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Abstract This paper studies hydrodynamic and heat transfer perfor-
mance of Al2O3/H2O nanofluid flowing through a Bessel-like converging
pipe in laminar flow regime using the computational fluid dynamic approach.
A parametric study was carried out on the effect of Reynolds number (300–
1200), convergence index (0-3) and nanoparticle concentration (0–3%) on
the both hydrodynamic and thermal fields. The results showed the pressure
drop profile along the axial length of the converging pipes is parabolic com-
pared to the downward straight profile obtained in a straight pipe. Further-
more, an increase in convergence index, Reynolds number and nanoparticle
concentration were found to enhance convective heat transfer performance.
Also, a new empirical model was developed to estimates the average Nusselt
number as a function of aforementioned variables. Finally, the result of the
thermohydraulic performance evaluation criterion showed that the usage of
Bessel-like converging pipes is advantageous at a low Reynolds number.
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Nomenclature
c – specific heat of water, kJ/kg◦C
Cf – skin friction coefficient
Cp – specific heat capacity at constant pressure, J/kgK
Dh – diameter of the pipe, m
df – diameter of water molecule, nm
dP – diameter of nanoparticle, nm
dP – local pressure drop, Pa
f – friction factor
h – heat transfer coefficient
M – molecular mass of water, kg/mol
Nu – Nusselt number
n – convergence index, normal to the wall surface
Kb – Boltzmann constant J/K
Pr – Prandtl number of base fluid
(PEC)geo – geometry performance evaluation criterion
(PEC)nano – nanofluid performance evaluation criterion
q′′ – heat flux at the surface of the pipe, W/m2

P – pressure, Pa
R2 – coefficient of determination
Re – nanoparticle Reynolds number
r – radial distance, m
T – temperature, K
Tin – inlet temperature of base fluid, K
u – velocity, m/s
ur, ux – components velocity, m/s
x – axial distance, m

Greek symbols

λ – thermal conductivity, W/m K
µ – dynamic viscosity, kg/m·s
ρ – density of base fluid, kg/m3

ϕ – nanoparticle volume fraction, %

Subscripts

ave – average
bf – base fluid
f – base fluid at inlet
fr – freezing point
in – inlet
out – outlet
p – nanoparticle
np – nanoparticle
s – wall

Abbreviations

RSM – response surface methodology
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1 Introduction
The augmentation of convective heat transfer has continued to receive a lot
of attention from researchers because of the big role it plays in the opti-
mization of thermal designs. Generally, techniques for enhancing convective
heat transfer can broadly be classified into three groups: active techniques
which include the usage of an active device powered by a mechanical device
or electrostatic filed, passive techniques which consist of geometry modifi-
cations or enhancement of thermophysical properties of coolant to enhance
convective heat transfer, while the third category are combined active and
passive techniques. The literature survey showed that the passive technique
is more preferable compared to the active technique because it requires
no external power to facilitate the enhancement of convective heat trans-
fer. Various geometry modifications have been studied by researchers so
far, among those considered, converging pipe is one of the most preferable
because the enhancement of convective heat transfer is accompanied by
a lower pressure drop compared to other designs [1–7].

There are limited works on heat transfer performance of nanofluid flow-
ing through a converging pipe in the literature. Among the few ones is the
work of Al-Sammarraie et al. [8], where the authors investigated the effect of
convergence angle (0◦–25◦) and Reynolds number on the hydrodynamic and
heat transfer performance of nanofluid flowing through a converging pipe in
a laminar flow regime. The authors reported that an increase in convergence
angle enhances convective heat transfer. In another work, Al-Sammarraie et
al. [9] investigated the heat transfer performance of Al2O3–water nanofluid
flowing through concave and convex pipes. The author claimed that the
concave pipe has higher heat transfer performance than convex pipe, while
the convex pipe has higher the thermohydraulic performance factor than
concave pipe.

Some researchers have studied heat transfer performance in fluid flowing
through pipes with geometry different from that of converging pipes. Exam-
ples of these include the work of Davood et al. [10], where the authors stud-
ied the convective heat transfer performance of nanofluid flowing through a
wavy channel. The authors claimed that an increase in wavelength enhances
the convective heat transfer performance. Xie et al. [11] investigated con-
vective heat transfer performance of nanofluid flowing through the dimple
and protrusion channels. The authors reported that the dimple channel en-
hances convective heat transfer better than the protrusion channel. Anvari
et al. [12] examined the effect of channel waviness and nanoparticle con-
centration on heat transfer performance of carboxyl-methyl cellulose-water
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nanofluid. The authors concluded that an increase in waviness and nanopar-
ticle concentration enhances the heat transfer performance and pressure
drop. Salman investigated nanofluid heat transfer performance in trape-
zoidal, triangular, and rectangular ribs [13]. The author reported that the
three ribs enhance convective heat transfer. Furthermore, among the three
ribs considered, the triangular rib exhibited the highest heat transfer per-
formance. Huminic and Huminic considered the effect of geometry on heat
transfer performance of hybrid nanofluid flow through a channel with differ-
ent cross-sections [14]. The authors claimed that a square duct has higher
heat transfer performance compared to a circular duct. Pourfattah et al. [15]
investigated the heat transfer performance of nanofluid flowing through a
channel. The authors considered the effect of the dimple on the channel wall
and reported enhancement in convective heat transfer performance. Khosh-
vaght examined the heat transfer performance of nanofluid flow through a
wavy channel [16]. The author claimed that the heat transfer performance
in a wavy channel is higher compared with a smooth channel. Rashidi et
al. [17] investigated the convective heat transfer performance of nanofluid
flowing through a wavy channel. The effect of channel waviness and corruga-
tion height on hydrodynamic and heat transfer performance was considered.
The authors claimed that an increase in corrugated height enhances the
convective heat transfer performance. Manca et al. [18] studied the mixed
convective heat transfer performance of Al2O3–water nanofluid through a
triangular duct. Finally, Ahmed et al. [19], investigated the forced convec-
tive heat transfer performance of Al2O3–water nanofluid flowing through a
triangular corrugation channel.

Experimental design plays an important role in science and engineering
as it avails us of the opportunity to determine the influence of indepen-
dent variables on the dependent variables. One of the popular experimental
designs for process optimization is response surface methodology (RSM).
This technique shows the effect of input variables and the interaction be-
tween the input variables on the output variable [20,21]. Fadodun et al. [22]
developed an empirical model for Nusselt number and pressure drop of
nanofluid flowing through a pipe in turbulent flow regime using RSM. The
work focused on the effect of four independent variables (inlet tempera-
ture, Reynolds number, nanoparticle concentration, and nanoparticle size)
on average Nusselt number and pressure drop. In another work, Fadodun et
al. [23] developed an empirical model to estimate the irreversibility produc-
tion rate of Al2O3 nanofluid fluid flowing through a pipe as a function of
four independent variables (inlet temperature, Reynolds number, nanopar-
ticle concentration, and nanoparticle size) using RSM. Shirvan et al. [24]
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employed RSM to develop an empirical correlation that estimates the aver-
age Nusselt number of nanofluid flowing through a pipe in laminar flow. The
result of the sensitivity analysis performed on the empirical model showed
that the Reynolds number has positive sensitivity on the average Nusselt
number while nanoparticle size has negative sensitivity. Fadodun et al. [25]
used RSM to obtain a new correlation that estimates irreversibility produc-
tion rate of Al2O3 nanofluid flowing through a converging pipe of various
angles. Chan et al. [26] developed an empirical model for the average Nus-
selt number of nanofluid flowing in a pipe using RSM. The work considered
the effect of inlet velocity and inlet temperature on heat transfer perfor-
mance. Finally, Nookaraju used RSM to developed an empirical model for
the average Nusselt number of nanofluid flowing in a helical groove pipe.
The effect of concentration and twist ratio on the average Nusselt number
were examined [27].

From the review of literature, there are limited works on the hydrody-
namic and heat transfer performances of nanofluid flowing through converg-
ing pipes. The available ones only considered linear converging pipes. Fur-
thermore, to the best of our knowledge, no work has used RSM to estimate
the heat transfer performance of nanofluids flowing through a converging
pipe. Therefore, this study aimed at: (i) examination of the convective heat
transfer performance of nanofluid flowing through a Bessel-like converging
pipe in the laminar flow regime; (ii) investigation of the effect of Reynolds
number 300 ≤ Re ≤ 1200, nanoparticle concentration 0% ≤ ϕ ≤ 3%, and
convergence index 0 ≤ n ≤ 3 on hydrodynamic and heat transfer per-
formance of Al2O3/H2O nanofluid flowing through Bessel-like converging
pipes using the computational fluid dynamic approach; (iii) development of
an empirical model using RSM to estimate the average Nusselt number of
Al2O3/H2O nanofluid in Bessel-like converging pipes as a function of the
three aforementioned variables. In the further present is variation in tem-
perature, Nusselt number, friction factor, velocity contour, and pressure
drop as a function of Reynolds number, convergence index, and nanoparti-
cle concentration. Furthermore, sensitivity analysis on the empirical model
developed is presented.

2 Methodology

Considered laminar forced convective heat transfer in Al2O3/H2O nano-
fluid flowing through a converging pipe whose cross-section along the axial
direction varies in Bessel manner as shown in Fig. 1. The dimension and ge-
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a)

b)

Figure 1: a), b). For legend see nextpage.
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c)

Figure 1: Schematic diagram of the problem: a) r(x) = rin(J0(x))1, b) r(x) =
rin(J0(x))2, c) r(x) = rin(J0(x))3.

ometry of the pipes are presented in Table 1. Also, the flow is assumed to be
fully developed at the inlet section and a constant heat flux of 1000 W/m2

was applied to the surface wall of the pipe. Furthermore, both flow and
thermal fields were assumed to be symmetric about the axial coordinate.

Table 1: Geometric dimension of the convergent pipe of 1 m length.

Radius of pipe inlet,
rin

Convergence index,
n

Radius of pipe outlet,
rout(x) = rin(J0(xout))n

(m)
Label

0.05 0 0.05000 H0

0.05 1 0.03826 H1

0.05 2 0.029276 H2

0.05 3 0.02240 H3

In this work the following assumptions were made:
• flow of nanofluid inside the duct is laminar, steady-state and 2D ax-
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isymmetric;
• nanoparticle dispersed in the base fluid is fluidized and the resulting
suspension can be treated as a single-phase model;
• both nanoparticle and base fluid are in thermal equilibrium and there
is no-slip between them;
• nanofluid is assumed to be incompressible and thermophysical are
maintained constant;
• radiation and viscous dissipation are negligible.

2.1 Governing equations

The governing (continuity, momentum, and energy) are expressed as [28]:
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The local pipe radius is expressed as

r(x) = rin (J0(x))n , (4)

where J0 is the Bessel functions of the first kind of order, rin is the radius
of pipe inlet, and n = 0, 1, 2, 3 is the convergence index.

2.2 Boundary conditions

The following boundary conditions are prescribed:

• inlet section: ux = uin

[
1−

(
y

R

)2
]
, ur = 0 , Tin = 300 K;

• outlet section: ∂ur
∂x

= 0 , ∂ux
∂x

= 0 , ∂T

∂x
= 0 , Pgauge = 0 Pa;
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• wall: ux = 0 , ur = 0 , Ts = Tf−λs
∂Ts
∂n

= −λf
∂Tf

∂n , q
′′ = 1000 W

m2 ;

• symmetry line: ∂ur
∂r

= 0 , λ
∂T

∂r
= 0 .

2.3 Thermophysical properties of water

Thermophysical properties of water (density, viscosity, specific capacity and
thermal conductivity) as functions of temperature are given as [29]:

ρf = 330.12 + 5.92T − 1.63× 10−2T 2 + 1.33× 10−5T−3 , (5)

Cp = 10−3
(
10.01− 5.14× 10−2T + 1.49×10−4T 2 − 1.43×10−7T 3

)
, (6)

µf = 0.00002414× 10( 247.81
T−140 ), (7)

kf = 0.76761 + 7.53211× 10−3T − 0.98244× 10−5T 2. (8)

2.4 Single-phase model

The thermophysical properties of nanofluid (ρnf , Cnf , µnf , λnf ) are mod-
eled using a single phase-model expressed as [30–32]:

ρnf = (1− ϕ)ρbf + ϕρnp , (9)

Cnf =
(1− ϕ) (ρCp)bf + ϕ (ρCp)np

ρnf
, (10)

µf
µnf

= 1− 34.87
(
dp
df

)−0.3

ϕ1.03 , (11)

λnf
λf

= 1 + 4.4Re0.4
p Pr0.66

f

(
Tnf
Tfr

)10(
knp
kf

)0.33

ϕ0.66 , (12)

where Tfr is the freezing point of the base fluid. The thermophysical prop-
erties of Al2O3 and water are shown in Table 2.

Table 2: Properties of Al2O3 [23].

Material Parameters
Cp (J/K) ρ (kg/m3) λ (W/mK) M

Al2O3 765 3970 42
H2O 4200 1000 0.609 0.00085
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2.5 Hydrodynamics and heat transfer

The inlet velocity calculated from the prescribed Reynolds number is ex-
pressed as

uin = Reµnf
ρDh

. (13)

The friction factor and local friction factor are expressed in the form [33,34]:

f = 2Dh∆p
ρu2L

, (14)

Cf = 2τw
ρu2 , (15)

where ∆p is the pressure drop, u is the velocity, and L is the channel length,
and τw is the wall shear stress.

The heat transfer coefficient is calculated as

h(x) = q′′

Ts(x)− Tf (x) , (16)

where

Tf (x) =

r(x)∫
0

ux(r)T (r)rdr

r(x)∫
0

ux(r)rdr

. (17)

The average heat transfer coefficient is evaluated as [28]

have = 1
L

L∫
0

h(x)dx. (18)

The average Nusselt number is given as

Nuave = haveDh

k
. (19)

The correlation for the local Nusselt number in straight pipes as proposed
by Shah-London is given as [35]

Nuz = hDh

k
=

1.077Z∗−1/3 − 07 for Z∗ ≤ 0.01,

3.657+6.874
(
103Z∗

)−0.488
e−57.2Z∗ for Z∗ ≥ 0.01,

(20)
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where Z∗ =

x

Dh

RePr .
The geometry performance evaluation criterion (PEC)geo is defined as

(PEC)geo =

Nuconverging
Nustright(

fconverging
fstright

)0.33 . (21)

Likewise, the nanofluid performance evaluation criterion (PEC)nano is de-
fined as

(PEC)nano =

Nunanofluid
Nuwater(

fnanofluid
fwater

)0.33 . (22)

2.6 Response surface methodology

The response surface methodology (RSM) is performed using the central
composite method, the input variables are Reynolds number, convergence
index, and nanoparticle concentration, and the output variable is the aver-
age Nusselt number. Each input variable is divided into three levels (k = 3)
and condition of 20 runs is defined as (2k+2k+6). This consists of 14 non-
center points and 6 center points [36]. Table 3 shows the value associated
with each level of the independent variables. The RSM was carried out
using Design-Expert software [37].

Table 3: Variables and the value associated with level used in RSM.

Variable
Level

–1 0 1

Reynolds number 600 900 1200
Convergence index 1 2 3
Volume ratio (%) 1 2 3

3 Numerical solution and verification
The entire domain was discretized using a structured four-node element
mesh as shown in Fig. 2. Small size elements were used near the wall to
capture the rapid change in the field variables at the boundary layer [38,39].
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a)

b)

Figure 2: a) Structure of the mesh grid. b) Enlarge mesh profile showing small mesh size
near the wall.

The governing equations expressed in Eq. (1)–(3) and boundary condi-
tion presented in Sec. 2.2 were solved using a pressure-based finite-volume
method in Ansys Fluent 19.2 [40]. Here, the governing equations were in-
tegrated over each control volume to obtain algebraic equations for veloc-
ity and the temperature fields (ux, ur, T ). The pressure equation is de-
rived from momentum and continuity equations such that the velocity
field corrected by the pressure satisfies the equation of continuity. Here,
the semi-implicit pressure linked equation (SIMPLE) algorithm was used
for pressure-velocity coupling [23]. The resulting algebraic equations were
solved iteratively to obtain the updated solution. The convergence criteria
for the iteration were set to 10−6 (the residual of continuity, momentum
and energy equation is less than 10−6, that is

∣∣∣∣∣Γi+1 − Γi

Γi+1

∣∣∣∣∣ ≤ 10−6 , (23)
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where the superscript i represents the iteration number and Γ represents
field variables. The grid refinement was performed by varying the num-
ber of mesh elements used to estimate the average Nusselt number of 1.6%
Al2O3/H2O nanofluid flowing through a straight pipe at the Reynolds num-
ber of 1650. The result was compared with the experimental value of Wen
and Ding where the average Nusselt number of Al2O3/H2O nanofluid flow-
ing through a copper tube in a laminar flow regime was calculated [41].
The experimental system consists of a flow loop made of a cooper tube
of length 0.97 m and inner diameter 0.0045 m heated by a flexible rubber
heater of rated power 300 W. Five T-type thermocouples were mounted on
the tube surface along the axial direction while another two thermocouples
were inserted into the tube at the entry and exit sections to measure the
bulk temperature. The comparison of the two results is shown in Table 4.

Table 4: Present result with experimental result of Wen and Ding [36] at Re = 1650 for
1.6% Al2O3/H2O nanofluid.

Grids
(Nr ×Nx)

Present
study

Experimental:
Wen and Ding [35]

Error
(%)

50× 500 8.40 9.7 13.40
80× 800 8.96 9.7 7.63
100× 700 9.24 9.7 4.74
150× 750 9.36 9.7 3.51
150× 850 9.38 9.7 3.30

Several combinations were tested until the optimum configuration (Nr =
150, Nx = 850, where Nr and Nx are the number of nodes in radial and
longitudinal directions, respectively), was achieved, and further increase in
the number of grid elements did not change the value of the average Nus-
selt number more than 3%. To further ascertain the accuracy of the mesh
configuration, the local variation of Nusselt number of distilled H2O along
the axial distance of the pipe at the Reynolds number of 103 was estimated
and the result was compared with Shah and London correlation expressed
by Eq. (20). The comparisons of the two results are shown in Fig. 3. Also,
the local heat transfer coefficient, h(x), for 1.6% Al2O3/H2O nanofluid was
estimated and compared with the experimental result of Wen and Ding [41].
The comparison is shown in Fig. 4. Furthermore, the variation of the aver-
age Nusselt number of 2% Al2O3/H2O nanofluid against the Peclect num-
ber was estimated and compared with the experimental result of Heris et
al. [42] where the average Nusselt number of 2% Al2O3/H2O nanofluid
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flowing through a circular pipe under constant wall temperature in laminar
flow regime was estimated. The experimental setup consists of a flow loop
made of an annular cooper tube of length 1 m, thickness 0.0005 m and di-
ameter 0.032 mm. K-type thermocouples of precision 0.1 K were welded on
the tube surface by 0.1 m apart. Another two K-type thermocouples were

Figure 3: Comparison of local Nusselt number with Shah and London equation at
Re = 1000.

Figure 4: Comparison of local heat transfer coefficient with experimental data of Wen
and Ding [35] at Re = 1000.
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inserted into entry and exit sections to measure the bulk temperature of
the nanofluid. The comparison of the two results is shown in Fig. 5. Lastly,
the pressure drop between the inlet and outlet section at various Reynolds
numbers was compared with the analytical solution. The comparison of the
two is shown in Fig. 6.

Figure 5: Comparison average Nusselt number against Peclet number with experimental
data of Heris et al. [42].

Figure 6: Comparison of pressure drop with analytical solution.



136 C.S. Iweka and O.G. Fadodun

4 Results and discussion

This section deals with the results and discussion of the effects of Reynolds
number (300 ≤ Re ≤ 1200), nanoparticle concentration (0% ≤ ϕ ≤ 3%)
and convergence index (0 ≤ n ≤ 3) on hydrodynamic and heat transfer
performance of Al2O3/H2O nanofluid flowing through novel Bessel-like con-
verging pipes in laminar flow regime using the computational fluid dynamic
approach and response surface methodology for the design of experiment.

4.1 Hydrodynamics

Figure 7 presents the velocity profile of Al2O3/H2O nanofluid flowing through
H0, H1, H2, and H3 at the Reynolds number of 300. The profiles showed

a)

b)

c)

d)

Figure 7: Variation of velocity profile for various pipe configuration at Reynolds number
300 and nanoparticle concentration of 2%: a) straight pipe, b)–d) converging
pipe.



Numerical modeling of heat transfer in Al2O3/H2O nanofluid flowing . . . 137

zero velocity at the wall, which is in agreement with no-slip boundary con-
ditions imposed on the model. Also, it could be seen that the velocity profile
in H0 is fully developed from the entry to exit plane. However, the velocity
profiles in the converging pipes (H1, H2, and H3) changed along the axial
distance.

To further confirmed this, the velocity profiles, ux(r), in H0, H1, H2,
and H3 at the inlet, middle, and outlet sections are shown in Figs. 8a–
d. The figures revealed that the ux(r) in the H0 is the same at the three
locations and also satisfies the Poiseuille velocity profile expressed as ux =

uin

[
1−

(
r

R

)2
]
. This confirms that the flow is fully developed. However,

the ux(r) in converging pipes (H0, H1, and H2) changed as the flow progress

a) b)

c) c)

Figure 8: Variation of axial velocity in radial direction along the pipe length: a) n = 0,
b) n = 1, c) n = 2, d) n = 3.
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along the axial direction and did not satisfy the Poiseuille velocity profile at
the middle and outlet planes. The change in ux(r) observed in converging
pipes is attributed to a progressive decrease in cross-sectional area along the
axial direction which leads to a progressive increase in nanofluid velocity.

Figures 9a and 9b show the local pressure drop, dP , distribution between
the inlet and exit planes in H0 H1, H2, and H3 at Re = 300 and 900, respec-
tively. The profiles reveal that dP in the converging pipes (H1, H2, and H3)
has a parabolic behaviour in contrast to the linear curve obtained in the
straight pipe (H0). This is in agreement with the work of Al-Sammarraie et
al. [8]. The parabolic nature of dP in converging pipes is attributed to the
progressive non-linear increase of local axial velocity of the nanofluid which
leads to an increase in dP [36]. Figure 10 shows the variation of the pressure
drop against the Reynolds number in all pipe configurations considered.
The profiles reveal that an increase in convergence index enhances pressure
drop. For instance, at the Reynolds number of 1200, dP in H0, H1, H2, and
H3 is 0.1, 0.63, 2.3, and 7.33, respectively. Furthermore, it could be seen
that an increase in Reynolds number enhances pressure drop. For instance,
across the range of Reynolds number considered (300 ≤ Re ≤ 1200), the
percentage increase in dP in H0, H1, H2 and H3 is 79.8%, 80.99%, 91.6%
and 92.2% respectively. This result is expected as an increase in Reynolds
number enhances velocity gradient (shear stress), which in turn leads to an
increase in dP [43]. Figure 11 shows the influence of nanoparticle concen-
tration on pressure drop. The graph shows that an increase in nanoparticle
concentration enhances the pressure drop. For instance, across the range

a) b)

Figure 9: Variation of pressure drop along the pipe length: a) Re = 300, b) Re = 900.
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of nanoparticle concentration (0% ≤ ϕ ≤ 3%) considered, at the Reynolds
number of 600, the local pressure drop increases by 35.7% in all pipe con-
figurations considered. This high increment in local pressure drop observed
is attributed to the non-linear increase in viscosity of the nanofluid as the
nanoparticle concentration increases as expressed in Eq. (11).

Figure 10: Variation of pressure drop against Reynolds number at nanoparticle volume
fraction of 2%.

Figure 11: Variation of pressure drop against Reynolds number for various nanoparticle
concentration in straight pipe at Re = 600.

Figures 12a and 12b show the variation of local friction factor, Cf (x),
along the axial direction in H0, H1, H2, and H3 at the Reynolds numbers
300 and 600. The profiles reveal that the local friction factor increases along
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the axial direction of the converging pipes (H1, H2, and H3) in contrast to
the constant value observed in the straight pipe (H0). The high value of
Cf (x) observed in converging pipes is attributed to high wall shear stress
induced by an increase in convergence index. It should be noted that an
increase in the converging index enhances the velocity gradient, which in
turn raises the wall shear stress. Figure 13 shows the variation of the aver-
age friction factor, f , with the Reynolds number in all pipe configurations
considered. The graph reveals that an increase in the convergence index
enhances the average friction factor. For instance, the values of normalized

a) b)

Figure 12: Variation of local friction coefficient: a) Re = 300, b) Re = 600.

Figure 13: Variation of friction factor against Reynolds number for various pipe geome-
tries.
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friction factor (the ratio of f in converging pipes to corresponding value in
the straight pipe) in H1, H2, and H3 at the Reynolds number of 900 are
6.43, 23.2, and 71.2, respectively.

4.2 Heat transfer

Figure 14 shows the temperature contours of Al2O3/H2O nanofluid flowing
through H0, H1, H2, and H3 at Reynolds number of 300. The contours re-
veal that the pipe wall has the maximum temperature which is in agreement
with the boundary condition imposed

(
q′′wall = 103). The profile also reveals

that the thickness of the thermal boundary layer, δth grows progressively

a)

b)

c)

d)

Figure 14: Variation of temperature profile for various pipe configuration at Reynolds
number 300 and nanoparticle concentration of 2%: a) straight pipe, b)–d)
converging pipe.



142 C.S. Iweka and O.G. Fadodun

along the axial distance of the pipe. However, the growth rate decreases
as the convergence index increases. The reduction observed is attributed
to an increase in axial velocity due to progressive contraction of the cross-
sectional area of the pipe along the axial direction. It should be noted that
an increase in velocity diminishes thickness of the thermal boundary layer,

as it has been shown that δth ∝
Pr−0.5
√
Re

[44].
Figures 15a and 15b show the distribution of pipe wall temperature, Ts

at the Reynolds numbers 300 and 900, respectively. Ts of the converging
pipes (H1, H2, and H3) increases from the entry plane to a certain point
then begins to decrease toward the exit plane in contrast to the straight
pipe (H0), in which Ts rises from the entry plane to the exit plane. This is
in agreement with the work of Al-Sammarraie et al. [8]. Also, Ts decreases
as the convergence index increases. The low value of Ts observed in con-
verging pipes (H1, H2, and H3) is attributed to a high local axial velocity
of the nanofluid which decreases δth and as a result, much heat is being
transported from the surface of the pipe through the convection process.
It should be emphasized here that the lower the thickness of the thermal
boundary layer around a hot solid the higher the rate of convective heat
transfers from it.
a) b)

Figure 15: Graph of local wall temperature: a) Re = 300, b) Re = 900.

Figures 16a and 16b show the variation of the local Nusselt number,
(Nux), along the pipe wall at the Reynolds numbers of 300 and 900, re-
spectively. The profiles reveal that an increase in the converging index en-
hances convective heat transfer. The figure also shows that toward the exit
plane, the local Nusselt number in H1, H2, and H3 exhibits an upward



Numerical modeling of heat transfer in Al2O3/H2O nanofluid flowing . . . 143

trend in contrast to the downward trend obtained in H0. This result is at-
tributed to the thickness of the thermal boundary layer which decreases as
the convergence index increases.

a) b)

Figure 16: Graph of local Nusselt number: a) Re = 300, b) Re = 900.

Figure 17 shows the distribution of the average Nusselt number, Nu,
against the Reynolds number in all pipe configurations considered. The
profile reveals that an increment in convergence index enhances the Nusselt
number. For instance, the values of the normalized average Nusselt number
(the ratio of Nu in converging pipes to the corresponding value in the
straight pipe) at the Reynolds number of 1200 in H1, H2, and H3 are

Figure 17: Graph of average Nusselt number against Reynolds number at nanoparticle
concentration of 2%.
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1.11, 1.25, and 1.37, respectively. The profile also shows that an increase in
Reynolds number enhances average Nusselt number. For instance, at the
Reynolds number of 300, the values of Nu in H0, H1, H2, and H3 are 7.8,
8.2, 9.0, and 9.6. Likewise, the values of the average Nusselt number at the
Reynolds number of 1200 in H0, H1, H2, and H3 are 12.1, 13.0, 14.8, and
16.5, respectively.

Figure 18 shows the influence of nanoparticle concentration on the av-
erage Nusselt number. The profile reveals that an increase in nanoparticle
concentration enhances Nusselt number. For instance, across the range of
nanoparticle concentration (0% ≤ ϕ ≤ 3%) considered, the Nusselt num-
ber increases by 27%. The enhancement observed is due to an increase in
thermal conductivity of the nanofluid which increases as the nanoparticle
concentration increases [3].

Figure 18: Variation of average Nusselt number against nanoparticle concentration at
Reynolds number of 300.

Figure 19 shows the graph of geometry thermal performance criterion,
PECgeo, against the Reynolds number. The profile reveals that geometry
thermal performance criterion decreases as the Reynolds number and con-
vergence index increase. For example, the values of percentage reduction
in (PEC)geo in pipe H1, H2, and H3 across the range of Reynolds number
considered are 19.8%, 23.6 % and 24.5%, respectively. The reduction in
PECgeo observed is attributed to high local pressure drop accompanied by
the enhancement in Nu. Thus, a Bessel-like converging pipe should be con-
sidered as a means of enhancing convective heat transfer at a low Reynolds
number.
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Figure 19: Variation of the geometry thermal performance criterion, (PEC)geo, against
Reynolds number in various converging pipes.

Figure 20 shows the variation of nanofluid performance evaluation crite-
rion PECnano against nanoparticle concentration at the Reynolds number
of 1200. The profile reveals that an increase in nanoparticle concentration
enhances performance evaluation criterion. This implies that the usage of
Al2O3/H2O nanofluid as a heat transfer fluid is advantageous.

Figure 20: Variation of nanofluid performance evaluation criterion against nanoparticle
concentration at Reynolds number of 300.
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4.3 Response surface methodology

Table 5 shows the configurations of 3 independent variables (Reynolds
number, convergence index, and nanoparticle concentration) and the cor-
responding values of the average Nusselt number of Al2O3/H2O nanofluid
in Bessel-like converging pipes. The quadratic function was used to fit the
simulated data.

Table 5: The levels of the factors and the result of the Nusselt number.

Level Re n ϕ Nu× 10

1 600 1 1 1.11

2 1200 1 1 1.46

3 600 3 3 1.34

4 1200 3 1 1.71

5 600 1 3 1.16

6 1200 1 3 1.53

7 600 3 3 1.34

8 1200 3 3 1.79

9 600 2 2 1.24

10 1200 2 2 1.64

11 900 1 3 1.37

12 900 3 2 1.473

13 900 2 1 1.44

14 900 2 3 1.48

15 900 2 2 1.45

16 900 2 2 1.45

17 900 2 2 1.45

18 900 2 2 1.45

19 900 2 2 1.45

20 900 2 2 1.45

The result of the analysis of variance (ANOVA) is shown in Table 6. The
coefficient of determination, R2, is a statistical measure of how close the
data are to the fitted regression line. The value of R2 is 0.995 which is
close to 1, this implies a good approximation. Also, the difference between
the adjusted mean square, R2

adj, and predicted mean square, R2
pre, was

0.0085 which is less than 0.2 and, this shows that the model is suitable
[45]. Note that R2

adj represents the modified R2 based on the number of
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independent variables and R2
pre measures the predictive capacity of the

regression model. The null hypothesis (Reynolds number, convergence index
and nanoparticle concentration did not have a significant influence on the
Nusselt number) was rejected because the p-value of the ANOVA model
is less than 0.05 [46]. Furthermore, Table 5 shows that the three input
variables and some interaction between them are statistically significant
(their p-values are less than 0.05) to the average Nusselt number of the
Al2O3/H2O nanofluid.

Table 6: Result of ANOVA for Nusselt number.

Sum of square
×10

Degree
of freedom

Mean square
×10

F-value
×103 p-value

Model 4.94 6 0.82 0.430 <0.0001

Re 3.83 1 3.83 2.000 <0.0001

n 0.98 1 0.98 0.510 <0.0001

vol 0.10 1 0.103 0.050 <0.0001

Re× n 0.03 1 0.03 0.010 0.0021

n2 0.06 1 0.06 0.030 0.0001

vol2 0.02 1 0.02 0.008 0.0135

n× vol 0.03 13 0.02 – <0.0001

Residual 0.03 7 0 – –

R2 = 0.995, (R2
pre −R2)− (R2

pre −R2) = 0.0085, adeq-precision = 81.766

The empirical model obtained is expressed as

Nuave = 14.46 + 2.0Re + 1.02n+ 0.337ϕ+ 0.193Re× n
− 0.482n2 + 0.257ϕ2 . (24)

The value of the adeq-precision of the model was 81.77, since the value is
greater than 4 it indicated the suitability of the model [47]. Furthermore,
the accuracy of the model was ascertained by plotting the graph of normal
probability against residual as shown in Fig. 21. The profile shows that
most of the points follow a straight line which confirms the non-normality
in the error terms [47]. Also, Fig. 22 shows the graph of predicted value
against simulated data. The profile reveals that all data points fall on the
regression line which confirms the accuracy of the model.
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Figure 21: Graph of normal probability of average Nusselt number against residual.

Figure 22: Graph of predicted value of Nusselt number against actual value.

4.4 Sensitivity analysis

Sensitivity analysis is the process of determining how a change in input
parameters affects the output parameter. This can be achieved by taking
the partial derivative of the output variable function with respect to input
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variables. The positive value of the sensitivity connotes an increment in
the input variable and corresponds to an increment in the output variable,
while a negative value implies the opposite [48]. The partial derivative of
Eq. (24) with respect to the three input parameters is expressed as:

∂Nu
∂Re = 2 + 0.193n , (25)

∂Nu
∂n

= 1.2 + 0.192Re− 0.964n , (26)

∂Nu
∂ϕ

= 0.3369 + 0.512ϕ . (27)

Table 7 reveals the result of sensitivity of the average Nusselt number to
Reynolds number, nanoparticle concentration and convergence index at var-
ious configurations. The table reveals that the three input variables have
positive sensitivity to the average Nusselt number in all configurations ex-
cept nanoparticle concentration which has a negative sensitivity at con-
figurations (Re = 0, n = 1, ϕ = −1), In addition, among the three, the
Reynolds number has the highest sensitivity of 2.192 which occurred at
(Re = 0, n = 1, −1 ≤ ϕ ≤ 1) followed by the convergent index 2.173 at
(Re = 1, n = −1, ϕ = 0) and lastly nanoparticle concentration 0.874 at
(−1 ≤ Re ≤ 1, n = 0, ϕ = 1).

Table 7: Result of sensitivity analysis of average Nusselt number.

Variable Sensitivity

Re n ϕ
∂Nu
∂Re

∂Nu
∂n

∂Nu
∂ϕ

–1 0 1 2 0.827 0.847

0 0 1 2 1.020 0.847

1 0 1 2 1.213 0.847

1 –1 0 1.808 2.173 0.337

1 0 0 2 1.213 0.337

1 1 0 2.192 0.253 0.337

0 1 –1 2.192 0.060 –0.173

0 1 0 2.192 0.060 0.337

0 1 1 2.192 0.060 0.847
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5 Conclusion

The hydrodynamic and heat transfer performance of Al2O3/H2O nanofluid
flowing through a Bessel-like converging pipe has been investigated nu-
merically using the computational fluid dynamics method. The effect of
Reynolds number, convergence index, and nanoparticle concentration on
hydrodynamic and heat transfer performance has been discussed in full de-
tail. In addition, a new empirical correlation has been developed to estimate
the average Nusselt number of Al2O3/H2O nanofluid as a function of the
aforementioned three variables. Lastly, a sensitivity analysis was carried
out on the empirical model developed.

The results show that an increase in convergence index enhances the
pressure drop and average Nusselt number. For instance, at the Reynolds
number 1200 the values of pressure drop in H0, H1, H2 and H3, are 0.1, 0.63,
2.3, and 7.33, respectively. Likewise, the average Nusselt number assumes
12.1, 13.0, 14.8, and 16.5, respectively. Also, across the range of nanoparticle
concentration considered (0% ≤ ϕ ≤ 3%), the average Nusselt number
increases by 27%. In addition, the maximum values of the performance
evaluation criterion (PEC) in H1, H2 and H3 are 0.7, 0.525, and 0.43,
respectively, and decrease as the Reynolds number increases. Furthermore,
across the range of Reynolds number considered (300 ≤ Re ≤ 1200) the
average Nusselt number increases by 55.1%, 58.5%, 64.4%, and 71.9% in
H0, H1, H2, and H3, respectively. Finally, all three variables are statistically
significant to the average Nusselt number.
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