
10.24425/acs.2021.138697
Archives of Control Sciences

Volume 31(LXVII), 2021
No. 3, pages 687–706

Efficiency in vector ratio variational control problems
involving geodesic quasiinvex multiple

integral functionals

Savin TREANŢĂ and Ştefan MITITELU

In this paper, we introduce necessary and sufficient efficiency conditions associated with a
class of multiobjective fractional variational control problems governed by geodesic quasiinvex
multiple integral functionals and mixed constraints containing m-flow type PDEs. Using the new
notion of (normal) geodesic efficient solution, under (ρ, b)-geodesic quasiinvexity assumptions,
we establish sufficient efficiency conditions for a feasible solution.

Key words: multiobjective fractional control problem; geodesic efficient solution; (ρ, b)-
geodesic quasiinvexity

1. Introduction and preliminaries

Due to important applications in various branches of pure and applied science,
the concept of convexity has attracted several researchers over the years. As a
consequence, depending on need and some useful details, it has been generalized
using some interesting and novel techniques and ideas (see Hanson [5], Weir and
Mond [25], Jeyakumar [7], Noor and Noor [12], Tang and Yang [16], Antczak [2],
Mititelu and Treanţă [11] and Treanţă and Arana-Jiménez [21, 22]). As well, the
notion of convexity has been generalized and extended on manifolds by Udrişte
[24], Rapcsák [15], Pini [14], Barani and Pouryayevali [4] and Agarwal [1]. In
1985, Martin [8] introduced the concept of KT-invexity, later used for the study
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of some optimal control problems (see, for instance, Arana-Jiménez et al. [3] and
Oliveira et al. [13]).

In this paper, motivated by the ongoing research in this area and taking into
account Mititelu et al. [9–11] and Treanţă [17–20, 23] (as a natural continuation
of these works), we introduce necessary and sufficient conditions of efficiency
for a new class of multiobjective (vector) fractional variational control problems
governed by geodesic quasiinvex multiple integral functionals and mixed con-
straints. The mathematical framework used in this paper involves geometric tools
as geodesic invex sets and geodesic quasiinvex multiple integral functionals. Us-
ing the new notion of (normal) geodesic efficient solution, under (ρ, b)-geodesic
quasiinvexity assumptions, sufficient efficiency conditions for a feasible solution
are derived.

The paper is structured as follows: in Section 2, using the new notions of
(normal) geodesic optimal solution and (normal) geodesic efficient solution, we
formulate and prove necessary conditions of efficiency in scalar, vector and vector
ratio control problems governed by multiple integral cost functionals and m-flow
type PDEs constraints. Section 3 introduces the new concepts of (ρ, b)-geodesic
invexity and (ρ, b)-geodesic quasiinvexity associated with multiple integral func-
tionals. As well, under (ρ, b)-geodesic quasiinvexity assumptions, we formulate
and prove sufficient efficiency conditions in vector and vector ratio control prob-
lems. Finally, in Section 4, we conclude the paper.

In order to provide a good understanding and for the completeness of our
exposure, we set the following notations and working hypotheses:

• three Riemannian manifolds: a n-dimensional complete Riemannian man-
ifold (M, g), a k-dimensional complete Riemannian manifold (U, s) and a
Riemannian manifold (T, h) of dimension m;

• consider t = (tα), α = 1,m, u = (u j ), j = 1, k, and x = (xi), i = 1, n, the
local coordinates on (T, h), (U, s) and (M, g), respectively;

• let Ω ⊂ T be a relative compact subset in T and t = (tα) ∈ Ω ⊂ T a
multi-parameter of evolution or a multi-time;

• consider the following continuously differentiable functions

f =
(

f1, . . . , fp
)
=

(
fr
)

: Ω × M ×U := P → Rp,

g =
(
g1, . . . , gp

)
=

(
gr

)
: P → Rp, r = 1, p ,

X =
(
X i
α

)
: P → Rnm, Y =

(
Y1, . . . ,Yq

)
=

(
Yβ

)
: P → Rq,

i = 1, n, α = 1,m, β = 1, q;
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• denote by X the space of piecewise smooth state functions x : Ω ⊂

T → M endowed with the distance d
(
x, x0

)
= d

(
x(·), x0(·)

)
:=

sup
t∈Ω

dg
(
x(t), x0(t)

)
, where dg

(
x(t), x0(t)

)
is geodesic distance in (M, g),

and by U the space of piecewise continuous control functions u : Ω ⊂
T → U equipped with the distance d

(
u, u0

)
= d

(
u(·), u0(·)

)
:=

sup
t∈Ω

ds
(
u(t), u0(t)

)
, where ds

(
u(t), u0(t)

)
is geodesic distance in (U, s).

Hence, (X, d) and (U, d) become metric spaces.

Taking into account the previous mathematical context, we consider the fol-
lowing multidimensional vector fractional control problem

(V FCP) min
(x,u)

*.......
,

∫
Ω

f1 (t, x(t), u(t)) dv

∫
Ω

g1 (t, x(t), u(t)) dv
, . . . ,

∫
Ω

fp (t, x(t), u(t)) dv

∫
Ω

gp (t, x(t), u(t)) dv

+///////
-

,

subject to
∂xi

∂tα
(t) = X i

α (t, x(t), u(t)) , i = 1, n, α = 1,m, t ∈ Ω, (1)

Y (t, x(t), u(t)) ¬ 0, t ∈ Ω, (2)
x(t)��∂Ω = ϕ(t) = given, (3)

a first-order PDEs (partial differential equations) constrained vector ratio control
problem.

Working hypotheses:

• dv :=
√

det h dt1∧dt2∧ . . .∧dtm represents the volume m-form onT ⊃ Ω;

• the continuously differentiable functions Xα =
(
X i
α

)
: P → Rn, i = 1, n,

α = 1,m satisfy the closeness conditions DζX i
α = DαX i

ζ , α, ζ = 1,m,
α , ζ , i = 1, n, where Dζ is the total derivative operator;

• the following convention for equalities and inequalitieswill be used through-
out the paper:

u = v ⇔ u j = v j, u ¬ v ⇔ u j ¬ v j, u < v ⇔ u j < v j,

u � v ⇔ u ¬ v, u , v, j = 1, p,

for any two p-tuples u =
(
u1, . . . , up

)
, v =

(
v1, . . . , vp

)
in Rp.
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Further, consider the complete Riemannian manifold (M ×U,w). In accor-
dance to Barani and Pouryayevali [4], following Udrişte [24] and Mititelu et
al. [10], we introduce the following definitions.

Definition 1 Let η : (M ×U)2 → T (M ×U) be a function such that for ev-
ery (x(t), u(t)),

(
x0(t), u0(t)

)
∈ M × U, we have η

(
x(t), u(t), x0(t), u0(t)

)
∈

T(x0(t),u0(t)) (M ×U). A non-empty subset M×U of M×U is said to be geodesic in-
vex with respect to η, or η-geodesic invex, if, for every (x(t), u(t)),

(
x0(t), u0(t)

)
∈

M × U, there exists a unique geodesic γ(x(t),u(t)),(x0(t),u0(t)) : [0, 1] → M ×U such
that

γ(x(t),u(t)),(x0(t),u0(t)) (0) =
(
x0(t), u0(t)

)
,

γ̇(x(t),u(t)),(x0(t),u0(t)) (0) = η
(
x(t), u(t), x0(t), u0(t)

)
,

γ(x(t),u(t)),(x0(t),u0(t)) (τ) ∈ M × U, ∀τ ∈ [0, 1].

In Definition 1, the notationT (M×U) represents the tangent bundle of M×U
and T(x0(t),u0(t)) (M ×U) is the set of all tangent vectors at

(
x0(t), u0(t)

)
∈ M ×U.

Definition 2 Let
(
x0(·), u0(·)

)
and (x(·), u(·)) be in X × U . A function φ : Ω ×

[0, 1] → M × U, φ = φ(t, τ), is called geodesic deformation of the pairs(
x0(·), u0(·)

)
and (x(·), u(·)) if it fulfills the following properties:

i) the function φt : [0, 1]→ M ×U, τ → φt (τ) = φ(t, τ), t ∈ Ω, is a geodesic;

ii) φ(t, 0) =
(
x0(t), u0(t)

)
, φ(t, 1) = (x(t), u(t)), t ∈ Ω.

Denote by X the space of piecewise smooth state functions x : Ω ⊂ T → M
equipped with the distance d

(
x, x0

)
= d

(
x(·), x0(·)

)
:= sup

t∈Ω
dg

(
x(t), x0(t)

)
,

where dg
(
x(t), x0(t)

)
is geodesic distance in (M, g), and by U the space of

piecewise continuous control functions u : Ω ⊂ T → U endowed with the dis-
tance d

(
u, u0

)
= d

(
u(·), u0(·)

)
:= sup

t∈Ω
ds

(
u(t), u0(t)

)
, where ds

(
u(t), u0(t)

)
is

geodesic distance in (U, s).
For each (x0, u0) ∈ X ×U, denote by (x, u) ∈ X ×U an arbitrary geodesic per-

turbation. Considering the previous two definitions, we formulate the following
central definition.

Definition 3 The subset X × U ⊂ X × U is called η-geodesic invex if, for every
(x(·), u(·)),

(
x0(·), u0(·)

)
∈ X × U, there exists a unique geodesic deformation
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φ = φ(t, τ), t ∈ Ω, τ ∈ [0, 1], of the pairs
(
x0(·), u0(·)

)
and (x(·), u(·)), with

φ(·, τ), τ ∈ [0, 1], included in X × U, such that the vector valued function

T(x0(t),u0(t)) (M ×U) 3 η
(
x(t), u(t), x0(t), u0(t)

)
=
∂φ

∂τ
(t, τ)���τ=0

:=
(
η(t), ξ (t)

)
:=

(
η1(t), η2(t), ..., ηn(t), ξ1(t), ξ2(t), ..., ξk (t)

)
is of C1-class and η |∂Ω = 0.

In the sequel, let X ×U be an open η-geodesic invex subset of X ×U . Define
the set D of all feasible solutions (domain) for (V FCP) as follows

D :=
{
(x, u) |x = x(·) ∈ X, u = u(·) ∈ U satisfying (1.1), (1.2), (1.3)

}
.

2. Necessary efficiency conditions in scalar, vector and vector ratio control
problems with multiple integral cost functionals

In this section, using the new notions of (normal) geodesic optimal solution
and (normal) geodesic efficient solution, we formulate and prove necessary con-
ditions of efficiency in scalar, vector and vector ratio control problems governed
by multiple integral cost functionals and m-flow type PDEs constraints.

Scalar case. Let us consider the following multidimensional scalar control
problem

(SCP) min
(x,u)

∫
Ω

X (t, x(t), u(t)) dv subject to (x, u) ∈ D.

A feasible solution (x0, u0) ∈ D in the aforementioned multidimensional
scalar control problem (SCP) is called geodesic optimal solution if there ex-

ists no other feasible solution (x, u) ∈ D such that
∫
Ω

X (t, x(t), u(t)) dv <∫
Ω

X
(
t, x0(t), u0(t)

)
dv. The necessary conditions of geodesic optimality, for a

feasible solution (x0, u0) ∈ D in (SCP), are formulated in the following result.

Theorem 1 If (x0, u0) ∈ D is a geodesic optimal solution in (SCP), then there
exist a scalar θ ∈ R and the piecewise smooth functions µ(t) = (µβ (t)) ∈ Rq,
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λ(t) = (λαi (t)) ∈ Rnm satisfying the following conditions

θ
∂X
∂xi

(
t, x0(t), u0(t)

)
+ λαi (t)

∂X i
α

∂xi

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂xi

(
t, x0(t), u0(t)

)
+
∂λαi
∂tα

(t) = 0, i = 1, n ,

θ
∂X
∂u j

(
t, x0(t), u0(t)

)
+ λαi (t)

∂X i
α

∂u j

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂u j

(
t, x0(t), u0(t)

)
= 0, j = 1, k ,

µβ (t)Yβ
(
t, x0(t), u0(t)

)
= 0 (no summation),

(
θ, µ(t)

)
� 0,

for all t ∈ Ω, except at discontinuities.

Proof. The proof follows in the same manner as in Theorem 1, Mititelu [9]. 2

Definition 4 The geodesic optimal solution (x0, u0) ∈ D in (SCP) is said to be
a normal geodesic optimal solution if θ > 0. Without loss of generality, we can
assume that θ = 1.

Vector case. Further, we consider the following multidimensional vector con-
trol problem

(VCP) min
(x,u)




I (x, u) =
∫
Ω

f (t, x(t), u(t)) dv



subject to (x, u) ∈ D,

where

∫
Ω

f (t, x(t), u(t)) dv :=
*..
,

∫
Ω

f1 (t, x(t), u(t)) dv, . . . ,
∫
Ω

fp (t, x(t), u(t)) dv
+//
-

:=
(
I1(x, u), . . . , Ip(x, u)

)
.

Definition 5 A feasible solution (x0, u0) ∈ D in the multidimensional vector
control problem (VCP) is called geodesic efficient solution if there exists no
other feasible solution (x, u) ∈ D such that I (x, u) � I (x0, u0).
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Theorem 2 If (x0, u0) ∈ D is a geodesic efficient solution of the problem (VCP),
then there exist a vector θ = (θr ) ∈ Rp and the piecewise smooth functions
µ(t) = (µβ (t)) ∈ Rq, λ(t) = (λαi (t)) ∈ Rnm fulfilling the following conditions

θr ∂ fr

∂xi

(
t, x0(t), u0(t)

)
+ λαi (t)

∂X i
α

∂xi

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂xi

(
t, x0(t), u0(t)

)
+
∂λαi
∂tα

(t) = 0, i = 1, n ,

θr ∂ fr

∂u j

(
t, x0(t), u0(t)

)
+ λαi (t)

∂X i
α

∂u j

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂u j

(
t, x0(t), u0(t)

)
= 0, j = 1, k ,

µβ (t)Yβ
(
t, x0(t), u0(t)

)
= 0 (no summation),

(
θ, µ(t)

)
� 0,

for all t ∈ Ω, except at discontinuities.

Proof. Let (x0, u0) ∈ D be a geodesic efficient solution in (VCP). Consequently,
the inequality I (x, u) � I (x0, u0), ∀(x, u) ∈ D, is not true. Then there exists
r ∈ {1, 2, . . . p} and a neighborhood Nr in D of the point (x0, u0) such that
Ir (x, u) > Ir (x0, u0), ∀(x, u) ∈ D. Thus, (x0, u0) is a geodesic optimal solution to
the following multidimensional scalar control problem

(SCP)r min
(x,u)




Ir (x, u) =
∫
Ω

fr (t, x(t), u(t)) dv



subject to (x, u) ∈ D.

Applying Theorem 1, there exist multipliers θr , µr (t) and λr (t), with µr (t) =
(µβr (t)), λr (t) = (λαi,r (t)) piecewise smooth functions, satisfying the following
conditions (no summation over r)

θr
∂ fr

∂xi

(
t, x0(t), u0(t)

)
+ λαi,r (t)

∂X i
α

∂xi

(
t, x0(t), u0(t)

)
+ µ

β
r (t)

∂Yβ
∂xi

(
t, x0(t), u0(t)

)
+
∂λαi,r

∂tα
(t) = 0, i = 1, n ,

θr
∂ fr

∂u j

(
t, x0(t), u0(t)

)
+ λαi,r (t)

∂X i
α

∂u j

(
t, x0(t), u0(t)

)
+ µ

β
r (t)

∂Yβ
∂u j

(
t, x0(t), u0(t)

)
= 0, j = 1, k ,

µ
β
r (t)Yβ

(
t, x0(t), u0(t)

)
= 0 (no summation), r = 1, p;

(
θr, µr (t)

)
� 0,

for all t ∈ Ω, except at discontinuities.
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Making the following notations: S =
p∑

r=1
θr , with θr =

θr

S
when Ir (x, u) 

Ir (x0, u0), and θr = 0when Ir (x, u) < Ir (x0, u0), λαi (t) =
λαi,r (t)

S
, µβ (t) =

µ
β
r (t)
S

,
the proof is complete. 2

Definition 6 A feasible solution (x0, u0) ∈ D in (VCP) is said to be normal
geodesic efficient solution if the necessary efficiency conditions for (VCP), for-
mulated in Theorem 2, hold for θ � 0 and etθ = 1, where et = (1, . . . , 1) ∈ Rp.

Vector ratio case.Now, let us consider the multidimensional vector fractional
control problem

(V FCP) min
(x,u)




J (x, u) =

*.......
,

∫
Ω

f1 (t, x, u) dv

∫
Ω

g1 (t, x, u) dv
, . . . ,

∫
Ω

fp (t, x, u) dv

∫
Ω

gp (t, x, u) dv

+///////
-




subject to (x, u) ∈ D,

where it is assumed that
∫
Ω

gr (t, x, u)dv > 0, r = 1, p.

Definition 7 A feasible solution (x0, u0) ∈ D in (V FCP) is said to be geodesic
efficient solution if there is no other (x, u) ∈ D such that J (x, u) � J (x0, u0).

Let (x0, u0) ∈ D be a geodesic efficient solution of the control problem
(V FCP) and consider the following scalar fractional control problem

(SFCP)r min
(x,u)




Jr (x, u) =

∫
Ω

fr (t, x(t), u(t)) dv

∫
Ω

gr (t, x(t), u(t)) dv




subject to (x, u) ∈ D

and ∫
Ω

f j (t, x(t), u(t)) dv

∫
Ω

g j (t, x(t), u(t)) dv
¬

∫
Ω

f j
(
t, x0(t), u0(t)

)
dv

∫
Ω

g j
(
t, x0(t), u0(t)

)
dv
, j = 1, p, j , r .
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Denote

R0
r := min

(x,u)

∫
Ω

fr (t, x(t), u(t)) dv

∫
Ω

gr (t, x(t), u(t)) dv
=

∫
Ω

fr
(
t, x0(t), u0(t)

)
dv

∫
Ω

gr
(
t, x0(t), u0(t)

)
dv
, r ∈ {1, . . . , p}

and rewrite the control problem (SFCP)r as follows

min
(x,u)




Jr (x, u) =

∫
Ω

fr (t, x(t), u(t)) dv

∫
Ω

gr (t, x(t), u(t)) dv




[= R0
r ] subject to (x, u) ∈ D

and ∫
Ω

[
f j (t, x(t), u(t)) − R0

j g j (t, x(t), u(t))
]

dv ¬ 0, j = 1, p, j , r,

or, equivalently (Jagannathan [6]),

min
(x,u)

∫
Ω

[
fr (t, x(t), u(t)) − R0

r gr (t, x(t), u(t))
]

dv subject to (x, u) ∈ D

and ∫
Ω

[
f j (t, x(t), u(t)) − R0

j g j (t, x(t), u(t))
]

dv ¬ 0, j = 1, p, j , r .

Theorem 3 If (x0, u0) ∈ D is a geodesic efficient solution of the control problem
(V FCP), then there exist a scalar vector θ = (θr ) ∈ Rp and the piecewise smooth
functions µ(t) =

(
µβ (t)

)
∈ Rq, λ(t) = (λαi (t)) ∈ Rnm satisfying the following

conditions

θr
[
∂ fr

∂xi

(
t, x0(t), u0(t)

)
− R0

r
∂gr

∂xi

(
t, x0(t), u0(t)

)]
+ λαi (t)

∂X i
α

∂xi

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂xi

(
t, x0(t), u0(t)

)
+
∂λαi
∂tα

(t) = 0, i = 1, n
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θr
[
∂ fr

∂u j

(
t, x0(t), u0(t)

)
− R0

r
∂gr

∂u j

(
t, x0(t), u0(t)

)]
+ λαi (t)

∂X i
α

∂u j

(
t, x0(t), u0(t)

)
+ µβ (t)

∂Yβ
∂u j

(
t, x0(t), u0(t)

)
= 0, j = 1, k ,

µβ (t)Yβ
(
t, x0(t), u0(t)

)
= 0 (no summation),

(
θ, µ(t)

)
� 0,

for all t ∈ Ω, except at discontinuities.

Proof. Let (x0, u0) ∈ D be a geodesic efficient solution in (V FCP). Applying the
procedure used in Theorem 2, the point (x0, u0) ∈ D is a geodesic optimal solution
of the scalar control problem (SFCP)r , r ∈ {1, . . . , p}. The proof follows in the
samemanner as in Theorem 2 by considering fr (t, x(t), u(t))−R0

r gr (t, x(t), u(t))
instead of fr (t, x(t), u(t)), r = 1, p. 2

Definition 8 The feasible solution (x0, u0) ∈ D is a normal geodesic efficient so-
lution in (V FCP) if the necessary efficiency conditions for (V FCP), formulated
in Theorem 3, hold for θ � 0 and etθ = 1, where et = (1, . . . , 1) ∈ Rp.

3. Sufficient efficiency conditions in vector and vector ratio control problems
with multiple integral cost functionals

In this section, in accordance with the geometric objects defined in Section 1,
we introduce the new concepts of (ρ, b)-geodesic invexity and (ρ, b)-geodesic
quasiinvexity. Moreover, under (ρ, b)-geodesic quasiinvexity assumptions, we
formulate and prove sufficient efficiency conditions in (VCP) and (V FCP).

Let us consider ρ ∈ Rp, x ∈ X, u ∈ U and the following vector functional

H : X ×U → Rp, H (x, u) =
∫
Ω

h (t, x(t), xα (t), u(t)) dv,

where h : J1(T, M) ×U → Rp, h = (hr ), r = 1, p (see J1(T, M) as the first-order
jet bundle determined by T and M). Also, we consider the following functional
b : X × U × X × U → [0,∞) and the distance function d

(
(x, u), (x0, u0)

)
on X × U , defined as d

(
(x, u), (x0, u0)

)
:= sup

t∈Ω
dw

(
(x(t), u(t)), (x0(t), u0(t))

)
,

where dw

(
(x(t), u(t)), (x0(t), u0(t))

)
is geodesic distance in (M ×U,w).

Definition 9 Let (M ×U,w) be a complete Riemannian manifold and X × U an
open η-geodesic invex subset of X ×U .
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(i) If

η : M ×U × M ×U → Rn, η =
(
ηi

(
x(t), u(t), x0(t), u0(t)

))
, i = 1, n,

is of C1-class with η��∂Ω = 0, and

ξ : M ×U × M ×U → Rk, ξ =
(
ξ j

(
x(t), u(t), x0(t), u0(t)

))
, j = 1, k,

is of C0-class with ξ��∂Ω = 0, such that for any (x, u) ∈ X × U:

H (x, u) − H
(
x0, u0

)
 b

(
x, u, x0, u0

) ∫
Ω

[
hx

(
t, x0(t), x0

α (t), u0(t)
)
η

+ hxα

(
t, x0(t), x0

α (t), u0(t)
)

Dαη
]
dv

+ b
(
x, u, x0, u0

) 


∫
Ω

[
hu

(
t, x0(t), x0

α (t), u0(t)
)
ξ

]
dv+ρd2

(
(x, u), (x0, u0)

)

,

then H is called (ρ, b)-geodesic invex at
(
x0, u0

)
∈ X × U with respect to η

and ξ;

(i′) in the above inequality, with (x, u) ,
(
x0, u0

)
, if we replace  with >, we say

that H is strictly (ρ, b)-geodesic invex at
(
x0, u0

)
∈ X × U with respect to η

and ξ;

(i′′) in the above inequality, with (x, u) ,
(
x0, u0

)
, if we replace  with �, we say

that H is strongly (ρ, b)-geodesic invex at
(
x0, u0

)
∈ X × U with respect to η

and ξ;

(ii) If η : (M × U)2 → Rn, η = η
(
x(t), u(t), x0(t), u0(t)

)
is of C1-class with

η��∂Ω = 0, and ξ : (M × U)2 → Rk , ξ = ξ
(
x(t), u(t), x0(t), u0(t)

)
is of

C0-class with ξ��∂Ω = 0, such that for any (x, u) ∈ X × U:

H (x, u) ¬ H
(
x0, u0

)
=⇒ b

(
x, u, x0, u0

)∫
Ω

[
hx

(
t, x0(t), x0

α (t), u0(t)
)
η

+hxα

(
t, x0(t), x0

α (t), u0(t)
)
Dαη

]
dv+b

(
x, u, x0, u0

)∫
Ω

hu
(
t, x0(t), x0

α (t), u0(t)
)
ξdv

¬ −ρb
(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
,

then H is called (ρ, b)-geodesic quasiinvex at
(
x0, u0

)
∈ X × U with respect

to η and ξ;
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(ii′) if, in the same hypotheses, with (x, u) ,
(
x0, u0

)
, we have

H (x, u) ¬ H
(
x0, u0

)
=⇒ b

(
x, u, x0, u0

)∫
Ω

[
hx

(
t, x0(t), x0

α (t), u0(t)
)
η

+ hxα

(
t, x0(t), x0

α (t), u0(t)
)

Dαη
]
dv

+ b
(
x, u, x0, u0

)∫
Ω

hu
(
t, x0(t), x0

α (t), u0(t)
)
ξdv

< −ρb
(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
,

then H is called strictly (ρ, b)-geodesic quasiinvex at
(
x0, u0

)
∈ X × U with

respect to η and ξ;

(iii) If η : (M × U)2 → Rn, η = η
(
x(t), u(t), x0(t), u0(t)

)
is of C1-class with

η��∂Ω = 0, and ξ : (M × U)2 → Rk , ξ = ξ
(
x(t), u(t), x0(t), u0(t)

)
is of

C0-class with ξ��∂Ω = 0, such that for any (x, u) ∈ X × U:

H (x, u) = H
(
x0, u0

)
=⇒ b

(
x, u, x0, u0

)∫
Ω

[
hx

(
t, x0(t), x0

α (t), u0(t)
)
η

+ hxα

(
t, x0(t), x0

α (t), u0(t)
)

Dαη
]
dv

+ b
(
x, u, x0, u0

) ∫
Ω

hu
(
t, x0(t), x0

α (t), u0(t)
)
ξdv

= −ρb
(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
,

then H is called monotonic (ρ, b)-geodesic quasiinvex at
(
x0, u0

)
∈ X × U

with respect to η and ξ.

Remark 1 In Definition 9, the existence of the functions η (of C1-class with
η��∂Ω = 0) and ξ (of C0-class with ξ��∂Ω = 0) is ensured by the fact that X×U is an
open η-geodesic invex subset ofX×U (see Definitions 1–3). As well, Definition 9
emphasizes the η’s rupture in two parts (see Definition 3).

Examples.
1. The following functional

H (x, u) =
∫

[0,1]m

[x(t) + u(t)] ln [x(t) + u(t)] dv, (x, u) ∈ X × U
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is, as it can be verified, (ρ, 1)-geodesic quasiinvex at
(
x0, u0

)
∈ X × U, for ρ ¬ 0

and any distance function d, with respect to

η = ξ =



(
H (x, u) − H

(
x0, u0

)) [
1 + ln

(
x0(t) + u0(t)

)]
, t ∈ Int(Ω)

0, t ∈ ∂Ω,

where

X =
{
x : [0, 1]m → R+, x(·) of C0-class

}
,

U =
{
u : [0, 1]m → R+, u(·) of C0-class

}
.

2. In the same hypotheses as in Example 3, for a fixed α ∈ {1, 2, . . . ,m} and
x(·) of C1-class, the functional

H (x, u) =
∫

[0,1]m

[xα (t) + u(t)] ln [xα (t) + u(t)] dv, (x, u) ∈ X × U,

is (ρ, 1)-geodesic quasiinvex at
(
x0, u0

)
∈ X × U, for ρ ¬ 0 and any distance

function d, with respect to

η =



(
H

(
x0, u0

)
− H (x, u)

)
Dα

[
1 + ln

(
x0
α (t) + u0(t)

)]
, t ∈ Int(Ω),

0, t ∈ ∂Ω

and

ξ =



(
H (x, u) − H

(
x0, u0

)) [
1 + ln

(
x0
α (t) + u0(t)

)]
, t ∈ Int(Ω),

0, t ∈ ∂Ω.

Further, the aforementioned definition of (ρ, b)-geodesic quasiinvexity helps
us to formulate and prove the results included in this section.

The next result establishes sufficient conditions of efficiency in (VCP).

Theorem 4 Let (x0, u0) ∈ D be a feasible solution in (VCP), θ = (θr ) a vector
and µ(t) = (µβ (t)), λ(t) =

(
λαi (t)

)
two piecewise smooth functions, all satisfying

the conditions formulated in Theorem 2. Assume that:

a) each functional Fr (x, u) =
∫
Ω

fr (t, x(t), u(t)) dv, r ∈ {1, . . . , p}, is (ρ1
r, b)-

geodesic quasiinvex at (x0, u0) with respect to η and ξ;



700 S. TREANŢĂ, Ş. MITITELU

b) the functional X (x, u) =
∫
Ω

λαi (t)
[
X i
α (t, x(t), u(t)) −

∂xi

∂tα
(t)

]
dv is mono-

tonic (ρ2, b)-geodesic quasiinvex at (x0, u0) with respect to η and ξ;

c) the functional Y (x, u) =
∫
Ω

µβ (t)Yβ (t, x(t), u(t)) dv is (ρ3, b)-geodesic

quasiinvex at (x0, u0) with respect to η and ξ;

d) at least one of the functionals given in points a), c) is strictly (ρ, b)-geodesic
quasiinvex at (x0, u0) with respect to η and ξ, where ρ = ρ1

r or ρ3;

e) θr ρ1
r + ρ

2 + ρ3  0, ρ1
r , ρ2, ρ3 ∈ R.

Then the point (x0, u0) is a geodesic efficient solution in (VCP).

Proof. By reductio ad absurdum, suppose that (x0, u0) is not a geodesic efficient
solution in (VCP). For r = 1, p, define the following non-empty set

S =
{
(x, u) ∈ D�� Fr (x, u) ¬ Fr

(
x0, u0

)
,

X (x, u) = X
(
x0, u0

)
, Y (x, u) ¬ Y

(
x0, u0

)}
.

By using the hypothesis a), for (x, u) ∈ S and r = 1, p, it follows

Fr (x, u) ¬ Fr (x0, u0) =⇒

b
(
x, u, x0, u0

)∫
Ω

[
( fr )x

(
t, x0(t), u0(t)

)
η(t)+( fr )u

(
t, x0(t), u0(t)

)
ξ (t)

]
dv

¬ −ρ1
r b

(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
.

Multiplying by θr  0 the above inequality and making summation over r = 1, p,

we obtain [see (θr fr )x :=
∂(θr fr )
∂x

, (θr fr )u :=
∂(θr fr )
∂u

]

b
(
x, u, x0, u0

)∫
Ω

[
(θr fr )x

(
t, x0(t), u0(t)

)
η(t) + (θr fr )u

(
t, x0(t), u0(t)

)
ξ (t)

]
dv

¬ −(θr ρ1
r )b

(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
. (4)
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For (x, u) ∈ S, the equality X (x, u) = X (x0, u0) holds and, according to b),
we get

b
(
x, u, x0, u0

)∫
Ω

[
λαi (t)(X i

α)x
(
t, x0(t), u0(t)

)
η(t) − λα (t)Dαη(t)

]
dv

+ b
(
x, u, x0, u0

)∫
Ω

λαi (t)(X i
α)u

(
t, x0(t), u0(t)

)
ξ (t)dv

= −ρ2b
(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
. (5)

As well, the inequality Y (x, u) ¬ Y (x0, u0), (x, u) ∈ S, gives (see c))

b
(
x, u, x0, u0

)∫
Ω

[
µβ (t)(Yβ)x

(
t, x0(t), u0(t)

)
η(t)

+ µβ (t)(Yβ)u
(
t, x0(t), u0(t)

)
ξ (t)

]
dv

¬ −ρ3b
(
x, u, x0, u0

)
d2

(
(x, u), (x0, u0)

)
. (6)

Making the sum (4) + (5) + (6), side by side, of the previous relations and
taking into account the assumption d) (implying b

(
x, u, x0, u0

)
> 0), we have∫

Ω

η(t)
[
(θr fr )x

(
t, x0(t), u0(t)

)
+ λαi (t)(X i

α)x
(
t, x0(t), u0(t)

)]
dv

+

∫
Ω

[
µβ (t)(Yβ)x

(
t, x0(t), u0(t)

)
η(t) − λα (t)Dαη(t)

]
dv

+

∫
Ω

ξ (t)
[
(θr fr )u

(
t, x0(t), u0(t)

)
+ λαi (t)(X i

α)u
(
t, x0(t), u0(t)

)]
dv

+

∫
Ω

µβ (t)(Yβ)u
(
t, x0(t), u0(t)

)
ξ (t)dv < −

(
θr ρ1

r+ρ
2+ρ3

)
d2

(
(x, u), (x0, u0)

)
.

Taking into account the necessary optimality conditions formulated in Theo-
rem 2, it follows

−

∫
Ω

η(t)(λα (t))t dv −
∫
Ω

[
λα (t)Dαη(t)

]
dv + 0

< −(θr ρ1
r + ρ

2 + ρ3)d2
(
(x, u), (x0, u0)

)
.
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By direct computation, we find∫
Ω

η(t)Dαλ
α (t)dv =

∫
Ω

Dα
[
η(t)λα (t)

]
dv −

∫
Ω

[
λα (t)Dαη(t)

]
dv,

but, applying the condition η(t) |∂Ω = 0 and the flow-divergence formula, we get∫
Ω

Dα
[
η(t)λα (t)

]
dv =

∫
∂Ω

[
η(t)λα (t)

]
~ndσ = 0,

where ~n = (nα), α = 1,m, is the normal unit vector to the hypersurface

∂Ω. It follows that
∫
Ω

η(t)Dαλ
α (t)dv = −

∫
Ω

[
λα (t)Dαη(t)

]
dv and fur-

ther −
∫
Ω

η(t)(λα (t))t dv −
∫
Ω

[
λα (t)Dαη(t)

]
dv = 0. As a result, we obtain

0 < −(θr ρ1
r + ρ

2 + ρ3)d2
(
(x, u), (x0, u0)

)
and applying the hypothesis e) and

d
(
(x, u), (x0, u0)

)
 0, we get a contradiction. Thus, the point (x0, u0) is a

geodesic efficient solution in (VCP) and the proof is now complete. 2

Now, taking into account the aforementioned theorem, the next result is obvi-
ous.

Corollary 1 Let (x0, u0) ∈ D be a feasible solution in (VCP), θ = (θr ) a scalar
vector and µ(t) = (µβ (t)), λ(t) = (λαi (t)) two piecewise smooth functions, all
satisfying the conditions formulated in Theorem 2. Also, assume that:

a) each functional Fr (x, u) =
∫
Ω

fr (t, x(t), u(t)) dv, r ∈ {1, . . . , p}, is (ρ1
r, b)-

geodesic quasiinvex at (x0, u0) with respect to η and ξ;

b′) the functional

X (x, u) =
∫
Ω

[
λαi (t)

(
X i
α (t, x(t), u(t))−

∂xi

∂tα
(t)

)
+ µβ (t)Yβ (t, x(t), u(t))

]
dv

is (ρ2, b)-geodesic quasiinvex at (x0, u0) with respect to η and ξ;

d′) at least one of the functionals given in a), b′) is strictly (ρ, b)-geodesic
quasiinvex at (x0, u0) with respect to η and ξ, where ρ = ρ1

r or ρ
2;
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e′) θr ρ1
r + ρ

2  0 (ρ1
r, ρ

2
∈ R).

Then the point (x0, u0) is a geodesic efficient solution in (VCP).

In the following, we shall set sufficient conditions of efficiency in the multi-
dimensional multiobjective fractional control problem (V FCP).

Theorem 5 Let (x0, u0) ∈ D be a feasible solution in (V FCP), θ = (θr ) a scalar
vector and µ(t) = (µβ (t)), λ(t) = (λαi (t)) two piecewise smooth functions, all
satisfying the conditions formulated in Theorem 3. Also, assume that:

a) each functional Fr (x, u) − R0
r Gr (x, u), r ∈ {1, . . . , p}, is (ρ1

r, b)-geodesic
quasiinvex at (x0, u0) with respect to η and ξ;

b) the functional X (x, u) =
∫
Ω

λαi (t)
[
X i
α (t, x(t), u(t)) −

∂xi

∂tα
(t)

]
dv is mono-

tonic (ρ2, b)-geodesic quasiinvex at (x0, u0) with respect to η and ξ;

c) the functional Y (x, u) =
∫
Ω

µβ (t)Yβ (t, x(t), u(t)) dv is (ρ3, b)-geodesic

quasiinvex at (x0, u0) with respect to η and ξ;

d) at least one of the functionals given in a), c) is strictly (ρ, b)-geodesic quasi-
invex at (x0, u0) with respect to η and ξ, where ρ = ρ1

r or ρ3;

e) θr ρ1
r + ρ

2 + ρ3  0 (ρ1
r, ρ

2, ρ3 ∈ R).

Then the point (x0, u0) is a geodesic efficient solution in (V FCP).

Proof. The proof is similar to that of Theorem 4 by considering the functions
fr (t, x(t), u(t))−R0

r gr (t, x(t), u(t)), r=1, p instead of fr (t, x(t), u(t)), r=1, p.2

Further, in accordance to the previous theorem, the next result is obvious.

Corollary 2 Let (x0, u0) ∈ D be a feasible solution in (V FCP), θ = (θr ) a scalar
vector and µ(t) = (µβ (t)), λ(t) = (λαi (t)) two piecewise smooth functions, all
satisfying the conditions formulated in Theorem 3. Also, assume that:

a) each functional Fr (x, u) − R0
r Gr (x, u), r ∈ {1, . . . , p}, is (ρ1

r, b)-geodesic
quasiinvex at (x0, u0) with respect to η and ξ;
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b′) the functional

X (x, u) =
∫
Ω

[
λαi (t)

(
X i
α (t, x(t), u(t)) −

∂xi

∂tα
(t)

)
+µβ (t)Yβ (t, x(t), u(t))

]
dv

is (ρ2, b)-geodesic quasiinvex at (x0, u0) with respect to η and ξ;

d′) at least one of the functionals given in a), b′) is strictly (ρ, b)-geodesic
quasiinvex at (x0, u0) with respect to η and ξ, where ρ = ρ1

r or ρ
2;

e′) θr ρ1
r + ρ

2  0 (ρ1
r, ρ

2
∈ R).

Then the point (x0, u0) is a geodesic efficient solution in (V FCP).

4. Conclusion

In this paper, we have considered a multiobjective variational control problem
of minimizing a vector of multiple integral cost functionals quotients subject to
mixed constraints involving m-flow type PDEs. Using the new notions of geodesic
efficient solution and normal geodesic efficient solution, we have formulated and
proved necessary efficiency conditions for (VCP) and (V FCP). As well, using
our original concept of (ρ, b)-geodesic quasiinvexity, sufficient conditions of
efficiency for a feasible solution in (VCP) and (V FCP) have been derived.
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