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AMPLIFICATION FACTORS IN THE CASE OF BEAM
UNDER MOVING FORCE - THEORETICAL ANALYSIS

M. ATAMAN'

The impact of a moving load speed on the dynamic overload of beams, assuming that the track of the load has no unevenness,
is examined. First the problem of a visco-elastic beam on a Winkler foundation subjected to a force moving at a constant
speed will be solved. Using the Bubnov-Galerkin method, the deflections of the beam, and then the bending moments and
shear forces will be determined. The solution of the problem will be obtained both for the case of a forced vibration and the
case of a free vibration after the moving force has left the beam. Using these solutions, dynamic amplification factors will be
determined for the deflections, bending moments, and shear forces, which are different for the two cases.

The magnitude of the amplification factors increases and decreases alternately as a function of the speed. In the case of a
single force on a beam, the dynamic overloads are limited, and do not exceed 60%. There is no resonance phenomenon in the
beam subjected to the single moving force. The dynamic amplification factors determined in this way can be used as

correction coefficients when designing engineering structures subjected to moving loads by static methods.

Keywords: vibrations of beams, Winkler foundation, moving load, damping, dynamic amplification factor

1. INTRODUCTION

One of the factors affecting the vibration of beams and slabs in bridge structures and road
pavements is the speed of the vehicles. Because in engineering practice often structures are
designed using static solutions with a subsequent application of dynamic amplification factors, the
proper determination of these factors is of great importance. Besides the speed of the vehicles, there
are a number of factors that have an impact on the magnitudes of the dynamic factors, such as the
length of the span and its support, the condition of the structure, the pavement’s unevenness, etc.,

which have been the subject of many analyses, e.g. [3, 4, 8, 12, 14]. A review of analytical and
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experimental methods for the determination of the dynamic coefficients in road bridges can be
found in [9].

The concept of dynamic coefficient appeared in the second half of the nineteenth century when
designing railway bridges. Most of the standards for the design of engineering structures subjected
to moving loads still introduce this coefficient. In the AASHTO [1] specifications, the impact factor
depends on the length of the span of the bridge as follows:

M= 50 ’
L+125

(1.1)

where

L is the length of a single span measured in feet.

In the European standard [10] the dynamic factor in a railway bridge depends on the quality of the

track maintenance and is given by the formulas

1.44 2.16

1.2 ®,=——"—" 4082, and ®,=—=——+0.73,
(-2 > JL, -02 L, -02

where

L, is the determinant length.

The standards in force in Poland along with the dynamic factors for bridges are discussed, e.g. in [7]
and [17]. The study [11] presents a number of formulas for dynamic factors proposed by different
researchers and technical organizations.

Among the scientific studies devoted to this problem, one should also mention Fryba [5], Yang et
al. [15] and paper [14], Galdos [6], Paulter [9], Zhang [16], and others.

In the literature, various definitions of dynamic factor can be found. Usually this factor is defined in

two ways:

R R()-R()
’ ¢ Rs(x)

(1.3) n, =

where
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R, is the maximum dynamic response and R_ is the maximum static response.

In this paper, the impact of vehicle speed on the magnitude of the dynamic factors, determined by
(1.3), will be analysed, assuming that the surface is without roughness.

The effect of a moving load on the vibrations of the road and railway pavement as well as on road
and rail bridges will be presented by solving the problem of a simply supported beam resting on a
deformable foundation, loaded with a force moving at a constant speed.

The dynamic coefficients in the case of deflections, bending moments and shear forces will be
determined. In the analysis, we will take into account both forced vibrations as well as free

vibrations when the load is already outside the beam.

2. DAMPED VIBRATIONS OF A BEAM UNDER A MOVING FORCE

Consider a simply supported beam resting on a deformable foundation, taking into account mass
damping and construction damping. The equation of motion of such a beam subjected to the force

P moving at velocity v is

4 5 2
2.1 EJa—Zv+c,.J aw4+ma—zv+cea—w+kw=l’5(x—vt), 0<wv<l,
ox Ot Ox ot ot

in which
w is the deflection of the beam, EJ is the flexural stiffness of the beam, m: is the mass of a one-meter long
beam, c¢; and c, are the damping coefficients of the beam material, &k is the coefficient of the elastic Winkler

foundation,. and / is the length of the beam.

This problem will be solved by the Bubnov-Galerkin method. The deflection of the beam due to the
n-th mode of vibration is assumed to have the form w(x,7)=g, (x) g, (¢), where ¢, (x) denotes
the # -th form of natural vibration of the beam, fulfilling boundary conditions, and g, (t) denotes

the generalised coordinate corresponding to the 7 -th mode of the natural vibrations of the beam.

We assume there is a proportionality of damping coefficient ¢, to the mass of the beam m , and of

the damping coefficient ¢, to the Young's modulus £ and define the equivalent damping number

¢, by



www.czasopisma.pan.pl P N www.journals.pan.pl
) N
~__/

86 M. ATAMAN

1
2.2) c,=am, c,=a,E, & =2[a“ +a, a)nj.

After taking into account the formulas (2.2), we may write the equation for the generalised

coordinate in a known form:

1
ijn(x)d(x—vt)dx
2.3) G, + 26,0, 4, + @, 4,=— —
[m[o,(x)] dx
0

where

o, is the natural frequency of the beam, given by formula (2.4)

57 [ o} () g, (x)

2.4) 0,= | —2
m[[o,(x) Jar

+—.
m

The detailed derivation of the equation (2.3) can be found in the paper [2].

As results from (2.4), the circular frequency of the beam on a Winkler foundation is always greater
than the frequency of the beam not resting on the foundation.

Equation (2.3) is valid only in the case when the force is on the beam, that is, 0 <vt </.

In the case of a simply supported beam, the 7 -th eigenfunction is defined by a sinusoid
(2.5) @,(x)=sin(nzx/l),
and equation (2.3) reduces to the form

2.6) § +28m, 4+ g, = 2—1; sin ”’;V’
m

where
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4 _4
w, = /n[f ﬂ"’& denotes the natural frequency of a simply supported beam resting on the Winkler
m m

foundation.

After solving the equation of motion (2.6) and taking into account (2.5), the deflection of the beam

is

2PP & 1 N
w(x,r)= { 1-S2)sin Bt —2&,S, cos Bt +
5 5oy ey
2.7)
+e v | 2E S cosd,t+ 5, . ( E4+57 —l)sin & |psin 22
1-¢,
where

@, =, (|- & is the circular frequency of damped free vibration of the beam,

B, = 17V 3 the equivalent frequency of the vibrations forced by the moving force,

nwv . . . . .
S, = A, = o is the dimensionless parameter of the velocity of the moving force.
a)rl w)’l

The components in the above solution with the argument f,¢ determine the purely forced damped
vibrations, while the components with the argument @,¢ determine the free damped vibrations.
For a visco-elastic beam resting on a Winkler foundation, the dynamic bending moment A, (x,t)

and the dynamic shear force 7, (x,¢) are determined using (2.7) and by the definitions

62w(x,t) 83w(x,t)

M (x,t)=-EJ —-cJ s
28 «(x1) a7 e
63w(x,t) 84W(x,t)
T,(x,t)=—EJ — =) —=>
Oox Ox”Ot

which yields
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2P1 & 1
M, (x,t)=— 7 1-S, )sin 3,1 2,8, cos Bt
(1) T Z‘ nz[(1—s§) +4(§nSn)2]<{( Jin oA

S .
oo {2@& COS B,1 +——— (2:;“,12 +5? —I)sm a)ﬂt” +
1_§n

+ z{ﬁ (1-82)cos B, +2&,5,8,sin B0 +

%)

- n§2 (25”2 +8? l)sincT),,t}L

& we [ZQ‘WSN cos @, 1 +

S & - .
v (25”2 +87 -1 ) cos@,t |3 }sin iy
1-¢ Z

=Sl % ne
+e [—25"0)"3" sind,t +

2.9)

N

P 1
7 (=20 : 15 )sin 1~ 26,5, cos
()= 2, n[(l—sj) +4(£,8,) <{( Jin o

| E—

n=1

4 o bt {2;’&’ c0s @t + S, : (25: +5; —1)sin (TJ,,IH +
1-¢,

+ n;rlc [ {/’n (1-87)cos Bt +2£,S,B,sin Bt +

S L
2 (2§Z+Sf—1)s1na)nt +
1-¢

- ann’ 3
-éwe” [25}1&, cosa,t+

nrwx

n o S0 .
+e ot | 28 & S, sin @t +—2a (25,,2 +$, - 1)C°S | )cos——.
=& 1

Solutions (2.7) and (2.9) are simplified if damping neglected, & =0:

2P Z“’:i sin B,t— S, sinw,t
s

(2.10) M, (x0)=22 le[smﬂ ”tl_ i"zsmw”tjsinn”

sin ft— S, sin a)ntj cos X
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Solutions (2.7), (2.9) and (2.10) are valid if a force is applied to the beam, i.e. for v¢ <I. After the
load leaves the beam vt >/, we have a free damped vibration of the beam or with free vibration if
damping is neglected. The equation of motion of the beam (2.3) or (2.6) becomes then
homogeneous with the new initial conditions resulting from solving (2.3) or (2.6) at time 7=1//v.
The free damped vibrations, respectively, free undamped vibrations, of the beam are described in

this case by
(2.11) 4,+2£,0,4,+@,3,=0,  §,+aq,=0.

After solving (2.11), we obtain the beam deflections in the case of free damped, respectively

undamped vibrations:

w(x,1)= i e "' (Acos @, + Bsind,t)sin ?,
@.12) "
w(x,1) = Z(A' cos @, + B, sinw,t)sin @

n=1

o

The constants of integration 4, B and 4,, B, should be determined from the initial conditions at

time #=1/v, i.e. when the moving force leaves the beam. In the case of the analysis of the vibration

of the midpoint of the beam, these conditions are

(2.13)

Due to the complicated form of the constants of integration, we will not present the expressions
describing these constants and definitive formulas for the beam deflections. In the case of free
vibrations, when v¢>/, the dynamic bending moment and the dynamic shear force can be
calculated using definition (2.8) and the deflections determined from (2.12).

The results of the analytical solution of the problem of a moving force on a visco-elastic beam will

be presented graphically in Section 4.
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3. DYNAMIC FACTORS FOR A SIMPLY SUPPORTED BEAM UNDER

A MOVING LOAD

The effect of a moving load on the magnitude of the impact factors will be presented for the
example of a simply supported beam subjected to a force moving at a constant velocity. We will
determine the dynamic factors for the deflections, bending moments and shear forces. We will
analyse forced vibrations, as well as free vibrations, when the position of the moving load is outside
the beam. Internal and external damping will be taken into account. In the case of undamped
vibrations of a simply supported beam, without consideration of the foundation, the second
definition (1.3) and the first formula of (2.9) lead to the following expression for the impact factor

for the midpoint deflection:

= s , @, = =1,
2) 48EJ EJx‘4int 2 AR

n n

3 3 o«
S/(ij: P’ 2P] 1 e nzv _f,
3.1

‘Tt 1-82

w_ 961 sinft—S, sinw,t sin”™® 1
7z n=1 11

Similarly, the dynamic factor for the midpoint bending moment of the beam can be written

8 &I (sinft-S,sinwt)| . nx
3.2 — ) — | —t—~L— |sin——1.
62 (e s

The shear dynamic factor is determined when the load is at a point on the left or the right support,

ie. for x=0 or x=/

(3.3) Z cosn (Wj 1.

As proved in [6], performing calculations for different values of vt//, there exist upper-bound
envelopes for the impact factors )}, n)’ and »] . The formulas are

1) for the maximum midpoint deflection of a single span,
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nl=154S,  §,<05,

(3.4)
n =077, 5>05.

2) for the maximum bending moment at the midpoint of a single span,

n) =1245,  S,<036,

(3.5
) n) =045 $,>036.

3) the shear impact factor at a point near a support
(3.6) n, =14S8,.

The solutions obtained in the present paper are related to velocities lower than the critical velocity.

The results of the analysis will be presented graphically for a numerical example, in Section 4.

4. NUMERICAL EXAMPLES

A numerical example has been calculated using Mathematica. Sample graphs obtained for a visco-
elastic beam resting on a Kelvin-Voigt foundation will be presented. The following geometrical

parameters and material characteristics were employed for the beam: beam density
=2400 kg/m’, cross-sectional dimensions x4 =0.25mx0.47m, span length / =7m, Young’s
modulus E=30-10°MPa , coefficient of Winkler foundation k=1.25 MN/m’ , and damping
number & =5% . The beam is subjected to a force P=57.5kN moving at constant velocity
v=>50m/s. The position of the force is defined by the dimensionless coordinate 77 = ve¢// . Thus, for
171 <1 the moving force is located within the beam (forced vibration), while for 77>1 the force has
already left the beam (free vibrations).

Figure 1 shows the impact of damping on the dynamic deflection, bending moments and shear
forces for the considered beam. In Figure 2 graphs of the dynamic factors for the midpoint
deflection (7)) and for the midpoint bending moment (#)"), as functions of the dimensionless

parameter S, = S, / , =7rv/ (la)l) , are presented. The graph of the shear dynamic amplification

factor at a point near the support of the simply supported beam is shown in Figure 3.
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a) b) c)
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red line: damping not considered, blue line: damping considered
Fig. 1. Deflection, bending moment and shear force for the midpoint of a simply supported beam resting on a

foundation and subjected to the moving force v=50m/s : a) dynamic deflection, b) dynamic bending

moment, ¢) dynamic shear force
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Fig. 2. Dynamic amplification factors for the midpoint of a simply supported beam depending on parameter

B _av . ) .
=—-=2—; n): deflection, 1} : bending moment

S, =—3
o, lo

Fig. 3. Shear dynamic amplification factor at a point near the support of the simply supported beam

depending on parameter S, = ﬁ =V
o, lo

5. CONCLUSIONS

There are several definitions of the dynamic factor in the literature. In the present study, only two of
these definitions were considered. It was shown that in the case of moving force, the dynamic

factors strongly depend on the dimensionless speed parameter S, = B ="V ifthe parameter S,

o lo

n n
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is equal to one, then a formula for the critical velocity of a moving load on the beam is obtained.

For an elastic simply supported beam, this is

S =1 — v,o_:% fﬂ
m

It should be noted that the dynamic factors are different for dynamic beam deflection, dynamic

bending moment and dynamic shear force. The dynamic factors increase and decrease alternately

depending on the load velocity or dimensionless parameter S, . In the case of a single force on the

beam, dynamic overloads are limited and do not exceed 60%. In this case there is no resonance

phenomenon.
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Fig. 1. Deflection, bending moment and shear force for the midpoint of a simply supported beam resting on a
foundation and subjected to the moving force v=50m/s : a) dynamic deflection, b) dynamic bending
moment, ¢) dynamic shear force

Rys. 1. Wykresy w srodku przgsta swobodnie podpartej belki spoczywajacej na podtozu obcigzonej ruchomag
sila, v=50m/s : a) dynamiczne ugiecie, b) dynamiczny moment zginajacy, ¢) dynamiczna sita poprzeczna
Fig. 2. Dynamic amplification factors for the midpoint of a simply supported beam depending on parameter

ﬁ 1 vy v . .
=—=-——; n) : deflection, n;y : bending moment
wl a)l
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Rys. 2. Wspoétczynniki dynamiczne w $rodku belki swobodnie podpartej w funkcji parametru
B av

S, =2"; n} —ugiccie, n)’ — moment zginajacy
o, lo,

Fig. 3. Shear dynamic amplification factor at a point near the support of the simply supported beam

B mv

depending on parameter S, =—=—
o, lo

Rys. 3. Wspdtczynnik dynamiczny sity poprzecznej tuz przy podporze belki swobodnie podpartej w funkcji
Bi_zv

parametru S, =— =
o, lo
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WSPOLCZYNNIKI DYNAMICZNE W PRZYPADKU RUCHOMYCH OBCIAZEN — ANALIZA TEORETYCZNA

Stowa kluczowe: drgania belek, podtoze lepko-spr¢zyste, obciazenie ruchome, thumienie, wspotczynniki dynamiczne

STRESZCZENIE

Jednym z czynnikéw majacych wptyw na drgania belek i ptyt w konstrukcjach mostowych i drogowych jest predkosé
pojazdow. Poniewaz w praktyce inzynierskiej czgsto konstrukcje projektuje si¢ wykorzystujac rozwigzania statyki
i stosujac wspotczynniki dynamiczne, whasciwe ich okreslenie ma duze znaczenie. Wptyw na wartosci wspotczynnikow
dynamicznych, oprocz predkosci pojazdéw, ma szereg czynnikow, np. rozpigtosé i sposob podparcia przesta, stan
konstrukeji, nieréwnos$ci nawierzchni i inne, co byto przedmiotem analizy wielu badaczy, m.in. w pracach [3, 4, 8, 12,
14]. Przeglad analitycznych i eksperymentalnych metod wyznaczania wspdtczynnikow dynamicznych w mostach
drogowych znalez¢ mozna w opracowaniu [9].

Pojecie wspotczynnika dynamicznego pojawilo si¢ w drugiej potowie dziewigtnastego wieku przy projektowaniu
mostow kolejowych. Wigkszo$¢ norm dotyczacych projektowania konstrukcji inzynierskich poddanych dziataniu
obcigzen ruchomych do dnia dzisiejszego wprowadza ten wspotczynnik. W zaleceniach AASHTO [1] wspotczynnik
dynamiczny zalezy od rozpigtosci przg¢sta mostu (wzér (1.1)). Z kolei w europejskich normach ([10]) wspotczynnik
dynamiczny w mostach kolejowych zalezy dodatkowo od jako$ci utrzymania toru (wzory (1.2)).

Normy obowigzujace w Polsce i wprowadzone tam wspoétczynniki dynamiczne w mostach omdéwiono m.in. w pracach
[71 i [17]. W opracowaniu [11] przedstawiony zostat szereg wzoréw na wspodtczynniki dynamiczne zaproponowane
przez rbéznych badaczy i organizacje techniczne.

Wsrdd prac naukowych poswigconych temu zagadnieniu nalezy wymieni¢ rowniez monografi¢ Fryby [5], monografi¢
Yanga i innych [15] i jego pracg [14], prace Galdosa [6], Paultera [9], Zhanga [16] oraz inne.

W bogatej literaturze przedmiotu mozna znalez¢é rézne definicje wspélczynnika dynamicznego. Przewaznie
wspotezynnik ten definiowany jest na dwa sposoby, (wzory (1.3)).

W niniejszej pracy przeanalizowany zostal wplyw predkosci pojazdow na wielko$¢ wspotczynnikéw dynamicznych,
okreslonych wzorami (1.3), przy zatozeniu, ze nawierzchnia jest bez nierownosci.

Wplyw ruchomego obcigzenia na drgania nawierzchni drogowej i kolejowej oraz mostow drogowych i kolejowych
przedstawiono rozwiazujac zadanie belki swobodnie podpartej spoczywajacej na podtozu odksztalcalnym, obciazonej
sita poruszajaca si¢ ze stata predkoscia. Wyznaczono wspodtczynniki dynamiczne, ktore sa rézne w przypadku ugiec,
momentow zginajacych i sit poprzecznych (wzory (3.1) — (3.3)). W analizie uwzgledniono zaréwno drgania
wymuszone jak réwniez drgania swobodne, kiedy obcigzenie jest juz poza belka. Polozenie sity opisane jest
bezwymiarowa wspotrzedng 17=vt/l. Zatem przy 77 <1 ruchoma sita znajduje si¢ na przgsle (drgania wymuszone), zas
przy n>1 sita jest juz poza belka (drgania swobodne). Przytoczono z monografii [6] wzory uogdlniajace, okreslajace
gorne granice wspolczynnikow dynamicznych, uzyskane na podstawie obliczen przeprowadzonych przy réznych
wartosciach parametru opisujacego polozenie ruchomej sity vt// . W przypadku wspétczynnika dynamicznego
maksymalnego ugigcia i momentu zginajacego srodka pojedynczego przesta sa to odpowiednio wzory (3.4) i (3.5).
Z kolei wspotczynnik dynamiczny sity poprzecznej tuz przy podporze dany jest wzorem (3.6).

W przyktadzie obliczeniowym, wykonanym przy pomocy pakietu Mathematica, przedstawiono przyktadowe wykresy
uzyskane dla belki lepko-sprezystej spoczywajacej na podtozu Winklera. Na rysunku 1 pokazano wptyw tlumienia na

dynamiczne ugigcia, momenty zginajace i sity poprzeczne w rozwazanej belce. Rysunek 2 przedstawia wykres
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wspotczynnika dynamicznego dla ugiecia i momentu zginajacego w s$rodku rozpigtosci belki w  funkcji
bezwymiarowego parametru S, = /3, /co1 :ﬁv/(la)l) . Wykres wspoétczynnika dynamicznego sily poprzecznej,

wyznaczony w punkcie na podporze belki swobodnie podpartej, znajduje si¢ na rysunku 3.
W literaturze przedmiotu istnieje kilka definicji wspotczynnika dynamicznego. W opracowaniu rozwazania

ograniczono do dwoch. Z analizy wynika, ze wspofczynniki dynamiczne zaleza silnie w przypadku ruchomych

B, nmv

obcigzen od bezwymiarowego parametru predkosci S, = :1—. Parametr S, w przypadku kiedy réwna si¢
o, o,

jedynce prowadzi do wzoru na predkos¢ krytyczna ruchomego obciazenia na belce. Predkosé krytyczna ruchomej sity

na sprezystej belce swobodnie podpartej okreslona jest wzorem:

W pracy pokazano, ze wspdtczynniki dynamiczne sa rézne w przypadku dynamicznego ugigcia belki, w przypadku
dynamicznego momentu zginajacego oraz w przypadku dynamicznej sity poprzecznej. Wspotczynniki te rosng i maleja
naprzemiennie w funkcji predkosci albo bezwymiarowego parametru S, . Przecigzenia dynamiczne s ograniczone
w przypadku pojedynczej sity skupionej na belce i nie przekraczaja 60%. Od pojedynczej sity ruchomej nie ma

zjawiska rezonansu na belce.



