥ll- = sup [I'V]l.
—7<s<0

Xz, X~ € PC([-1, 0], R")

are defined by x;(s) = x(¢ + s) and x,-(s) = x(t~ + s) for s € [T, 0], respectively.

Assuming that the initial conditions satisfy, system (1) has unique solutions. Denote by
x(t) = x(¢,to, ¢) the solution of (1) such that x,, = ¢.

Further we assume that all the solutions x; of system (1) are continuous except at some
breakpoints tg, k € N, at which x(#) is right-continuous.

Let

x(to) = (x1(t0), x2(t0)) = ¢ = (=1, 1), At =tgy1 —tk, k€N.

Obviously, x(¢) = 0 is the zero solution of (1).

The following definitions are available.

Definition 1. If there are some constants 4 > 0 and K > 0 for any initial condition x,, = ¢,
the following inequality is established:

—A(t—
lx(t, to, ©)II < Kllgll-e 7, ¢ > 19,

where
(to, ) € R* x PC ([-7,0], R").

Then the zero solution of (1) is globally exponentially stable. That is, (1) is a global stability
system [4].
Definition 2. Function V : R* x RN — R is said to belong to the class vy, if (i) V is

continuous in each of the sets [#x, fx+1) X R", and itexists foreachx € R, ¥, lim V(t,y) =
(t.y) > (17.x)

V (1t x); as well (ii) V (¢, x) is locally Lipschitzian in all x € R", and for all v, V(z,0) = 7o [4].
Definition 3. Given a function V : R* x R" — R*, and an upper right-hand derivative of V
with respect to system (1), it is defined by [4].

DYV(t,x(1)) = 6111101+ sup é [VE+6, x(t+6) -V, x@))].

3. Main results

In this section, some simple and practical criteria will be drawn. These criteria in GES are
directed against the system (1). We will combine the Lyapunov-Razumikhin technology with
some analysis methods.
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Theorem 1. Suppose that P is a square matrix with the order of n, and P is symmetric and
positive definite. Suppose that A3 and A4 are the maximum eigenvalues of

P (A"P+PA+2PP+1;) and LP,
respectively, and suppose that A7, and Ac, are the maximum eigenvalues of
P MM C and PT'ClPCy,

respectively.

Defining A5 = sup Apsx, dg = sup Acg and 0 < Ag < 1.
keN keN
Assume that the constants satisfying —Ind¢ > 1, 4 > 0 and o > 0, for all k € N. The above

constant satisfies the following conditions:

A A

() F)=c—-A-|a3+2etm+ 22 >0,
Ag Ag

(i) Indg < = (o +A) (k1 — 1),

(iii) Existing two numbers /| > 0 as well as I, > 0,

and satisfying
I @ x (@, x(@ = @I < Llx@IP + Llx@ = T@)IP.
Then, for any fixed delays 0 < 7(¢) < T < +00, the zero solution of (1) is globally exponentially

stable, and the convergence rate is 7
Proof
Let x(#) = x(t, 19, xo) be any solution of systems (1), which initial state it is.
Constructing a Lyapunov function:

V(t, x(t)) xT (1) Px(1). ()

Therein, 4; > 0 is the smallest eigenvalue of P, and 1, > 0 is the largest eigenvalue of P, 4,
and A, meet the following condition:

AlxOIP < V(1,x(0) < e )] (3)
The following inequalities will be proved:
V(t,x(1)) < LaK||xolZe™ ), 1€ty tx41), k€N. (4)
Calculating the right upper derivative of V (¢, x()),
DYV (t, x(t)) =
= xT(t) (ATP + PA) x(t) + 2x7 (1) Pf (¢, x(£), x(t = 7(1)) + 2Myxix (1)) <
<xT(1) (ATP + PA + PP) x(@) + f (& x@), x(t —71)) f (& x@), x(t-7())) +
+x£MkTkak +xT () PPx(r) <
<xT(t) (ATP + PA+ PP+ 11p™' P) x(t) + LpxT x(t — T(t)) P~ Px(t - 7(1)) +
+x] MI Myxi < 3V (8, x(1)) + A4V (1 = 7(1), X)) + x] M} Myxy .

®)
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Because of condition (ii) is satisfying, we can get:
—Indg+ AT — (0 + D) (tg41 — tx) > 0. (6)
From (6), we choose K > 1, which satisfies:
1 < D00 < g < —n AgetT OO0 ot D tito), (7)
Then it follows that:
llxolly < llxollze” ™ < Klpxollze~1 7. ®)
First, we need to prove following condition:
V(6 x(t) < LK|xolZe ), £ € [t, 11). ©)
For the proof of the upper form, we need to prove that
V(tx(t) < LK |xolZe ), 1 € 1o, 11). (10)

If the above model is not set up by (3) and (9), there is some 7 € (¢, 1) satisfying the following

formula:
V Y 7 A K 2 _—A(t1—ty) > /l 2 _—A(t1—ty)
t,x(t)) > LKlxollye > Aallxollye
> Lllxoll? = V(o + 5, x(tg + 5)), s € [-7,0].
The above formula implies that some ¢* € (to, f) exists, such as:

V(1 x (%)) = 1M ||xq|?e~ 11710

and
V(t, x()) < V(" x()), te€ltp-T,t].

t** € [tg, t*) also exists, such as:
2
V(™ x (1)) = 2llxollz

as well as
V(™ x@™)) < V@, x@), tel[t™ ]

So, for any parameter s € [—7, 0], there are the following inequalities:

A
V(t+5,x(+5) < 12K|xol?e” M7 < /1—2e’“_(”M)("_’0)6(””)("_’0) llxoll? <

6
A At

A e’ e .
< _26/17'—(0'+/1)(t|—to)e(0'+/l)(t1—to) ||X0||3 < A_/lz ||x0||72— — TV([**,X (l*)) <
6 6

<%
e/l‘r
< —V(tx(@), telr™ ).

A

an

12)

13)

(14)

15)
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From (4), (13) and (14), we can get:
xp My Moxo = xp M{ MoP™' Pxo < A5V (1o, x(t9)) 06
< sy lIxoll? < A5V, x(1)), te [ 1].

Because the conditions (i), (5), (15) and (16) are satisfying, we can get:

DYV (t,x(1)) < (/13 + %e’h + #) V(t,x(t)) < (0 — DV, x(1), te[t7]. a7
6 6

From (8), (11), (12), (13) and (14), we can get:

V(' x (1) < V™ x (1)) e 7~V = olxgll7el V) <

(18)
< Dallxollze” ™) < 2K ||xpliFe T = V(¥ x (1)) .

There is a contradiction in the above conclusion. Therefore, Formula (9) is established, and
Formula (4) is true for £ = 0.
We assume that (4) holds for k =0, 1, 2,...,m(m € N, m > 0), i.c.

V(t,x(1)) < LK||xol|2e ', tettrs), k=0,...,m. (19)
Next, we will prove the establishment of (4) for k = m + 1, i.e.:
V(e x(1) < K|IxollFe ™, 1€ [t tms2) - (20)
If (20) does not hold, then we define
t =inf {t € [tmsts tme2) | V(8 x(2)) > /12K||x0||$e‘/l("’0)} )
By condition (ii) and (19), the following formula is obtained:

Vtmer, X(tmen)) = x7 (6, ) CL L PCiix(t5,,,) < A6V (5,1, X(t5,, ) <
< A6 oK ||xg|2e Atma1710) = 26 15 K ||xg|2e(F-tme) g=A(1=10) < 1)

< /16/126/1(tm+2—tm+1)K”x()”%e—/l(?—to) < ,12K||X0||$e_/l(;_t°)

and SO f # typ41.
From the continuity of V (¢, x(¢)) in [¢,41, tn+2), We have:

v(t.x (1)) = K lxol2e ), 1 e [tme1] - (22)
From (21), we know there is some t* € (tm, ?) such as:

V(£ x (%)) = Agdpettm2tme) K || x| 2e(—0) (23)

and
V(ex (1) S Ve x@) < V(x (7)), te ], (24)
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According to (19), (21), (23) and (24), we have:
ern+1MnT1+1Mm+1xm+] = xr_nT+1C;{1+1M;+1Mm+]Cm+1xr_n+l < /ISV(tr_nH’x (tr_n+l>) =
_ _a(i- As _ _a(i-
— /lze’w'"*z tm“)KHXO”Ze A(t-10) _ /1_6/16/126/1(%9 tm+1) ||X()||.%€ A(t-10) _ (25)

/15 * * /15 w7
= /1—6V(t x(t7)) < /1—6V(t,x(t)), te [t ,t] .

Meanwhile, for any t € [t*, f] ,5 € [-7,0]. Theneither t+s € [tg—t, t;s1) OL L+ 5 € [tm+1, E).
Two cases will be discussed as follows:
Ifr +s € [to — ¢, t,41), than, based on (19), we obtain:

V(i +5,x(t + ) < LK xol|2e 1070 =25 < 15K ||xq|2e~A(1710) g2(T-1) g7

_ (26)
< ApelTedtmartme) K || xo| 26~ A1),
Ift+se€ [tm+1,f) then using (22) we get:
V(t+s,x(t +5) < LK|xol2e 10 < a6t A tmea-tme) K| xo | 2e~20) - (27)
From (26) and (27), in any case, we have for any s € [, 0]
e/lT e/l‘r ~
V(t+s5x(t+5) < =V (" x (1) < —V(tx@), te[ri]. (28)
A6 A6
Finally, from (i), (5) and (28), the following can be obtained:
+ /14 At
DV(t,x(t)) < A3 + /l_e Vit,x()) < (- D)V(t, x(1)).
6
Therefore, by condition (ii), the following results can be obtained:
V(Z, X (f)) <V x (7)) el V(-1") — /16/126/1(%”1—lm)K”xO”36—/1(?40)6(0—/1)(?—;*)
< /lze*(0'+/l)(tm+3*l‘m+1)e/l(lm+2*lm+1)K”xO ”%e*/l(;*lo) o=V (1) —
(29)

= 1,K||xo ||3e_0'(tm+2_tm+l ) (a=D)(1=1") p=A(T=10)
< LK ||xol2e~1(0) = v (7, x (7)) .

The above results are contradictory. This means that the hypothesis is not valid. Therefore,
(4) is established for k = m + 1 and by mathematical induction, we can set up (4) for any k € N.
From (3), we can obtain:

A A
Ix(0)ll < \/fK||xo||Te 2 7y > g, (30)
1

which implies that for any fixed delays 0 < 7(f) < T < 400, the zero solution of system (1)

is globally exponentially stable with the convergence rate 7 Then, we complete the proof of
Theorem 1.



www.czasopisma.pan.pl P N www.journals.pan.pl

N

560 Q. Jia, C. Xia Arch. Elect. Eng.

Corollary 1. Let 13, A4, A5, A6 and condition (iii) be precisely the same as that of Theorem 1,
and assume that for all k € N

@iv) (/l3+£e/h+£) (tke1 —tx) < —InAg.
As A6
Then for any fixed delays 0 < 7(t) < T < +oo, the zero solution of system (1) is globally
exponentially stable.
Proof
The condition (i) of Theorem 1 is equivalent to the following conditions:

2 p
(1) o2 A+ A5+ Z2et™ + 55,
As Ag

Moreover, both conditions (1)” and (ii) are equivalent to the following conditions:

pl 2
QA+ A3+ 22em + 22 (1401 —11) < —Indg, ke N. (31)
A5 A6

If the real number A > 0 is small enough, the above results can be obtained by conditional (iv).
Actually, we introduce below a function for all k € N:

1 1
H() = (21 + A5+ A—“eﬂf + 75) (tks1 — 1%) + In Ag, (32)
5 6

which can be generated by condition (iv) that H(0) < 0. Because of the continuity of H(1), we
can deduce that there exists a small enough real number 4 > 0 which makes H(1) < 0. At the
same time, inequality (31) is established by Theorem 1. That is to say, Corollary 1 is set up.

The results of Theorem 1 in this paper can be used to handle the GES problem for the
Theorem 1 of [24] impulsive delayed linear dynamical hybrid systems:

{ X)) =Ax(t) + Bx(t —7) + Myxp, t#tx, t=tg, 33

x(t) = Cex(17), t=tr, k€N,

inwhich f:R*XR"XR"™ — R" is acontinuous vector-valued function and satisfying f'(¢; 0, 0) = 0.
Obviously, system (33) is a generalization of the systems discussed in [24].

4. Numerical simulations

Example 1. Consider the IDNHDS as follows:

. 2x(t —71(1)) 3
= 0. >
x(1) 0.73x(¢) + 1338220 =t () + an Zxk, t#t, t2to, an
x(t) = k+1 x(t7), t=tr, k€N,

2k2 +1
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where

2x (t—1(1))

0<7t@)<T<+00, x(t)eR, f(t,x(@),x(t—-71()))= 13820 - 1(0))

by Theorem 1.

Letl; =0, I, = 2 satisfy condition (iii).

Let P = 13, then A3 = 24.54, 14 = 0.0385, 15 = 0.1731, A¢ = 0.0769, which imply
conditions (i) and (ii) of Theorem 1 hold. By condition (iv) of Corollary 1, if Az < 0.094,
the zero solution occurs if system (34) is globally exponentially stable with any time delay. The
numerical simulation with Az = 0.09, T = 0 and initial x(zg) = ¢ = 1 is given in Fig. 1. When
looking at the bifurcation diagram of Fig. 2, we find that the zero solution of system (34) is
globally exponentially stable for 0 < Ary < Ar; ~ 2.39. Fig. 3 shows that the zero solution of
system (34) is globally exponentially stable with Ay = 2.1.

!_U; U.B—_

0.75-] i
E 0.4-]

(i) 0_55 xt)

: 02

0.25- ]

0.0 A

| L L L L L L L L L L L -||||||| T rrrrrT T 1
0.0 02 0.4 0.6 0 2 4 6 8
t Delta tk
Fig. 1. Global exponential stability of system (34) Fig. 2. Bifurcation diagrams of system (34)
with Aty = 0.09 for Aty = 0.013 over (0.9)
Let

A e s
) =[-InAg/22+ A3+ —e*T + —
f () ( n 6/ e /16)

by the inequality of (31), if Atz < f(A), the zero solution of system (1) or (33) is globally
exponentially stable.

So, if we require the global exponentially convergence rate of system (1) greater than or equal

to any given rate ER we can choose suitable Afy, such that systems (1) or (33) are globally

A A
exponentially stable with exponential convergence rate ) > 5 > 0 (see Fig. 4, where D is a
globally exponentially stable region).
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1.5 0.1
. (2
1.25] (2)
. 0.08
1.0 .
P 0.08 S(A7At)
®) o D
0.5; 0.04 ’/
025
5 0.02 ;
0.0
T 1 1 I I Cr
0 10 20 0 40 0 2 4 6 8 10 12
1 Fs

Fig. 3. Global exponential stability of system (34)  Fig. 4. Global exponential stable region of system
with At = 2.1 (34) for (A, Aty)

Example 2. Consider the IDNHDS as follows:

1 1
. b3 2 2 K+ 1
x(t) = 1 x(@®+| 1 6 x(t—7(1) + 1 Xk, t#IMx, t2=1,
4 > 3 0 k+1
(35)
3k+1
k2 +1 _ B
x(t) Ak + 1 x(t7), t=tr, k€N,
k241
where x(¢) = (x1(t), x1 (1)) € R2.
Let
9 0
P= ,
0 12

then A3 = 30.0371, A4 = 3.4444915 = 0.1302, 1¢ = 0.5208, which imply Theorem 1 holds. By
the condition of Corollary 1, if A#z < 0.0159, the zero solution of (34) is globally exponentially
stable for any time delay. The numerical simulation with Azx = 0.013, 7 = 0 and initial x(#9) =
(x1(t9), x2(¢)) = ¢ = (—1.1) is given in Fig. 5.

Furthermore, we also assume:

9 0
P= , Aty =0.013, 7=0
0 12

and initial x(#9) = (x1(to), x2(¢)) = ¢ = (—1.1) system (34) is unstable without impulse (see
Fig. 6).
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10.0% 304 /
7.5—3 ]
. 20 /
xyo 07 XY ] ’
2.5 ]
= 10t
0.0 .
—2.5’;‘ 0__
T T T T T T EE R e ARRAREEEEEEEE Ny
005 01 015 02 025 0.1 0.2 03
— ! —
fffffff y) R L
Fig. 5. Global exponential stability of system (34) Fig. 6. Instability of system (34) without
with Ar, = 0.013 impulses

5. Conclusions

In this paper, the GES of impulsive delayed nonlinear and linear hybrid differential systems
has been investigated. The combination of the Razumikhin technology and Lyapunov method
is adopted. Some GES criteria have been established. In this paper, we have extended some
known results existing in the literature. Examples are given to verify our results. Furthermore,
by the simulation, impulse can stabilize an unstable dynamical system, which has more practical
application value.
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