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For many years, a digital waveguide model is being used for sound propagation in the modeling of the
vocal tract with the structured and uniform mesh of scattering junctions connected by same delay lines.
There are many varieties in the formation and layouts of the mesh grid called topologies. Current novel
work has been dedicated to the mesh of two-dimensional digital waveguide models of sound propagation
in the vocal tract with the structured and non-uniform rectilinear grid in orientation. In this work, there
are two types of delay lines: one is called a smaller-delay line and other is called a larger-delay line.
The larger-delay lines are the double of the smaller delay lines. The scheme of using the combination
of both smaller- and larger-delay lines generates the non-uniform rectilinear two-dimensional waveguide
mesh. The advantage of this approach is the ability to get a transfer function without fractional delay.
This eliminates the need to get interpolation for the approximation of fractional delay and give efficient
simulation for sound wave propagation in the two-dimensional waveguide modeling of the vocal tract.
The simulation has been performed by considering the vowels /O/, /a/, /i/ and /u/ in this work. By
keeping the same sampling frequency, the standard two-dimensional waveguide model with uniform mesh
is considered as our benchmark model. The results and efficiency of the proposed model have compared
with our benchmark model.
Keywords: non-linear mesh; waveguide; delay lines.

1. Introduction
The sound is the only tool that gives the ability to
the human being to communicate with each other in
the most natural way. For the communications of the
human being, the lungs push the airflow to the glottis
and then the vocal tract modulates it, and final airflow
is radiated through the lips. Vocal folds and vocal tract
are two basic subsystems of the human speech system.
The vocal folds are considered as the source of sound
in human beings and generate a train of pulses due
to lungs pressure. These pulses pass through the vocal
tract which modulates them with its resonance. Several
research works have been conducted on the modelling
of the vocal folds with different variations (Bailly
et al., 2018; Flanagan, Landgraf, 1968; Ishizaka,

Falanagan, 1972; 1977; Kumar, Švec, 2019; Maddox et al., 2014; Qureshi, Syed, 2011a; 2011b; 2018;
Radolf et al., 2018; Shimamura, Tokuda, 2016).
The vocal tract has a key role in the human speech
system. In this area, the vocal tract is represented by
its area function which describes the variations of the
cross-sectional area along its center midline. The quality of the sound has a prime concern with the vocal
tract. Many works have been dedicated to the modelling of the vocal tract in the literature (Birkholz
et al., 2010; Kelly, Lochbaum, 1962; Mathur et al.,
2006; Mullen et al., 2003; Qureshi, Ishaq, 2019;
Qureshi, Syed, 2015; 2019; Story, 2013; Välimäki,
Karjalainen, 1994; Vampola et al., 2015). To develop the computational model, the approach of the
waveguide model is being used for the modelling of
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the vocal tract. The digital waveguide models are used
for the propagation of sound wave within a domain.
Under certain condition, it is resembling the finite difference time domain (Karjalainen, Erkut, 2004;
Murphy, Beeson, 2007). In the simulation, the vocal tract is represented by a regular grid where each
node is considered as scattering junctions connected
by unit waveguide elements (Morse, 1981; Smith,
2002; Speed et al., 2013a; 2013b). For the physical
modelling of the vocal tract, the approach of cylindrical segments (Kelly, Lochbaum, 1962; Mullen
et al., 2003; 2006) has been successfully used in the
modelling of the waveguide while other approaches
such as conical segments (Makarov, 2009; Strube,
2003; Välimäki, Karjalainen, 1994) for the better approximation to the vocal tract. The cylindrical segment approach was first implemented by KellyLochbaum for the modelling of the vocal tract (Kelly,
Lochbaum, 1962) which is known as one-dimensional
waveguide model. In this model, propagation of the
sound wave is obtained by the modelling of each cylinder as forward- and backward-traveling wave components.
Digital waveguide models are the extensions of
the waveguide model and they are very popular due
to its realistic and high-quality sound generation in
real-time. Now a day, these models are frequently
used in recent works such as (Cooper et al., 2006;
Mullen et al., 2006; 2007; Murphy, Beeson, 2007;
Speed et al., 2013a; 2013b; Van Duyne, Smith,
1993a; 1993b). A digital waveguide has also been used
to model the vocal tract of animals in (Wilkinson,
Reiss, 2016) and it was successfully implemented to
reproduce sound effects of a lion’s roar and wolf’s
growl. The Kelly-Lochbaum model of the vocal tract
was based on the fixed-length tubes of different crosssectional areas (Kelly, Lochbaum, 1962) and some
works have also been dedicated to modifying the KellyLochbaum model by performing fractional elongation
of the lengths of the tubes (Mathur et al., 2006;
Qureshi, Ishaq, 2019; Qureshi, Syed, 2019).
Due to simplicity, the one-dimensional waveguide models are computationally efficient as compare to two- and three-dimensional waveguide models. As far as the accuracy is a concern, the standard two- and three- dimensional waveguides models
have better accuracy as compared to one-dimensional
waveguide models (Beeson, Murphy, 2004; Campos, Howard, 2000; Murphy, Beeson, 2007; Murphy, Howard, 2000). There is a number of limitations
imposed on the digital waveguide models (Campos,
Howard, 2005; Fontana, Rocchesso, 2001; Van
Duyne, Smith, 1996). One of them is the restriction on the uniform structured grid with the same
gridlines (Speed et al., 2013a; 2013b; Van Duyne,
Smith, 1993a; 1993b; 1996). Present novel work is focused on the two-dimensional digital waveguide model

of the vocal tract with the structured and non-uniform
rectilinear grid in orientation. In the current grid orientation, there are two types of grid lines. One is assumed as smaller grid line and other is considered as
larger grid line where the larger grid line is the double
of the small grid line. The use of these two different
lines in the meshing generates the scheme of the nonuniform rectilinear mesh. This scheme enables us to get
a transfer function by propagation wave sound in the
non-uniform grid without fractional delay. This eliminates the need to get interpolation for the approximation of fractional delay and give efficient simulation for
sound wave propagation in the two-dimensional waveguide modeling of the vocal tract in the non-uniform
grid. The current novel work is applied to the vowels
/O/, /a/, /i/, and /u/ (Story et al., 1996). By keeping the same sampling frequency, the standard twodimensional waveguide model with uniform meshing is
considered as our benchmark model. The results and
efficiency of the proposed model have compared with
the benchmark model.
The present paper is organized as follows. A basic
waveguide model of the vocal tract and its mathematical formulation is given in Sec. 2. Section 3 describes
the formation of non-uniform rectilinear mesh and way
of performing the simulation on this mesh. Results and
discussion are mentioned in Sec. 4. Section 5 is reserved
for the final conclusions.

2. Physical modeling of the vocal tract
For the numerical solution of the problem, there
is a need to discretize the domain of the problem
with some physical governing behavior within the system. In the physical modeling of the vocal tract, onedimensional waveguide model has been implemented to
the vocal tract for the real-time solution of the wave
propagation (Kelly, Lochbaum, 1962). In multidimensional wave propagation in the vocal tract, twoand three- dimensional digital waveguide models have
been used to obtain better accuracy (Speed et al.,
2013a; 2013b; Van Duyne, Smith, 1993a; 1993b).
2.1. One-dimensional waveguide model
In one-dimensional waveguide model, a vocal tract
is approximated by the concatenation of uniform cylindrical segments of different cross-sectional areas. With
the help of wave equation, the relationship between
the velocity and pressure within the uniform tube has
been developed in (Markel, Gray, 1976; Rabiner,
Schafer, 1978). D’Alembert’s solution of the onedimensional wave equation is comprised of the sum
of left and right traveling-wave components. The solution of the continuity and momentum equation
(Karjalainen, Erkut, 2004) at the junction of two
i-th and (i + 1)-th cylinders is given in the form of the
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reflection coefficient ri as in Eq. (1) where Ai is the
cross-sectional area of cylinder i:
ri =

Ai − Ai+1
.
Ai + Ai+1

(1)

By using reflection coefficient ri at each junction of
consecutive two cylinders, the iteration of scattering
at each junction results in propagation of a traveling
wave through the vocal tract.
2.2. Two-dimensional digital waveguide model
The accuracy of the one-dimensional waveguide
can be increased by an extension to generate a lattice structure of the waveguides in form of increasing
connectivity of the spatio-temporal sample grid called
a digital waveguide mesh (Mullen et al., 2003; 2006;
Van Duyne, Smith, 1993a; 1993b). The scattering
of one-dimensional waveguide model is performed at
each node of the waveguide mesh which leads to implicit solution the higher dimensional wave equation.
Several topologies of the mesh may be implemented in
the digital waveguide model. In the current work, the
two-dimensional rectilinear mesh has been considered
due to its simple and basic configuration. In the current
configuration of the rectilinear mesh, the junctions are
positioned at same intervals on a grid in such a way
that each junction has four neighboring junctions at
an angle of 90 degrees from one another. Figure 1
illustrates the orientation of the simplest rectilinear
mesh and scattering junctions while Fig. 2 represents
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the single junction with its neighboring junctions. We
note from the figures that there are two types of arrows constituted in horizontal and vertical directions,
respectively.
The directions of the arrows show the flow of the
wave pressure from one junction to its neighboring
junctions. In the literature, the wave pressure arrived
at the junction is represented by the sign of positive pressure while it is denoted by the sign of negative pressure when it leaves the junction. From Fig. 2,
we note that the single junction denoted by J is
interconnected with junction 1 from the east, junction 2 from the west, junction 3 from the north and
junction 4 from the south. The wave pressures come
at junction J from junction 1 is denoted by p+J,1 , from
junction 2 is denoted by p+J,2 , from junction 3 is denoted by p+J,3 and from junction 4 is denoted by p+J,4 .
The outgoing pressures from junction J to junctions 1,
2, 3, and 4 are denoted by p−J,1 , p−J,2 , p−J,3 , and p−J,4 , respectively. So, the pressure pJ,i on each waveguide can
be calculated as (Mullen, 2006; Van Duyne, Smith,
1993b)
pJ,i = p+J,i + p−J,i .
(2)
The total pressure p at each junction J for N -port
junctions can be written in Eq. (3) as (Mullen, 2006;
Van Duyne, Smith, 1993b)
N

pJ = 2

∑ Yi p+J,i

i=1
N

,

∑ Yi

(3)

i=1

where Yi is the acoustics impedance in the medium.
In the proposed work, each junction J at rectilinear grid has four intersecting junctions with the assumption of homogeneous acoustic impedance, then
the Eq. (3) can be modified as
4

pJ =

Fig. 1. A view of the simplest rectilinear grid
with boundary junctions.

∑ p+J,i

i=1

2

.

(4)

Output traveling-wave components are determined
by taking the difference between the pressure at each
node and the incoming traveling wave at each connection as shown in the Eq. (5):
p−J,i = pJ − p+J,i .

(5)

The traveling waves arrived at the mesh nodes on
the boundary of the vocal tract are scattered with help
of wall reflection coefficients rw . In other words, a proportional amount of traveling wave that arrived at the
boundary node is reflected back into the interior mesh.
For the case of single connection at node A, we have
Fig. 2. A view of single-junction
with its neighboring junctions.

p−J,A = rw p+J,A .

(6)
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In the N -dimensional waveguide model, the sampling frequency fs is found by using the distance between two consecutive nodes d and speed of sound c
(Mullen et al., 2007)
√
c N
.
(7)
fs =
d
In the current work, the value of N is 2 and the
speed of sound is assumed as c = 345 m/s. In rectilinear meshing arrangement, the path between any two
junctions of the mesh can either be even or odd that
limit the sampling frequency valid up to fs /4 (Van
Duyne, Smith, 1993b).
2.3. Non-linear rectilinear grid meshing
There are numerous grid topologies which can
be used for the waveguide modeling of the vocal
tract. A few of them are proposed as square, triangular, hexagonal, rectilinear and tetrahedral for two- or
three-dimensional waveguide models (Fontana, Rocchesso, 1995; 2001; Savioja et al., 1994; Van Duyne,
Smith, 1993b; 1996). The drawback of these topologies
in the waveguide model is the limitation of fixed unitlength digital waveguide branches by means of lossless scattering junctions. The easiest way to handle
the topologies is the rectilinear topologies. In these
topologies, the wave propagation speed from a junction
√ to its neighbor through fixed distance is relative to
1/ N where N is the number of dimensions (Mullen
et al., 2007). In digital waveguide models, the propagation wave travels from junction to another junction through a path that always has either only even
or odd numbers of unit delays (Mullen et al., 2007;
Van Duyne, Smith, 1993b) which leads to sampling
frequency as fs /4.
We choose rectilinear grid topology due to its simplicity in the present work. We introduce a novel approach in the generation and implementation of the
non-uniform rectilinear grid in the digital waveguide
models of the vocal tract. Using this approach, the
comparable formant frequencies are obtained with less
computational cost. In the current grid orientation,
there are two types of grid lines. One is the smallergrid line and other is the larger-grid line which is the
double of the smaller-grid line. The scheme of using
the combination of both smaller- and larger-delay lines
generates the non-uniform rectilinear two-dimensional
waveguide mesh. This scheme enables us to get a transfer function by propagation wave sound in the nonuniform grid without fractional delay. This eliminates
the need to get interpolation for the approximation of
fractional delay and give efficient simulation for sound
wave propagation in the two-dimensional waveguide
modeling of the vocal tract in the non-uniform grid. An
example of simple uniform rectilinear mesh is shown
in Fig. 3. The current figure has the simple topology

Fig. 3. A simple example of the uniform rectilinear mesh.

of 10 × 11 ordered mesh with the total number of 110
nodes. Each node in the grid is located by its integer number and these nodes are used for the scattering of the wave propagation. The interior nodes of the
mesh are orientated as four-port junctions. The boundary nodes in the mesh are three-port junctions while
boundary nodes at corners two-port junctions. We note
that there are 199 edges of the same length in total
that act as the fixed-sample delay for the wave propagation. Figure 4 is representing the non-uniform rectilinear mesh grid which is obtained from the uniform
mesh grid shown in Fig. 3 by deleting some nodes.
In the present figure, we delete the following nodes
numbered as 12, 32, 52, 72, 92, 14, 34, 54, 74, 94, 16,
36, 56, 76, and 96 from the mesh shown in Fig. 3.
We observed that there are two types of squares in
which some squares are smaller than the other one. The
smaller squares are one-fourth of the big one. In the
current orientation of the mesh, all nodes are not used
for the purpose of the scattering of the wave propaga-

Fig. 4. A simple example of the non-uniform rectilinear
mesh.
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tion. Some nodes are assumed as the local-nodes of the
long edges in the horizontal and the vertical directions.
In the present figure, the nodes which are numbered as
11, 13, 15, 31, 33, 35, 51, 53, 55, 71, 73, 75, 91, 93, 95 are
the local-nodes of the long edges in horizontal direction
while nodes 2, 4, 6, 22, 24, 26, 42, 44, 46, 62, 64, 66, 82,
84, 86, 102, 104, and 106 are the local-nodes of the long
edges in vertical direction. These nodes are not used
for the scattering of the wave propagation but these
are used for keeping to track the movement of waves
locally within the long edges of the grid. In the rest of
the present paper, we refer the above-mentioned nodes
as local-nodes while other nodes are referred to as junctions. Each local-node in the horizontal long edges has
two-way movement which may be named as east and
west respectively. Similarly, each local-node in the vertical long edges has two-way movement which may also
be named as north and south respectively. There are
three steps involved in the simulation of wave propagation for the vocal tract. In the first step, we find the
scattering of the waves at each junction of the mesh by
using Eqs (4) and (5). The movement of the waves at
each local-node of the mesh is performed in the second
step which is described as,
+
−
⎧
⎛ pi,E = pi,W ⎞ for each local-node
⎪
⎪
⎪
⎪
⎪
− ⎠
⎪
in the horizontal direction,
⎝ +
⎪
⎪
⎪ pi,W = pi,E
⎨
+
−
⎪
⎪
⎪
⎛ pi,S = pi,N ⎞ for each local-node
⎪
⎪
⎪
⎪
⎪
+
−
in the vertical direction,
⎪
⎩ ⎝ pi,N = pi,S ⎠
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the previous section. The numerical approach for the
simulation of the current work will be demonstrated in
this section. The shape of the vocal tract is converted
into a series of equivalent cross-sectional areas along
the length of the vocal tract. The series of the crosssectional areas for the vocal tract shape of the vowels
/O/, /a/, /i/, and /u/ have been taken from (Story
et al., 1996). In order to translate the shape of the vocal
tract into a two-dimensional mesh, the cross-sectional
areas are converted into length-wise acoustics tubes of
different radii. To express the shape of the vocal tract
by a smooth curve, piece-wise third-order spline interpolation is taken in this work. A two-dimensional
non-uniform mesh is then constructed with the help
of above-mentioned smooth shape of the vocal tract
as illustrated in Fig. 5. The non-linear meshing with
finer-mesh along the boundaries of the vocal tract has
been shown in Fig. 5, The smallest sample delay size
in all demonstrations of the current work for the digital waveguide model of the two-dimensional mesh has
been opted as ds = 0.0585 cm which results in the sampling frequency of fs = 834 kHz.

(8)

where i denotes the local-node and E, W , N , and S
are representing the east, west, north, and south, respectively. In the last step, we pass the delay at each
junction and the propagation waves are also arrived at
each local-node from its neighboring junctions.
Let dL be the length of single-long edge formed by
the connection of three nodes, for example, nodes 23,
33, and 43 in the mesh form a single-long edge and
ds denotes the length of the small edge formed by the
connection of two nodes such as 28 and 38 in Fig. 4,
then we have
dL = 2ds .
(9)
We also note that the length of each edge in the
mesh is either the length of dL or the length of ds . In
this work, the sampling frequency is obtained by using
the smallest length ds in Eq. 7, then
√
c 2
,
(10)
fs =
ds
where c is described earlier.

Fig. 5. The finer-boundary meshing of the non-uniform
mesh of the vocal tract.

Boundary reflection coefficients on the glottis, walls
and lip radiation are assigned as rG = 0.97, rw = 1.0,
and rL = −0.9, respectively. For transfer function of
the vocal tract, the length of input signals is taken
as 500000 samples long. The large size of the input
samples leads to a good resolution at the frequency
profile. The output samples are transformed into magnitude response with the help of Fast Fourier Transformation (FFT). The simulation has been performed in
the Matlab 2017 as a programming language. Double
precision floating point variables and arrays are used
to maintain the accuracy of the results. A C++ file
is also developed for highly cost computational algorithms to increase the efficiency of the computational
work in the current computer language. Compilation
of the C++ file is performed within the Matlab environment by using Visual C++ compiler. This process
generates another file which can easily be linked with
Matlab for the purpose of efficient simulations.

3. Numerical work for simulations

4. Results and discussion

The basic approach for the two-dimensional nonuniform mesh of the vocal tract has been presented in

In the previous sections, we have defined the construction of the non-uniform rectilinear mesh and its
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implementation in the waveguide model of the vocal tract. We also compare our current model with
the benchmark model. The standard two-dimensional
waveguide model with uniform mesh is assumed as our
benchmark model. The comparison between the two
models has been made on the basis of formant frequencies. Each vowel needs at least three formant frequencies for its recognition (Mullen, 2006). However, we
consider the first six formant frequencies generated by
our proposed model and benchmark model in all our
demonstrations. These formant frequencies are represented by F1, F2, F3, F4, F5, and F6 in the tables of
the current work.
For the sake of comparison, the smallest sample
delay ds in all demonstrations of the present model
has been kept the same as that of our benchmark
model. The series of the cross-sectional areas for different vocal tract shapes of the vowels are mentioned
in (Story et al., 1996) and we choose the vowels /O/,
/a/, /i/, and /u/ for the presentations of the current
work. The following vowels /O/, /a/, /i/, and /u/ have
the vocal tract shapes of length 17.46 cm, 17.46 cm,
16.67 cm and 18.25 cm respectively. The computational efficiency in term of elapsed time and accuracy
of the current model in term of formant frequencies
has been compared with the benchmark model. The
proposed model allows finer mesh along with the selected layers of the wall boundaries of the vocal tract
and there is a coarser mesh along with the interior layers of the mesh. In this style, the number of layers for
the finer along with the boundaries is specified by the
parameter BL . This case is shown in Fig. 5 with four
finer layers near to the boundaries of the vocal tract,
i.e., BL = 4.
Figures 6–8 represent the frequency profiles of the
vocal tract transfer function for the vowel /O/ up to
6000 Hz. These three figures are generated by the dif-

Fig. 6. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /O/, for
BL = 4.

Fig. 7. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /O/, for
BL = 8.

Fig. 8. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /O/, for
BL = 12.

ferent values of the parameter BL which are assumed
as 4, 8, and 12, respectively. The solid curves in the figures are the frequency profiles generated by the transfer function of the benchmark model and the frequency
profiles generated by the transfer function of the proposed model are shown with the dash-dotted curve.
The formant frequencies in the profiles are identified
by the peaks in the frequency profiles. In the later discussion, we will use these formants frequencies as a reference in the figures. Corresponding to these three
figures, Tables 1–3 represent the comparison of the
measured formant frequencies of the vowel /O/ with
the different values of the parameter BL . First, second, third, fourth, fifth, and sixth formant frequencies
are represented by F1, F2, F3, F4, F5, and F6, respectively, in the first column of the tables. The columns 2
and 3 represent formant frequencies of the benchmark
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Table 1. Comparison of the current model with the benchmark model for vowel /O/, for BL = 4.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

636

603

5.2

F2

1232

1302

5.7

F3

2356

2301

2.4

F4

2938

2945

0.2

F5

3898

3911

0.3

F6

5121

5060

1.1

Elapsed time
Benchmark
model

Proposed
model

149.08

122.55

Efficiency
[%]

22

Table 2. Comparison of the current model with the benchmark model for vowel /O/, for BL = 8.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

636

610

4.1

F2

1232

1294

5.0

F3

2356

2331

1.1

F4

2938

2928

0.3

F5

3898

3903

0.13

F6

5121

5073

0.94

Elapsed time
Benchmark
model

Proposed
model

149.08

129.12

Efficiency
[%]

15

Table 3. Comparison of the current model with the benchmark model for vowel /O/, for BL = 12.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

636

622

2.2

F2

1232

1272

3.2

F3

2356

2363

0.3

F4

2938

2930

0.3

F5

3898

3879

0.27

F6

5121

5096

0.49

model and the proposed model, respectively and column 4 shows the relative error of the current model
with the benchmark model. Elapsed times and the efficiency of the benchmark and the proposed models are
given in the columns 5–7, respectively, and the unit of
the elapsed time is second.
Figure 6 shows the frequency profile of the vocal
tract transfer function for the vowel /O/ up to 6000 Hz.
In this case the values of BL is chosen as 4. We see that
some formant frequencies of the current model are very
closed to that of the benchmark model and some formant frequencies have a little deviation from that of
the benchmark model. This leads to the fact that the
frequencies profiles of the current model and benchmark model are close to each other. With respect to
Fig. 6, numerically calculated formant frequencies of
the current model and benchmark model are given

Elapsed time
Benchmark
model

Proposed
model

149.08

134.79

Efficiency
[%]

10

in Table 1. The relative errors of the present model
with respect to the benchmark model are mentioned
in the fourth column of the table. The relative errors of the first six formant frequencies are shown as
5.2%, 5.7%, 2.4%, 0.2%, 0.3%, and 1.1%, respectively.
A maximum relative error of the present model is found
at the second formant frequency with the value of 5.7%
and it has a minimum relative error at fourth formant
frequency with the value of 0.2%. The relative errors
show that the current model and benchmark model
have negligible errors and these profiles are close to
each other. The time taken by the current and the
benchmark models are mentioned in the table as 149.08
and 122.55, respectively, which shows that the current
model is about 22% more efficient than that of the
benchmark model. It is concluded from Table 1 that
the current model has very comparable formant fre-
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quencies with that of the benchmark model by using
the value of BL = 4 and there is also a significant reduction in the computational cost.
Figure 7 illustrates the similarities of the frequency
profile of the proposed model with that of the benchmark model for the case of BL = 8. The matching of
the frequency profiles of the current model to that of
the benchmark model has better than the previous
case. Some formant frequencies of the current model
are well aligned to that of the benchmark model while
other formant frequencies are close to it. There is also
a good matching of the current model to the benchmark model with respect to their formant frequencies. The measured formant frequencies of the present
model and the benchmark model are shown in Table 2.
The relative errors of the first six formant frequencies are given as 4.1%, 5.0%, 1.1%, 0.3%, 0.13%, and
0.94%, respectively. A maximum relative error of the
proposed model is 5.0% located at the second formant
frequency while the minimum relative error is found as
0.13% at fourth formant frequency. The negligible relative errors show that the current model and the benchmark model are also close to each other and the present
model has better accuracy as compared to the previous case. The elapsed times obtained from the current
model and the benchmark model are given in the table as 149.08 and 129.12, respectively. The last column
of the current table exhibits that the current model
is approximately 15% more efficient than that of the
benchmark model. It is also noted that the current
model has better accuracy as compared to the previous one with little increase in the computational
cost.
Similarly, in the case of BL = 12, the comparison
of the frequency profiles of the two model are demonstrated in Fig. 8. It is observed that the accuracy of
the current model with that of the benchmark model
is much better than the previous two cases concerning
the formant frequencies. The frequency profile of the
proposed model is much closer to that of the benchmark model. Table 3 is illustrating the measured formant frequencies of the present case. The relative errors are given as 2.2%, 3.2%, 0.3%, 0.3%, 0.27%, and
0.49%, respectively. The maximum and minimum relative errors are found as 3.2% and 0.3%, respectively.
The measured elapse times by the current model and
the benchmark model are given in the table as 149.08
and 134.79, respectively. The current model is approximately 10% more efficient than that of the benchmark
model corresponding to the last column of the current
table. It is concluded from the above three tables that
the accuracy of the proposed model increases and efficiency of the current model decreases with the increase
in the value of the parameter BL .
The two- and three-dimensional views for the
changes over the formant frequencies and the frequencies profiles along with the parameter BL are shown in

Figs 9 and 10, respectively. In Fig. 9, the bright color
lines are representing the changes in the six formant
frequencies along with the parameter BL . It is noted
from the figure that the formant frequencies have insignificant changes after the value of BL = 15. The
irregular and smooth less transition is observed for the
value of BL ranging from 1 to 3 while the significant
and smooth changes are noted from values ranging 4
to 14. Similarly, the three-dimensional view of the current case is displayed in Fig. 10.

Fig. 9. Two-dimensional representation for the variation of
formant frequencies with the variation in the values of the
parameter BL for vowel /O/.

Fig. 10. Three-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /O/.

The frequency profiles of the transfer function for
vowel /a/ has been demonstrated in Figs 11–13 for
three different values of the parameter BL taken as
4, 8, and 12, respectively. The numerically calculated
formant frequencies of the vowel /a/ corresponding to
three different values of the parameter BL have been
mentioned in Tables 4–6. These three figures show that
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Fig. 13. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /a/, for
BL = 12.

Fig. 11. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /a/, for
BL = 4.

sured formant frequencies of the current model and
benchmark model are given in Table 4 with the efficiency. The relative errors are found as 8.0%, 3.3%,
3.8%, 2.3%, 0.5%, and 0.8%, respectively, for first six
formant frequencies. A maximum relative error of the
current model is shown as 8.0% while a minimum relative error is given as 0.5% for the current value of the
parameter BL . The little higher errors are measured in
this case as compared to the same case for vowel /O/.
The elapsed time of the current and the benchmark
models are given in the table as 184.78 and 144.05,
respectively, which leads to the efficiency of 28% of
the current model. In the view of Table 4, we observe
that the formant frequencies of the current model are
comparable with that of the benchmark model with
high-efficiency value.
Table 5 gives the comparison and efficiency of
the current model with that of the benchmark model
corresponding to Fig. 12. The relative errors for first
six formant frequencies are calculated as 6.9%, 2.0%,
2.1%, 0.3%, 1.3%, and 0.2%, respectively. The maximum and minimum relative errors are respectively
6.9% and 0.2% for the value of BL = 8. An improve-

Fig. 12. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /a/, for
BL = 8.

the convergence of the current model to the benchmark model increases with the decrement in the values of the parameter BL . In the case of Fig. 11, mea-

Table 4. Comparison of the current model with the benchmark model for vowel /a/, for BL = 4.
Formant
frequency

Benchmark
model

593

Proposed
model

Relative
error [%]

F1

683

628

8.05

F2

1282

1324

3.27

F3

2611

2511

3.83

F4

3442

3362

2.32

F5

4311

4288

0.53

F6

5193

5153

0.77

Elapsed time
Benchmark
model

Proposed
model

184.78

144.08

Efficiency
[%]

28
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Table 5. Comparison of the current model with the benchmark model for vowel /a/, for BL = 8.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

683

636

6.88

F2

1282

1307

1.95

F3

2611

2555

2.14

F4

3442

3430

0.35

F5

4311

4255

1.30

F6

5193

5181

0.23

Elapsed time
Benchmark
model

Proposed
model

184.78

153.13

Efficiency
[%]

21

Table 6. Comparison of the current model with the benchmark model for vowel /a/, for BL = 12.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

683

656

3.95

F2

1282

1292

0.78

F3

2611

2595

0.61

F4

3442

3429

0.38

F5

4311

4278

0.77

F6

5193

5166

0.52

ment in relative errors is observed with the increasing
value of BL . The computational times measured for
the current model and the benchmark model are, respectively, 184.78 and 153.13. The current table shows
that the formant frequencies of the proposed model
are closed to that of the benchmark model with the
efficiency of 21%.
Corresponding to Fig. 13, the relative errors have
been measured as 4.0%, 0.78%, 0.61%, 0.38%, 0.77%,
and 0.5%, respectively, for the value of BL = 12 which
are specified in Table 6. It is observed that the accuracy of the present model with that of the benchmark
model is much better than the previous two cases concerning the formant frequencies. The formant frequencies of the proposed model are much closer to that of
the benchmark model with the efficiency of 15%.
The visual tracking of the formant frequencies and
the frequencies profiles for vowel /a/ along with the
parameter BL are demonstrated with two- and threedimensional graphs in Figs 14 and 15, respectively. We
note that there is no significant change in the six formant frequencies profiles after BL = 15.
Figures 16–18 demonstrates the frequency profiles
of the transfer function of vowel /i/ for the same different values of the parameter BL as mentioned before.
The convergence of the present model to benchmark
model may be observed in these figures. Tables 7–9 describe the calculated formant frequencies of the vowel
/i/ corresponding to the different values of the parameter BL from the profiles of Figs 16–18. Table 7 defines

Elapsed time
Benchmark
model

Proposed
model

184.78

160.78

Efficiency
[%]

15

Fig. 14. Two-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /a/.

the following relative errors as 9.7%, 7.0%, 3.5%, 2.9%,
1.2%, and 0.5% by using the value of BL = 4 while
improved relative errors are obtained as 4.1%, 3.9%,
0.1%, 0.8%, 0%, and 0.1% by increasing the value of
BL as 8 that are found in Table 8. However, the formant frequencies of the current model are very closed
to that of the benchmark model by taking the value
of BL = 12 as given in Table 9 in which a maximum
relative error is 1.2% and a minimum relative error
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Fig. 15. Three-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /a/.
Fig. 17. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /i/, for
BL = 8.

Fig. 16. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /i/, for
BL = 4.
Fig. 18. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /i/, for
BL = 12.

is 0%. The efficiencies have been calculated as about
19%, 15% and 9%, respectively, with the values of 4,
8, and 12 for the parameter BL in the present case.
Figures 19–20 illustrate the two- and three-dimensional

graphs for the convergence of the proposed model with
the increasing values of the parameter BL .

Table 7. Comparison of the current model with the benchmark model for vowel /i/, for BL = 4.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

340

373

9.70

F2

2005

1864

7.03

F3

2965

2861

3.50

F4

3600

3495

2.92

F5

4513

4459

1.19

F6

5660

5632

0.49

Elapsed time
Benchmark
model

Proposed
model

149.85

125.90

Efficiency
[%]

19

596
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Table 8. Comparison of the current model with the benchmark model for vowel /i/, for BL = 8.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

340

354

4.11

F2

2005

1926

3.94

F3

2965

2967

0.07

F4

3600

3573

0.75

F5

4513

4513

0

F6

5660

5652

0.14

Elapsed time
Benchmark
model

Proposed
model

149.85

130.31

Efficiency
[%]

15

Table 9. Comparison of the current model with the benchmark model for vowel /i/, for BL = 12.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

340

344

1.18

F2

2005

1969

1.79

F3

2965

2975

0.34

F4

3600

3593

0.19

F5

4513

4513

0

F6

5660

5648

0.21

Elapsed time
Benchmark
model

Proposed
model

149.85

137.55

Efficiency
[%]

9

Fig. 20. Three-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /i/.
Fig. 19. Two-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /i/.

For the case of vowel /u/, the frequency profiles
have been shown in Figs 21–23 respectively for three
different values of the parameter BL . It is noted that
the increment in the values of BL bring the improvement in the convergence of the present model to the
benchmark model. The calculated formant frequencies
from Figs 21–23 are mentioned in Tables 10–12, respectively, in the current case of the vowel. Table 10
has been observed with the following relative errors

8.7%, 2.1%, 2.1%, 3.8%, 3.0%, and 1.7% by fixing the
value of BL = 4. These relative errors are further improved by 5.9%, 1.8%, 3.0%, 1.6%, 0.9%, and 1.6%
for assuming the value of the parameter BL = 8 as
shown in Table 11. By fixing the value of BL = 12,
the more enhancement in the formant frequencies is
achieved as 0.84%, 0.33%, 2.64%, 0.63%, 0.07%, and
0.95% by observing in Table 12 which exhibits the
good approximation of current model to the benchmark model. From Tables 10–12, the efficiencies of the
proposed model are measured as about 23%, 17%, and
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Fig. 21. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /u/, for
BL = 4.

Fig. 23. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /u/, for
BL = 12.

Fig. 24. Two-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /u/.

Fig. 22. Comparison of formant frequencies of the proposed
model with the benchmark model for the vowel /u/, for
BL = 8.

and three-dimensional graphs for the convergence of
the current model with the increasing values of the
parameter BL .

13%, respectively, with the values of 4, 8, and 12 for
the parameter BL . Figures 24 and 25 show the two-

Table 10. Comparison of the current model with the benchmark model for vowel /u/, for BL = 4.
Formant
frequency

Benchmark
model

597

Proposed
model

Relative
error [%]

F1

357

388

8.68

F2

1494

1526

2.14

F3

2118

2072

2.17

F4

3319

3193

3.79

F5

4234

4108

2.98

F6

4913

4831

1.67

Elapsed time
Benchmark
model

Proposed
model

190.07

153.98

Efficiency
[%]

23

598
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Table 11. Comparison of the current model with the benchmark model for vowel /u/, for BL = 8.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

357

378

5.88

F2

1494

1521

1.80

F3

2118

2054

3.02

F4

3319

3267

1.57

F5

4234

4194

0.94

F6

4913

4834

1.61

Elapsed time
Benchmark
model

Proposed
model

190.07

162.16

Efficiency
[%]

17

Table 12. Comparison of the current model with the benchmark model for vowel /u/, for BL = 12.
Formant
frequency

Benchmark
model

Proposed
model

Relative
error [%]

F1

357

360

0.84

F2

1494

1499

0.33

F3

2118

2062

2.64

F4

3319

3240

0.63

F5

4234

4237

0.07

F6

4913

4866

0.96

Fig. 25. Three-dimensional representation for the variation
of formant frequencies with the variation in the values of
the parameter BL for vowel /u/.

5. Conclusions
In this work, a novel approach of non-uniform
meshing has been used for the modeling of the vocal
tract. In this approach, the delay lines among the nodes
of the grid are not of the same delay. These delay lines
are integer multiple of each other. In this approach,
smaller-delay lines and larger-delay lines are two types
of delay lines where the larger-delay lines are the double of the smaller-delay lines. For the demonstration,
the selected number of mesh layers along with the walls
of the vocal tract has been taken as the finer mesh by
the use of smaller-delay lines while the rest of mesh

Elapsed time
Benchmark
model

Proposed
model

190.07

167.65

Efficiency
[%]

13

layers have been constructed coarser mesh by the use
of larger-delay lines. These selected number of layers
for finer mesh has been denoted by the parameter BL .
This approach allows us to find the transfer function of
the vocal tract in a non-uniform rectilinear mesh without fractional delay. This eliminates the need to get
interpolation for the approximation of fractional delay and give efficient simulation for sound wave propagation in the two-dimensional waveguide modeling of
the vocal tract in the non-uniform mesh. The simulation of the model has been performed on the vowels /O/, /a/, /i/, and /u/ with the variation in the
values of the parameter BL . The current vowels /O/,
/a/, /i/, and /u/ have the vocal tract shapes of length
17.46 cm, 17.46 cm, 16.67 cm, and 18.25 cm, respectively. By keeping the same sampling frequency, the
standard two-dimensional waveguide model with uniform meshing is assumed as the benchmark model. The
results and efficiency have been compared with the
benchmark model. In all cases, we draw the following
conclusions:
• Formant frequencies of the proposed model of the
vocal tract are comparable to that of the benchmark model.
• Relative errors of formant frequencies of the proposed model with the benchmark model are reduced with the increase in the value of the parameter BL .
• The efficiency of the proposed model is reduced
with the increase in the value of the parameter BL .
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• There are the smooth profiles of formant frequencies with the change in the values of the parameter BL .
• For the large values of the parameter BL , the profiles of the formant frequencies become constant.
Hopefully, the proposed model in the present work
may serve as a useful vocal tract model in speech synthesizers.
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