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1. INTRODUCTION
The aim of the work on modelling the dynamics of motion is
primarily to develop computational models supporting the pro-
cesses of designing and building working machines, including
mobile robots, in order to improve their efficiency and reliabil-
ity. Many models describing the motion of vehicles and mo-
bile robots using the description of the dynamics of objects
of varying complexity can be found in literature, which has
been described, among others, in the works [1, 2]. In certain
situations, e.g., real-time control, models with a high degree
of complexity are useless due to the computation time. There-
fore, simplified models are sought that can sufficiently reflect
the properties of real objects and be useful in such situations.
The description of the platform motion proposed in the work
is a proposal of such a model. Mobile platforms are used in
many aspects of life. Initial research on the phenomena de-
scribed in the paper concerned kinematics. It was also described
in [3]. However, the equations of dynamics have not been con-
sidered in this work. The authors of [4] have described a dy-
namic model with consideration of a floating base with unsta-
ble wheel-ground contacts. In the work [5] a control solution
for the waypoint tracking problem for a vehicle with a dif-
ferential drive has been presented. Kinematic control justified
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for motion control in a limited speed range, when the refer-
ence motion is properly designed, has also been proposed. The
design of a three-wheeled mobile robot mechanism with a de-
scription of the kinematics model and motion control with a
collision-free human tracking algorithm have been described
in [6]. The tracking control problem and solutions for the three
wheeled robot have been proposed in [7], as well for the two
wheeled mobile robots in formations in [8]. When designing
wheeled mobile robots, it is difficult to properly describe and
solve the problems of kinematics and dynamics of motion. In
the case of omni-directional robots, they result from nonholo-
nomic system uncertainties and possible external disturbances.
Solutions to such problems have been proposed by the authors
of the work [9]. Based on the differential equations of mo-
tion, the motion parameters can be determined using numeri-
cal integration methods, as described, for example, in [9, 10]
or in [11], where the Runge-Kutta method of the fourth order
has been used. In the description of the motion of mobile plat-
forms, kinematic models of the motion of such objects have
been often used in the control process. However, in slip con-
ditions, they lose their application because the conditions of
kinematic constraints resulting from the design features of the
described object have not met. Therefore, there is a need to
search for computational models based on the description of
the dynamics of the object’s motion with a description of ad-
ditional phenomena, including the description of the relation-
ship of active and passive forces in the contact zones of the
platform wheels with the ground under slip conditions. In this
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paper a computational model built in order to simulate the plat-
form motion has been proposed with the use of a simplified
model of platform dynamics and a computational algorithm en-
abling the tracking of active and passive force relations during
wheel slip during the simulation of motion. On the basis of the
proposed computational model, it is possible to determine the
platform movement parameters, also in the conditions of wheel
slip. Models of dynamics of motion, as well as examples of
motion simulations made on their basis, have been described in
the works [12–14]. The platform motion models presented in
these works have been supplemented in this paper with the re-
sults of experimental studies, which allowed to verify the cor-
rectness of the description of the mobile platform movement
parameters on the basis of the applied dynamic models. Exper-
imental and simulation tests have been carried out in relation to
the LEO Rover four-wheeled mobile robot, for which a com-
putational model has been developed based on the methodol-
ogy described in the above-mentioned works. The Runge-Kutta
method of the fourth order has been used to integrate the equa-
tions of motion. The research on the skid of wheeled mobile
robots has been initially carried out by assuming pure rolling
of the wheel, which consequently indicated that the longitudi-
nal or lateral skid in the contact of the wheel with the ground
does not occur, i.e., it is equal to zero [15, 16]. Indeed, this has
little effect if the subject moves over a smooth, flat surface at
low velocity values. In this study, the possibility of a slip occur-
rence has been demonstrated even at low speeds of the mobile
robot’s motion. On the basis of the motion dynamics model pre-
sented in the work, simulations of motion have been carried out
in order to obtain the system response to the given forcings.
The proposed model of motion dynamics has been verified by
examining the real motion of the robot. The obtained motion
parameters in the form of displacements, velocities and accel-
erations have been compared with the results of experimental
tests, and the results of this comparison have been included in
the paper. The experimental and simulation tests heve been car-
ried out on the LEO Rover robot. The sufficient compatiblity
has been demonstrated of the simulation results obtained on
the basis of the adopted model with the results of experimen-
tal tests of motion parameters obtained for the selected type of
mobile robot.

2. MODEL OF DYNAMICS OF MOTION OF A FOUR-WHEEL
MOBILE PLATFORM

The dynamics of motion model has been built on the basis of
the four-wheeled mobile platform design and has been shown
in Fig. 1. The platform’s motion model has been built on the
basis of the description of the rigid body motion and the mo-
tion is realized on a flat surface. The motion of the platform
has been described in the OXYZ reference frame with the be-
ginning at point O. The movable Cxyz coordinate system asso-
ciated with the platform with the beginning at point C, which
is the center of mass of the object, has also been adopted for
the description. The relative motion of the system elements de-
scribed in the space of the Oixiyizi (movable systems related
to the wheels of the platform) in the Cxyz system is transla-

Fig. 1. Model of a four-wheeled mobile platform

tional motion, which results from adopting the directions of the
respective axis directions as parallel. Plane motion is a combi-
nation of the translational motion of the center of mass and the
rotational motion around the center of mass. The coordinates of
the position of the center of mass C have been defined by the
vector r(t) with coordinates X(t) and Y (t) as well as the plane
rotation angle β (t). In order to determine absolute motion in a
fixed frame of reference, one should define the relative motion
of all Oi modules in the Cxyz moving system, and then describe
the motion of the moving system in inertial system OXYZ. The
e1, e2, e3 are related to the OXYZ stationary system, while i, j,
k are related to the Cxyz and Oixiyizi movable systems.

Considering the motion of the system as a rigid body, atten-
tion should be paid to the motion of individual wheels of the
platform. The dynamics research focuses on the analysis of ac-
tive and passive forces applied to the platform wheels during
movement, also with their different orientation in relation to
the platform frame. The parameters of the wheel motion result
from the set course of the drive torque values and the conditions
of the contact wheel with the ground. In the research it has been
assumed that the mass of the platform does not change during
the motion. The equation of the progressive motion of the four-
wheeled mobile platform can be written in the form:

ma =
5

∑
i=1

Wi , (1)

where: m – total mass of the mobile platform, a – acceleration
vector of the platform’s center of mass, Wi (for i = 1,2,3,4)
– the resultant vector of forces occurring at the i-th wheel and
W5 = G, G – weight of the platform.

Under the influence of the set active forces and the passive
forces occurring during the movement, the parameters of the
movement have been determined. The rotation of the rigid body
representing the platform has been described as rotation around
the point where the center of mass of the system is located.
The equation of motion around the center of mass results from
the principle that the derivative of the torsion with respect to
time is equal to the geometric sum of the moments of the forces
external to the center of mass, according to the formula:

dK
dt

=
5

∑
i=1

si ×Wi +
4

∑
i=1

Mi , (2)
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where: K – angular momentum vector, si – position vectors of
resultant forces, Mi – moment from external forces.

The position vector r defines the position of the point C in the
stationary system, where the center of mass of the system lies
and where the origin of the moving system was. The resultant
forces have been determined according to the formula:

Wi = Fci +Foi +Twi +Tpi +Ni , (3)

where: Fci – active forces, Foi – motion resistance forces, Twi –
longitudinal friction forces, Tpi – transverse friction forces, Ni
– reaction deriving from the wheel load on the ground.

The forces occurring during motion in a single drive unit
have been shown in Fig. 2. Gravity forces act on the mobile
platform, reduced to the resultant value of the force G di-
rected in the direction of the Z axis with the opposite sense,
and the ground reaction represented by the forces Ni directed
against the force of gravity. The platform remains at rest until
the applied active forces reach the values exceeding the fric-
tion forces, which has been taken into account in the developed
algorithm for numerical calculations of the system motion pa-
rameters. The drive torque has been selected in such a way as
to meet the technical constraints resulting from the structure of
the platform, which provides for the use of a brushless electric
motor with a planetary gear [17].

Fig. 2. Forces in the frame of reference during motion

The active forces have been determined from the depen-
dence:

Fci =




Mni

rk
for

Mni

rk
< Ti ,

Ti for
Mni

rk
≥ Ti ,

, (4)

where: Mni – drive torque, Ti – friction forces, rk – wheel ra-
dius.

The friction forces begin to increase to the value of the de-
veloped friction forces from the moment when an active force
is applied, which tends to induce a particular movement. The
platform motion simulation results have been obtained taking
into account the variable values of the active forces caused by

the drive torque and changes in the position of the wheels dur-
ing the platform motion, as well as the restistant forces oppos-
ing the active forces at the contact points of the wheels with
the ground. If, during platform motion, values of friction forces
have not been exceeded by the value of the quotient of the drive
torque and the wheel radius, then the platform will move in a
steady motion without skidding. However, if the value of the
active force exceeds the value of developed friction, then wheel
slip will occur. Forces of longitudinal and transverse friction
have been determined from the relationship:

Twi =−µwNisign(vwi)i,

Tpi =−µpNisign(vpi)j,
(5)

where: µw and µp – friction coefficient in longitudinal and the
transverse directions, vwi and vpi – linear velocities in longitu-
dinal and the transverse directions.

Forces of resistance of motion Foi represents forces deriving
from the friction and from other factors occurring during plat-
form motion, including air resistance, friction in motor bear-
ings, etc.

Motion resistance forces have been determined as follows:

Foi =− f Ni sign(vwi)i , (6)

where: f – motion resistance coefficient.
The solution to the problem of dynamics of motion of plat-

form has been obtained using numerical calculation methods.
The initial problem concerning the second-order ordinary dif-
ferential equations has been solved using the Runge-Kutta
fourth-order procedure. Finally, velocity vectors and a vector
as a function of time have been determined, which made possi-
ble to determine the trajectory along which the platform moves
and other parameters of the system motion. In the case of con-
sidering the motion of a plane platform, the previously formu-
lated vector equations of motion can be replaced by equivalent
systems of differential scalar equations, formulated in relation
to the global coordinate system. If moments Mi from external
forces have been omitted, scalar equations of motion of the cen-
ter of mass C can be written. The equation of motion in the
direction of the X and Y axes has been determined:

Ẍ =
1
m

4

∑
i=1

WXi , (7)

Ÿ =
1
m

4

∑
i=1

WYi , (8)

where: m – total mass of the platform, WXi – resultant force on
the X axis in the global reference frame, WYi – resultant force
on the Y axis in the global reference frame.

The equation of motion around the center of mass C about
the Z axis is given by the formula:

β̈ =
1
IZ

4

∑
i=1

sXiWYi − sYiWXi , (9)
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where: IZ – mass moment of inertia of the platform, WXi – re-
sultant force on the X axis in the global reference frame, WYi –
resultant force on the Y axis in the global reference frame, sXi –
vector of position of resultant forces on the X axis of the global
coordinate system, sYi – vector of position of resultant forces on
the Y axis of the global coordinate system.

The model uses the ability to control the drive and position
of each drive wheel during movement, and the dynamic inter-
action of the drive wheels with the ground is described. The
algorithm includes the computational process by which the pa-
rameters of the mobile platform are determined. The platform is
subjected to the force of gravity G and the ground reaction ∑Ni
directed against the force of gravity. The difficulty in this proce-
dure was to constantly track and determine, in each step of the
integration, the current values of the active forces and friction
forces, the relations of which affect the platform’s behaviour.
Tracking also requires establishing the relationship between the
values of the active forces Fci and the friction forces Ti at each
time step. The active forces depend on the driving moments or
their source is the kinetic energy accumulated in the system in
the previous phase of the platform movement. On the basis of
the adopted dynamics model and the initial data adopted in the
work, a computational program in the Matlab environment has
been built, using the proposed algorithm and own procedure for
solving the initial problem using the Runge-Kutta method of
the fourth order.

3. EXPERIMENTAL STUDIES WITH LEO ROVER
The results of experimental research, of which the main purpose
was to verify and validate the adopted computational models
for the dynamics of motion of wheeled mobile platforms [1],
has been described in this part of the work. The results of the
robots motion parameters have been gained on the basis of the
input recording of the given configuration of the robot’s wheel
drive impulses and the recording of the real robot motion under
the influence of these input forcings, while the motion recording
covered a selected point of the robot body.

On the basis of these results, the effective values of the driv-
ing moments have been estimated, and the parameters of the
robot’s motion determined on the basis of the proposed compu-
tational model have been compared with the results read from
the real robot’s passage. Such a juxtaposition allowed to assess
the compliance of the computer simulation results, determined
with the use of a computational program based on the proposed
in the paper motion dynamics model, with the results obtained
from the recording of the real robot motion.

The experimental research has been carried out with the use
of the LEO Rover robot (Fig. 3), which is designed to explore a
variety of terrain.

The overall dimensions of the robot are as follows: length
414 mm×width 438 mm, and the robot with full accessories
weighs 8 kg. A robot without full accessories (without a manip-
ulator) has been used for the experimental tests, so the weight
of the robot were 61 N.

The limitations resulting from the construction of the LEO
Rover, i.e., low speeds or limitations of the camera range, re-

Fig. 3. LEO Rover model [18]

sulting in achieving short travel routes and also achieving a
linear velocity of up to 0.4 m/s while driving along a straight
trajectory. The position of the robot’s wheels is fixed in relation
to the body, hence the turning of the robot is possible only by
changing the velocity on individual wheels.

The test runs have been recorded and the test drives have
been read using the tracker program (Fig. 4), where after the
initial calibration of the robot’s dimensions and the adoption of
the tracking point, the motion parameters have been saved. The
selected point of the robot body is the point indicated by the
green arrow in Fig. 4.

Fig. 4. A frame from a recording of a real robot’s motion from the
tracker software

The designations of the wheels, shown in Fig. 4, result from
their position in relation to the direction of movement and the
X axis, these are: FR – front left, FR – front right, RL – rear
left, RR – rear right.

4. RESULTS OF EXPERIMENTAL RESEARCH
The tests consisted in registering the values of the forcings ap-
plied during subsequent attempts of the drive, each time the
maximum values of the velocity, and then comparing them with
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the values read from the recorded drive. In the next step, the ob-
tained results have been compared with the motion simulation
values. The values of the motion parameters for the rectilinear
trajectory of motion have been obtained.

4.1. The results of the analysis of the forcings values
with the real movement of the robot

The courses of the distances values have been determined on the
basis of two data sets, i.e., one course based on the recording of
the forced motion of the robot’s wheels, and the other based on
the recording of the real movement of the selected robot point,
under the influence of the forcings imposed on the road wheels,
have been shown in Fig. 5.

Fig. 5. The path of the LEO Rover robot in relation to the values
of the set pulses of the wheel drives

In the first part of the movement, the recorded values of
the displacement during the real robot’s motion (determined
on the basis of tracking the selected robot’s point) are lower
than those determined on the basis of the given wheel motion
forces, which means that there is a slip between the wheel and
the ground, because the wheels rotate faster than this is evi-
denced by the real trajectory of the robot.

In the last part of the movement, i.e., in the stage when the
robot begins to brake, the behaviour changes, and the value of
the distance travelled, recorded as the movement of the selected
robot point, is higher than that determined on the basis of the
record of the forces acting on the road wheels. This type of slip-
page is characteristic of vehicles in the braking phase, because
as a result of stopping the wheels, they are no longer driven
and the displacement progresses. Even at low velocity, the phe-
nomenon of slippage can be observed.

On the basis of the obtained results, the course of the velocity
has been compared (Figs. 6–8), paying particular attention to
the places of velocity increase and decrease, i.e. the first and
last phase of the movement, where the greatest discrepancies in
the analysed values have been observed.

The velocities presented in Figs. 7, 8 represents the values
obtained from the record of the angles of rotation of individual
road wheels. The comparison of the velocity from the input of
all drive wheels and the velocity from real motion of the ob-
served robot point has been shown in Fig. 6.

The trajectory of the robot’s motion along a rectilinear path
has been shown in Fig. 9.

The next step of the research was to compare the results of
the real robot’s motion with the results of the motion simulation
obtained on the basis of the proposed computational model of
the robot’s motion dynamics. The calculations have been made
using the Matlab program.

Fig. 6. The course of the velocity from the given impulses of the drive
torques of the wheels during the entire movement with reference to the

real motion

Fig. 7. The velocity course of the set pulses of the drive torques
of the wheels in the first phase of the movement

Fig. 8. The velocity course of the set pulses of the drive torques
of the wheels in the last phase of the movement

Fig. 9. Movement trajectory with the track of road wheels and
a selected point of the robot’s body in real motion
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4.2. The results of the analysis of the real movement
of the robot with simulation tests

The parameters listed in Table 1 have been adopted for the anal-
ysis.

Table 1
Initial values in experimental analysis

Initial conditions Symbol Value

Radius of the drive wheel [m] rk 0.064

Robot weight [N] G 61

Effective drive torque [Nm] Mne 0.133

Friction coefficient in longitudinal direction µw 0.7

Friction coefficient in transverse direction µp 0.7

Initial position of robot’s center of mass [m] X, Y [0; 0]

Total operating time [s] tc 9.141

The determined course of the effective drive torque, which
has been adopted for the simulation tests, has been shown in
Fig. 10. Effective drive torque should be understood as the ex-
cess of drive torque over the moment of resistance to motion.

The results of the velocity values determined experimentally
and as a result of the numerical simulation have been shown in
Fig. 11.

The comparison of the path determined experimentally and
as a result of numerical simulation is shown in Fig. 12.

Based on the research, it has been shown that the relative
difference in velocity in the time determined in the comparative
analysis of the experimental method and numerical simulation
in Matlab is < 1%.

Fig. 10. Effective drive torque

Fig. 11. Motion parameters in the form of velocities obtained
as a result of experimental tests and numerical simulation

Fig. 12. Motion parameters in the form of a distance obtained
as a result of experimental tests and numerical simulation

5. CONCLUSIONS

On the basis of the conducted experimental studies, the differ-
ences in the course of the displacements and the velocity ob-
tained during the same runs have been indicated, which proves
the existence of the phenomenon of slippage. The differences
in the values of displacements, the courses of which have the
same character along a rectilinear path, amount to 6.58%, and
the velocity – less than 1%. On the basis of the initial data and
the course of the robot’s motion during the experimental tests,
the parameters of the robot’s motion in the form of robot dis-
placements and velocities obtained on the basis of the compu-
tational model of the robot’s dynamics as a result of computer
simulation, have been determined. Compatibility has also been
demonstrated for this method. As part of the verification of the
robot’s motion dynamics model, a comparison has been made
of the nature and value of the waveforms of the motion pa-
rameters obtained by experimental means and simulation tests,
showing the expected consistency of the results, both in the
qualitative and quantitative sense. The proposed computational
model can be useful in various situations, e.g., real-time con-
trol, where models with a high degree of complexity are useless
due to the computation time. The simulation results obtained
on the basis of the proposed model are sufficiently compati-
ble with the results of experimental tests of motion parameters
obtained for the selected type of mobile robot. The proposed
dynamic model have been formulated in such a way that they
can be modified and supplemented in order to carry out research
on platform motion also in other conditions of non-flat ground,
where during such tests it is necessary to consider the models
of wheel-ground interaction, taking into account the ground to-
pography.
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