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Abstract. Coagulation is a process during which a flocculent suspension may sediment. It is characterized by its polydisperse structure. There 
are three main fractions of sedimentation particles after coagulation: spherical, non-spherical and porous agglomerates. Each of the fractions 
sediments in a different manner, for different forces act on them, due to interactions between the particles, inhibition or entrainment of neigh-
boring particles. The existing sedimentation models of polydisperse suspension do not consider the flocculation process, i.e. the change of one 
particle into another during sedimentation, resulting from their agglomeration. The presented model considers the shape of particles and floccu-
lation, which is a new approach to the description of the mathematical process of sedimentation. The velocity of sedimentation depends on the 
concentration of particles of a given fraction in a specific time step. Following the time step, the heights of individual fractions are calculated. 
Subsequently, new concentration values of individual fractions are determined for the correspondingly reduced volume of occurrence of a given 
fraction in the volume analyzed, taking particle flocculation into consideration. The new concentration values obtained in this way allow to 
recalculate the total sedimentation rates for the next time step. Subsequent iterations allow for numerical simulation of the sedimentation process.
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1. INTRODUCTION

Coagulation is widely used in the conditioning of potable and
industrial water, in wastewater treatment and in the treatment of
leachate from landfills. Coagulation is a chemical method used
for water and wastewater treatment [1–4]. It is an important pro-
cess for the conditioning of water in conventional water and
wastewater treatment plants. During the process, colloidal par-
ticles causing turbidity and producing color are removed from
the water, together with non-sedimentation suspensions and or-
ganic contaminants, including the precursors of by-products of
chemical disinfection and oxidation, as well as many micro-
contaminants. Colloidal solutions form molecules and ions with
a diameter of 1–100 nm, forming a micro-homogeneous sys-
tem referred to as a colloidal or dispersive system. The coag-
ulation process involves the addition of coagulant to the puri-
fied suspension/water, which reduces the degree of dispersion
of the colloidal system [5, 6]. The addition of coagulant causes
small particles to form larger clusters – agglomerates – which
are then removed from the water through sedimentation, flota-
tion and filtration. Coagulation particles have different shapes,
sizes and porous structures [7–9]. Depending on the type of the
treated medium, flocs may be formed which sediment at dif-
ferent velocities, and their mass and shape change as they sed-
iment. Such a suspension has a polydisperse structure, which
is why a mathematical approach to the problem of sedimenta-
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tion of these suspensions is not easy. Sedimentation is an ex-
tensively applied process, which has not been sufficiently de-
scribed mathematically yet. This results from the complexity of
this phenomenon, which consists, among others, of the interac-
tion between particles and between particles and walls of the
vessel, the shape, dimension, density and concentration of sedi-
mentation particles, density, temperature, velocity and direction
of flow [10–13]. This paper presents a numerical iterative model
of the sedimentation of particles of a coagulation suspension for
3 groups of particles: spherical, non-spherical and porous ag-
glomerates. Mutual interactions between particles and changes
in concentration of particular groups of particles during their
descent are assumed.

2. RESEARCH PROBLEM
During sedimentation, particles interact with each other, which
disturbs their movement. For the mathematical description of
this phenomenon, it is not possible to apply equations for the
free fall of bodies. The most important parameter for the sed-
imentation process is the parameter of particle sedimentation
velocity. Concentration of particles [14–17] has a large influ-
ence on sedimentation velocity. The process of sedimentation
is very complex and most often, in order to determine the rate
of sedimentation for a real suspension, it is necessary to conduct
experimental studies. Figure 1 presents a polydisperse coagula-
tion suspension. The diverse shape of individual particles influ-
ences the way they fall down. Spherical particles have a com-
pact structure, so their sedimentation follows a straight track
with a slight zigzag motion. The movement is sometimes dis-
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Fig. 1. Microscopic image of a polydisperse coagulation suspension

turbed by particles of larger dimensions, moving in their vicin-
ity. Sedimentation of non-spherical particles involves a rotary
motion around their own axis and moving along a spiral track.
Spherical and non-spherical particles may merge into larger ag-
glomerates over time. Agglomerates have macropores through
which the liquid can flow during their movement, which resem-
bles flowing through a porous deposit. For this type of particles,
the rotary motion around their axis disappears and they fall in a
straight-line motion.

3. SEDIMENTATION PROCESS MODELING
The process of polydisperse mixture sedimentation is relatively
complicated. There are few models in the literature describing
such processes [18, 19]. One way is to describe the polydis-
perse mixture with the use of models for monodisperse sedi-
mentation, introducing average values of particles concentra-
tion and density [14, 15, 20]. Such an approach only applies to
suspensions, in which the particles do not differ significantly
from each other both in shape and density.

One of the most popular models is the Richardson and Zaki
model [21]. They proposed to determine the velocity of sedi-
mentation on the basis of known values of sedimentation veloc-
ity for a single particle. As the liquid near the particles starts to
circulate when more particles are in motion, some of the liquid
moves upwards as the particles move downwards. This causes
the sedimentation velocity of a group of particles to decrease
beyond the value of the free-fall velocity of a single solid par-
ticle. The Richardson and Zaki model was later modified by
other researchers [22–26].

In their studies on polydisperse colloidal suspension, Bies-
heuvel [27] et al. considered that there was a layer of sediment
and a clear supernatant. The Patwardhan and Tien [28] model
for describing particle velocities in polydisperse systems ap-
plied closed continuous equations [27]. These equations can be
derived from macroscopic momentum balances (Syamlal and
O’Brien [29]) and show that the driving force of sedimentation
is the difference in density of a given ρ particle with the en-

tire density ρs of the suspension at this location. Expressions
about particle velocity include empirical hindrance functions
for polydisperse systems based on those obtained in 1954 by
Richardson and Zaki for monodisperse systems.

When modeling the sedimentation of polydisperse suspen-
sions, particle size distribution and density distribution should
be taken into account. Accordingly, the number of parameters
describing the sedimentation process is bound to increase. It is
possible that, instead of falling, small particles of low density
will be carried up along with the movement of the liquid, which
is caused by the sedimentation of particles of larger dimensions
and densities.

The method of calculating the sedimentation velocity for a
suspension, consisting of two fractions of different dimensions
and different densities, based on a cellular model, requires the
introduction of the concept of effective concentration. Namely,
the concentration of solids in a k j cell of de j in diameter. This
model assumes that the particle inside the cell moves at ve-
locity v j while the liquid in this cell has the velocity of vc j.
Smith [30] developed a formula for calculating the velocity dif-
ference between a moving particle and the surrounding liquid.
The formula proposed by Smith was modified many times by
other researchers [31, 32].

Richardson and Shabi observed that four zones are formed
for spherical suspensions of two dimensions and equal density:
a clean liquid zone, a smaller particle suspension zone, a larger
particle suspension zone and a sediment zone. On this basis,
they proposed a zone model [33, 34], in which the velocity of
movement of borders between zones is considered. The idea of
the model is presented in Fig. 2. The velocity of sedimentation
of the particles in individual zones is calculated in the same
manner as for a monodisperse suspension.

Fig. 2. Model course of the process of sedimentation of a polydisperse
mixture; source: own study

The most difficult task is to model the sedimentation process
for particles of different sizes and densities [35]. A model for
such a process was presented by Zimmels [36]. The author ig-
nores the influence of collisions of particles and assumes that
the disturbance of the motion of particles depends on the to-
tal volumetric share. He further assumes that the distribution of
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concentration of particles is uniform throughout the suspension.
This model is presented both for a suspension of N of different
fractions of the same density and for a suspension of N of dif-
ferent fractions, and m of different densities.

4. OWN SEDIMENTATION PROCESS MODEL
OF THE COAGULATION SUSPENSION

The models of sedimentation of polydisperse mixtures de-
scribed so far do not allow for the interaction of individual
fractions. The sedimentation velocity of a selected fraction is
strongly influenced by the concentration value of the remaining
fractions. Therefore, a model was proposed that acknowledges
the mutual influence of fraction concentration on sedimenta-
tion velocity. Furthermore, particles may have different densi-
ties, sizes and shapes.

The models of polydisperse suspension sedimentation pre-
sent in available literature do not consider the interactions be-
tween molecules during their sedimentation. This paper pre-
sents a model which allows for both, the interactions between
sedimentation molecules and the concentration of individual
fractions. The concentration of fractions affects the velocity of
sedimentation in a polydisperse suspension. The fractions differ
in density, size and shape. The model was developed for a poly-
disperse suspension consisting of three fractions with different
mechanisms of sedimentation.

In order to describe the behavior of polydisperse suspensions,
it is required, unlike for monodisperse suspensions, to define
additional variables characterizing the distribution of properties
of solid particles. In practice, polydisperse suspensions are most
often described by:
• the distribution of particle diameters and their uniform den-

sity;
• the same diameter of particles and the distribution of their

density;
• a single particle diameter distribution and a single particle

density distribution;
• multiple distributions of particle diameters and their densi-

ties.

4.1. Selecting a template
A model coagulation suspension consisting of three basic
fractions was prepared. Figure 3 presents three basic groups
of particles occurring in the prepared polydisperse mixture.
Three groups of particles can be distinguished: spherical, non-
spherical and porous agglomerates.

4.2. Numerical iterative model
The model assumes that the sedimentation process begins when
there is a homogeneous mixture with a differentiated volumet-
ric share of individual fractions (Fig. 4a) in the whole ana-
lyzed volume. The assumption is that in successive time steps tn
the amount by which the individual fractions fall is calculated.
Heights hI, hII and hIII are calculated on the basis of sedimen-
tation velocity. Assuming that the analyzed volume is constant,
the volume fraction of individual fractions changes. The ana-
lyzed volume is limited by dashed lines. Sample process flow:

Fig. 3. Types of particles occurring in the process of sedimentation
of a coagulation suspension a) spherical, b) non-spherical, c) porous

agglomerates, own sources

at the beginning of the process, it is assumed that the analyzed
volume contains a homogeneous mixture of all three fractions
(Fig. 4a). After a certain time step, a clear liquid is formed from
the liquid surface – height ho to height hI. Between hI and hII
there is no longer fraction III and II, only fraction I, from height
hII to hIII there is no longer fraction III, only fraction II and I,
from hIII down the vessel is still a homogeneous mixture of all
three fractions. In subsequent time steps in the analyzed vol-
ume, the positions of heights hI, hII and hIII change (Fig. 4b,
4c). Changes in height make it possible to calculate the falling
rates of individual fractions in an iterative way for successive
time steps. The numerical iterative method then calculates the
change of concentration of individual phases in the selected
cross-sectional space of the sedimentary column for subsequent
intervals. In the first phase, the sedimentation velocities of in-
dividual fractions are calculated. After the first interval, when
there is a change in the volumetric share of individual fractions
in the analyzed volume, the sedimentation velocities of the in-
dividual fractions are recalculated (Fig. 4b). This way, the sub-
sequent intervals of the process are iteratively modeled.

(a) (b) (c)

Fig. 4. Model of sedimentation of a polydisperse mixture: a) begin-
ning of the sedimentation process, b) movement of individual fractions

after t1, c) movement of fractions after t2. Source: own study
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concentration of particles is uniform throughout the suspension.
This model is presented both for a suspension of N of different
fractions of the same density and for a suspension of N of dif-
ferent fractions, and m of different densities.

4. OWN SEDIMENTATION PROCESS MODEL
OF THE COAGULATION SUSPENSION

The models of sedimentation of polydisperse mixtures de-
scribed so far do not allow for the interaction of individual
fractions. The sedimentation velocity of a selected fraction is
strongly influenced by the concentration value of the remaining
fractions. Therefore, a model was proposed that acknowledges
the mutual influence of fraction concentration on sedimenta-
tion velocity. Furthermore, particles may have different densi-
ties, sizes and shapes.

The models of polydisperse suspension sedimentation pre-
sent in available literature do not consider the interactions be-
tween molecules during their sedimentation. This paper pre-
sents a model which allows for both, the interactions between
sedimentation molecules and the concentration of individual
fractions. The concentration of fractions affects the velocity of
sedimentation in a polydisperse suspension. The fractions differ
in density, size and shape. The model was developed for a poly-
disperse suspension consisting of three fractions with different
mechanisms of sedimentation.

In order to describe the behavior of polydisperse suspensions,
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The model assumes that the sedimentation process begins when
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the amount by which the individual fractions fall is calculated.
Heights hI, hII and hIII are calculated on the basis of sedimen-
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lyzed volume is limited by dashed lines. Sample process flow:
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agglomerates, own sources
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The presented model concerns the sedimentation process
with simultaneous flocculation, it thus includes the modeling
of two processes.

4.3. Sedimentation modeling
Modeling begins with the calculation of the sedimentation ve-
locity of selected fractions for known values of mass concen-
trations of individual fractions ΦIo, ΦIo and ΦIIIo. The sedi-
mentation velocity of individual fractions is calculated as for
a monodisperse mixture for vIs, vIIs and vIIIs [37].

Cellular models are popular in literature [22–24]. They as-
sume that cells are evenly distributed in liquids. Each of the
cells consists of a fluid, inside which there are solid particles.
This model considers the volume share of particulates in the
fluid volume. The basic equation describing the relationship be-
tween the sedimentation velocities of individual fractions, in-
cluding the movement of liquids and the velocity of sedimenta-
tion of individual fractions for a monodisperse mixture, is:

vIs = vIso
1

1+nΦ1/3
I0

, (1)

vIIs = vIIso
1

1+nΦ
1
3
II0

, (2)

vIIIs = vIIIso
1

1+nΦ1/3
III0

, (3)

where: Φ – volumetric share (concentration) of particulate mat-
ter in the suspension; vIs0, vIIs0, vIIIs0 – sedimentation velocities
of individual fractions, taking into account the movement of
liquids, m/s.

A value of n equal to 1.5 was initially proposed by Happel
and Epstein [24], but Barnea and Mizrahi [25] specified that
this value should be in the range of 1–2.1, depending on the
type of suspension.

Sediment particles cause the liquid in their vicinity to move.
Movement of the liquid may cause the descent rate to change,
which is important for small particles. This is the basis for cor-
recting the sediment velocity of the selected fraction by the
movement of the liquid caused by sedimentation of the entire
suspension.

vIso = vIo − vc , (4)

vIIso = vIIo − vc , (5)

vIIIso = vIIIo − vc . (6)

The velocity vc of liquid movement caused by the sedimenta-
tion of various fractions of the suspension, should be calculated
using the following formula:

vc =
1

1−Φz

N

∑
j=1

v jΦ j , (7)

where the total concentration equals:

Φz =
N

∑
j=1

Φ j . (8)

Equations (4)–(6) provide the basis for calculating the sed-
imentation velocity of individual fractions of the polydisperse
mixture. However, they only regard the interaction between par-
ticles. In practice, during their movement, numerous collisions
of particles belonging to different fractions occur, which causes
a change in their velocity of movement. The impact of colli-
sions on the velocity of sedimentation of individual fractions
can be generally described by equations for inelastic collisions.

Velocity vI0 stands for the free-fall of a single particle in a
still liquid. Due to different mechanisms of sedimentation, de-
pending on the individual groups separated from the coagula-
tion suspension, vI0, vII0, vIII0 velocities are calculated from the
dependencies described below.

Spherical particles fall freely, and the velocity of the sed-
imentation analysis is based on Stokes’ law, which is also re-
ferred to as the relation for sedimentation rate. It was derived
in 1851 by George Gabriel Stokes [3, 15, 16]. The basic distri-
bution of forces acting on a particle during its sedimentation is
shown in Fig. 5.

Fig. 5. Forces acting on a spherical particle. Source: own study

The velocity of the particle is influenced by two basic forces:
the gravity force always facing downwards Fg and the drag
force opposite to the direction of motion FD. The force of grav-
ity Fg was defined according to Archimedes’ principle, taking
the porosity of the material into account:

Fg = (ρs −ρl)gVs(1− εI), (9)

where: ρs – sediment density, kg/m3; ρl – liquid density, kg/m3;
g – gravity acceleration, m/s2; Vs – particle volume, m3; εI –
sediment porosity.

In the literature, FD drag force is defined as the following
formula [16, 17]:

FD =CDAsρl
v0|v0|

2
, (10)

where: CD – drag coefficient; As – cross-sectional area of the
particle in the horizontal plane, m2; vo – particle sedimentation
velocity, m/s.

The shape of particles has a direct influence on the rate of
their sedimentation and the value of the coefficient of drag
CD [38, 38–42]. The determination of the drag coefficient de-
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pends on the type of flow in the liquid, which is defined by the
Reynolds number.

For small values of the Reynolds number, it is assumed that
[43–45]:

Re ≤ 0.3, CD =
24
Re

. (11)

In the range of Re ≤ 0.3 the coefficient is taken as CD =
24
Re

.
As per formulas (9), (10), (11), the final formula for velocity
of sedimentation of a single particle will match the balance of
forces acting on it in the process, and takes the following form:

vI0 =
(ρs −ρl)gd2

Ie(1− εI)

18ηl
, (12)

where: dIe – equivalent particle diameter of fraction I, m; ηl –
liquid viscosity, Pa · s.

Tests consisting in the sedimentation velocity of the suspen-
sion of microparticles were carried out, hence measuring the
sedimentation velocity of the suspension consisted only of se-
lected particles of fraction I, for which the sedimentation ve-
locity of a single particle was determined, including the depen-
dences (formulas (1) and (4)), for which the Φ concentration
was determined by means of the microscopic method. The re-
sults of changes in sedimentation velocity depending on con-
centration are shown in Fig. 6:

Fig. 6. Dependence of sedimentation velocity of monodisperse sus-
pension of fraction I on the φ concentration of this fraction, own study

The green and gray curves in the graph define the particle
diameter limits for the minimum and maximum particle diam-
eters and for the epsilon limit values. The red line in the center
shows the result for the diameter and the epsilon resulting from
the diameter distribution and epsilon distribution. This line con-
stituted the basis for the verification of the CD drag coefficient.
The CD coefficient was experimentally determined. After veri-
fication with experimental data, it turned out that the drag coef-
ficient was selected correctly.

Non-spherical particles move along non-linear paths. This
disturbs the movement of the liquid around the settling parti-
cle and results from a lateral force. The result is a lateral force

perpendicular to the direction of motion FM (Fig. 7). For low
velocities of motion this force can be neglected in calculations,
however, the irregular shape of the particles makes their mo-
tion curvilinear anyway. The reason is that the particle slips or
flows down in the direction transverse to the axis of the column.
Mathematical description of all phenomena that occur during
such a movement is impossible in practice due to the large di-
versity of particle shapes.
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In practice, determining the CM coefficient for post-coagu-
lation particles, whose shape is very diverse, is impossible. De-
termining the average rotational speed is also very difficult due
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Tests consisting in the sedimentation velocity of the suspen-
sion of microparticles were carried out, hence measuring the
sedimentation velocity of the suspension consisted only of se-
lected particles of fraction I, for which the sedimentation ve-
locity of a single particle was determined, including the depen-
dences (formulas (1) and (4)), for which the Φ concentration
was determined by means of the microscopic method. The re-
sults of changes in sedimentation velocity depending on con-
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shows the result for the diameter and the epsilon resulting from
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stituted the basis for the verification of the CD drag coefficient.
The CD coefficient was experimentally determined. After veri-
fication with experimental data, it turned out that the drag coef-
ficient was selected correctly.

Non-spherical particles move along non-linear paths. This
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cle and results from a lateral force. The result is a lateral force

perpendicular to the direction of motion FM (Fig. 7). For low
velocities of motion this force can be neglected in calculations,
however, the irregular shape of the particles makes their mo-
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such a movement is impossible in practice due to the large di-
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sedimentation F ′
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to the lack of simple measurement methods enabling such mea-
surements. Hence, the most practical solution is to determine
the total coefficient CX which can be described by the follow-
ing formula:

CX =
√

C2
D+C2

M (17)

on an experimental path for the selected sedimentation process.
This approach will cause the value of this coefficient to also in-
clude the impact of other phenomena accompanying non-linear
sedimentation of particles, including the impact of particle col-
lisions of fractions II and III.

The sedimentation velocity of a single particle can be then
calculated by means of the following formula:

vII0 =

√
4(ρs −ρl)gdIIe(1− εI)

3ρlCx
. (18)

The results of changes in sedimentation velocity depending on
concentration are shown in Fig. 8:

Fig. 8. Dependence of sedimentation velocity of monodisperse sus-
pension of fraction II on the φ concentration of this fraction, own study

Porous agglomerates are the third fraction of the polydis-
perse suspension being discussed. They are formed by non-
spherical particles which have merged. The merging of non-
spherical particles causes the formation of closed spaces within
them, i.e. macropores, through which the liquid can flow during
the particle’s descent. This stabilizes the particle and causes it
to drop in a straight line. A model similar to the one for spher-
ical particles was used to describe the descent of this fraction,
i.e. the force of gravity and the force of drag having the greatest
influence on the sedimentation velocity of particles (Fig. 9)

The liquid flow through a network of macrochannels has
been thoroughly described by models of liquid flow through
a porous deposit. The Darcy–Weisbach equation describes the
flow drag of porous materials. For a porous deposit with a net-
work of [1] channels, the Darcy–Weisbach equation, called the
Leva equation, needs to be modified [50]. Since the velocity and
dimensions of the sedimentation particles are very small, the

Fig. 9. Forces acting on an agglomerate

Reynolds number is a few orders smaller than 1. For Reynolds
numbers smaller than 1, the Leva equation takes the form be-
low:

∆p = λ
L

dIIe

u2ρ
2

(
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ε3

)
ϕ3−n, (19)

where: λ – linear coefficient of drag flow; u – linear velocity
of fluid flow through the deposit, m/s; L – height of the deposit
layer, m; dIIe – equivalent filling diameter, m.

The linear drag coefficient is calculated by the following for-
mula [50]:

λ =
400
Re

, (20)

λ =
400ηl

vIII0dIIIeρl
, (21)

where: vIII0 – sedimentation velocity of a single particle of
fraction III, m/s; dIIIe – equivalent particle diameter of frac-
tion III, m.

Therefore:
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where: εIII – porosity of agglomerates; ϕ – shape factor.
By equating the volumes of a cylinder and a sphere, value h

is obtained:
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to the lack of simple measurement methods enabling such mea-
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The results of changes in sedimentation velocity depending on
concentration are shown in Fig. 8:

Fig. 8. Dependence of sedimentation velocity of monodisperse sus-
pension of fraction II on the φ concentration of this fraction, own study
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and after arranging the data:

FP =
πd2

IIIe100ηvIIIo

3dIIe

(
(1− εI)

2

ε3
III

)
ϕ2, (28)

FG = gVs (ρs −ρl)(1− ε), (29)

FG = g
πd3

IIIe
6

(ρs −ρl)(1− ε), (30)

FD =
1
2

CDAsρlv2
IIIo , (31)

where:

CD =
24
Re

=
24η

vIIIodIIIeρl
, (32)

then:

FD =
1
2

24η
vIIIodIIIeρl

πd2
IIIe

4
ρlv2

IIIo , (33)

FD = πdIIIevIIIo3η . (34)

Thus, the balance of forces is as follows:

g
πd3

IIIe
6

(ρs −ρl)(1− ε) = πdIIIevIIIo3ηl

+
πd2

IIIe100ηvIIIo

3dIIe

(
(1− εI)

2

ε3
III

)
ϕ2. (35)

A formula for the particle sedimentation velocity can be de-
rived from the balance of forces. After considering the rela-
tionship (21) for the drag coefficient and the formula for the
Reynolds number, the formula for the sedimentation velocity
of a single particle is calculated by the following formula:

vIII0 =
dIIe (ρs −ρl)gd2

IIIe
18ηdIIe +dIIIe ·200ηl

(1− εI)(1− εIII)(
(1− εIII)

2

ε3
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ϕ2
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The results of changes in sedimentation velocity depending on
concentration are shown in Fig. 10.

The experimental results of particle sedimentation velocity
were compared by calculating the sedimentation velocity of
particles of similar size.

The results are presented in Table 1. Comparing the obtained
results, we observe a strong correlation between the experi-
mental and theoretical results. The differences in the results are
slightly greater than 1%. This is the basis for the verification of
the theoretical model that satisfactorily meets the requirements
for theoretical sedimentation models. It can be used in the de-
sign of industrial devices that use the sedimentation process of
polydisperse mixtures.

Fig. 10. Dependence of sedimentation velocity of monodisperse
suspension of fraction III on the φ concentration of this fraction,

own study

Table 1
Comparison of sedimentation velocity results for monodisperse
suspension of each fraction – comparison of experimental and

theoretical results

Velocity vs from the experiment
(arithmetic average)

Velocity vs from theoretical
formulas (e.g. for Φo = 0.005)

vIs = 8.8934 ·10−6 m/s vIs = 8.8525 ·10−6 m/s

vIIs = 0.000247 vIIs = 0.00028

vIIIs = 0.00015 m/s vIIIs = 0.000166 m/s

4.4. Flocculation modeling
There are different types of particles in the tested polydisperse
suspension. Different in terms of size, shape and mass, which
means that they fall at different velocities. Therefore, the sedi-
mentation process is accompanied by a flocculation process. As
a result of flocculation, inelastic collisions of various particles
occur.

As a result of the inelastic collision of particles, their sedi-
mentation velocity changes. In the case of agglomerates, colli-
sions with smaller particles cause the volume of the agglomer-
ate to increase and its sedimentation velocity becomes equal to
the superposition of the velocities of the colliding particles. The
higher the concentration of both fractions, the higher the proba-
bility of collisions. Therefore, the velocity correction resulting
from collisions with particles representing other fractions can
be described by the basic formula of fractions A and B [51,52]:

vA−B =
mA

mA +mB
vA +

mB

mA +mB
vB , (37)

where mA and mB are the average masses of the particles from
fractions A and B, and vA, vB stand for velocity of moving par-
ticle A and B.

In the case of coagulation, flocculation occurs simultane-
ously with sedimentation. This causes individual fractions in
the selected volume to disappear at a different velocity than it
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for theoretical sedimentation models. It can be used in the de-
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4.4. Flocculation modeling
There are different types of particles in the tested polydisperse
suspension. Different in terms of size, shape and mass, which
means that they fall at different velocities. Therefore, the sedi-
mentation process is accompanied by a flocculation process. As
a result of flocculation, inelastic collisions of various particles
occur.

As a result of the inelastic collision of particles, their sedi-
mentation velocity changes. In the case of agglomerates, colli-
sions with smaller particles cause the volume of the agglomer-
ate to increase and its sedimentation velocity becomes equal to
the superposition of the velocities of the colliding particles. The
higher the concentration of both fractions, the higher the proba-
bility of collisions. Therefore, the velocity correction resulting
from collisions with particles representing other fractions can
be described by the basic formula of fractions A and B [51,52]:
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vA +
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vB , (37)

where mA and mB are the average masses of the particles from
fractions A and B, and vA, vB stand for velocity of moving par-
ticle A and B.

In the case of coagulation, flocculation occurs simultane-
ously with sedimentation. This causes individual fractions in
the selected volume to disappear at a different velocity than it
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results from the sedimentation velocity [51]. The reason is the
transformation of one fraction into another as a result of floc-
culation. Therefore, in the equations, the rate of disappearance
of individual fractions in the selected volume should be supple-
mented with a flocculation model. At the beginning of the last
century, Smoluchowski [52], while studying coagulation pro-
cesses, formulated an equation for calculating the number of
collisions of particles in monodisperse suspensions. On this ba-
sis, the number of particles that will remain without collisions
in individual fractions after time t is:

NI(n+1) =
N0

1+
t

TIn

, (38)

NII(n+1) =
N0

1+
t

TIIn

, (39)

NIII(n+1) =
N0

1+
t

TIIIn

, (40)

where TIn, TIIn and TIIIn are the half-times of a given fraction of
particles. These times can be calculated from:

TIn =
1

4πδDI

πd3
eI

6ΦInV
, (41)

TIIn =
1

4πδDII

πd3
eII

6ΦIInV
, (42)

TIIIn =
1

4πδDIII

πd3
eIII

6ΦIIInV
, (43)

where V is the total volume of the analyzed area.
The collision of the particles with each other causes the par-

ticles from fraction I to be transformed into particles of frac-
tion II, while the particles of fraction II are transformed into
fraction III. This changes the volume share of individual frac-
tions. Only mutual collision of fraction III does not cause tran-
sition to the next fraction, yet larger particles are formed, which
affects their sedimentation velocity.

Müller proposed the equation for calculating the number of
particles for coagulation of the polydisperse suspension [52].
Based on its dependence, as a result of collisions of fraction I
with fraction III, the number of particles of fraction I after time
t will be:

NI,IIIn+1 =
NIIIn

1+
t

TIIIn

·

deIII

deI(
deIII

deI

NIIIn

NIn
+1

)(
1+

t
TIIIn

) deIII
deI

−1

. (44)

As a result of collisions of fraction I with fraction II, the num-
ber of particles of fraction I after time t will be:

NI,IIn+1 =
NIIn

1+
t

TIIn

deII

deI(
deII

deI

NIIn

NIn
+1

)(
1+

t
TIIn

) deII
deI

−1

. (45)

As a result of collisions of fraction II with fraction III, the
number of particles of fraction II after time t will be:

NII,IIIn+1 =
NIIIn

1+
t

TIIIn

·

deIII

deII(
deIII

deII

NIIIn

NIIn
+1

)(
1+

t
TIIIn

) deIII
deII

−1

. (46)

The above considerations constitute the basis for calculating
the volume shares of individual fractions in the analyzed vol-
ume. After time t, the concentrations of individual fractions are
calculated according to the following formulas:

ΦI(n+1) =

(
1− AvIsot

V

)
ΦIn −

NI(n+1)

NIn
ΦIn

−
NI,III(n+1)

NIn
ΦIn −

NI,II(n+1)

NIn
ΦIn , (47)

ΦII(n+1) =

(
1− AvII−It

V

)
ΦIIn −

NII(n+1)

NIIn
ΦIIn

+
NI,(n+1)

NIn
ΦIn +

NI,II(n+1)

NIn
ΦIn

−
NII,III(n+1)

NIIn
ΦIIn , (48)

ΦIII(n+1) =

(
1− A(vIII−I + vIII−II)t

V

)
ΦIIIn +

NII(n+1)

NIIn
ΦIIn

+
NII,III(n+1)

NIIn
ΦIIn +

NI,III(n+1)

NIn
ΦIn . (49)

Equation (47), describing the reduction of the concentration
of phase I, consists of the term describing the reduction of the
proportion, as a result of sedimentation of particles, as well as
the flotation terms of phase I particles and the interaction with
phases II and III. Equation (48) takes into account the increase
in concentration through the formation of additional particles
as a result of mutual collision of fraction II particles, and the
collision of fraction I with fraction II, which causes an increase
in the volume of fraction II particles. In turn, the loss of frac-
tion III is caused only by its falling, while fraction II particles
are added by means of mutual flotation and through collisions
of fraction III particles with fraction I and II.

As a consequence of the collision of two particles, one par-
ticle is formed with a mass equal to the sum of both, and its
movement velocity must be corrected in accordance with equa-
tion (37). Therefore, various formulas were derived that con-
sider the mutual collisions of particles of individual fractions.
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These formulas also concern the flocking of particles of differ-
ent fractions.

In this case, the formula for the velocity of a particle after the
collision of fraction II with fraction I and for the probability of
collision will be the following:

vII-I =

(
d3

eI (1− εI)

d3
eI (1− εI)+d3

eII (1− εII)
vIso

+
d3

eII (1− εII)

d3
eI (1− εI)+d3

eII (1− εII)
vIIso

)

(
6ΦInV
πd3

eI
−NI,IIn

)
πd3

eII
6ΦIInV

. (50)

Similarly, you can calculate the corrected motion velocity of
fraction III particles colliding with fraction II:

vIII-II =

(
d3

eII (1− εII)

d3
eII (1− εII)+d3

eIII (1− εIII)
vIIso

+
d3

eIII (1− εIII)

d3
eII (1− εII)+d3

eIII (1− εIIIn)
vIIIso

)

(
6ΦIInV
πd3

eII
−NII,IIIn

)
πd3

eIII
6ΦIIInV

, (51)

where as a result of collisions of fraction III with fraction I the
equation of velocity has the form below:

vIII-I =

(
d3

eI (1− εI)

d3
eI (1− εI)+d3

eIII (1− εIII)
vIso

+
d3

eIII (1− εIII)

d3
eI (1− εI)+d3

eIII (1− εIII)
vIIIso

)

(
6ΦInV
πd3

eI
−NI,IIIn

)
πd3

eIII
6ΦIIInV

. (52)

The numbers NII,I, NIII,I and NIII,II denote the number of par-
ticles that remained after the collision time, the number of par-
ticles that stood for the probability of the number of particle
collisions that will occur during the coagulation process for sus-
pensions of a certain concentration.

5. ALGORITHM
The described model of the sedimentation process allows for
iterative simulation of the process with a fixed time step. The
result of the simulation is the concentration of individual frac-
tions. This allows to calculate the share for any time, which can
provide valuable information when designing equipment and
the sedimentation process. It is not beneficial to set a too narrow
time step. It should be chosen equivalently to all iterative mod-
els. If the changes in subsequent time steps are small, causing
the algorithm to lose convergence, then it should be increased.
Similar criteria are used for large time steps.

An experiment was carried out where the following results
were obtained for the parameters: the liquid density and suspen-
sion density are known ρL = 997 kg/m3 and ρS = 2127 kg/m3

and sediment porosity 1 − εI = 0.72, porosity of agglomer-
ates 1− εIII = 0.62, equivalent diameter of the particles dIe =
0.0000047 m, dIIe = 0.000057 m, dIIIe = 0.0002 m.

The algorithm calculation begins with determining the ini-
tial conditions at time t = 0 s. This is the moment when the
sedimentation process begins. At this time, it is assumed that
the entire analyzed volume V contains a homogeneous mixture
consisting only of fraction I with concentration ΦIo. Fraction II
and III volume shares are ΦIIo = 0 and ΦIIIo = 0 with porosity
εII = 0 and εIII = 0.

The process of coagulation is used for water treatment. After
adding the coagulant, the binding of iron II to iron III particles
begins for the first time. This produces small particles and frac-
tions in the entire volume of the liquid. In subsequent stages of
the process, fraction II is formed through flocculation of frac-
tion I, with simultaneous fall of particles of fraction I. In turn,
fraction III is formed as a result of flocculation of fraction II.
During the process, all fractions sedimentate with different ve-
locities, and at the same time particles collide, which causes a
change in their velocity and weight of the particles.

In the first time step, the average sedimentation velocity of
a single particle is calculated using formula (12). Next, the sus-
pension sedimentation velocity is calculated taking into account
the movement of the liquid on the basis of formula (4). The liq-
uid velocity occurring in the formula is calculated on the basis
of relation (7), where Φz (formula (8)), i.e. of all phases, is equal
to ΦI, since at the beginning of the process only fraction I oc-
curs, and the volume shares ΦII and ΦIII are equal to 0. Such
calculated velocity of sedimentation vIso is used to calculate the
sedimentation velocity of fraction I vIs using formula (1). The
number of particles left over time tn due to flocculation is cal-
culated from formula (38).

A new concentration of fraction I is then calculated after time
tn according to formula (47). Because in the first step there is
no fraction II and III, hence the values NI,II(n+1), NI,III(n+1) and
NII,III(n+1) are equal to zero.

The number of particles that as a result of flocculation has
passed from fraction I to fraction II constitutes the basis for
calculating the number of particles of fraction II:

NII f n =
NIn −NI(n+1)

2
. (53)

Based on the number of fraction II particles and their concen-
tration, the equivalent diameter of fraction II particles is calcu-
lated:

dIIe =
6ΦI,II(n+1)V

πNII f n
. (54)

In the second time step, the sedimentation velocity of frac-
tion II particles is calculated based on formula (18). In turn,
sedimentation velocities of fractions I and II are calculated from
formulas (5) and (2). For fraction II, the sedimentation velocity
is corrected due to the collisions of particles from fraction II
with particles of fraction I based on formula (50).

The number of particles remaining in fractions I and II after
the flocculation process is calculated according to formulas (38)
and (39). On this basis, concentration Φ for fractions I, II and III
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These formulas also concern the flocking of particles of differ-
ent fractions.

In this case, the formula for the velocity of a particle after the
collision of fraction II with fraction I and for the probability of
collision will be the following:

vII-I =

(
d3

eI (1− εI)

d3
eI (1− εI)+d3

eII (1− εII)
vIso

+
d3

eII (1− εII)

d3
eI (1− εI)+d3

eII (1− εII)
vIIso

)

(
6ΦInV
πd3

eI
−NI,IIn

)
πd3

eII
6ΦIInV

. (50)

Similarly, you can calculate the corrected motion velocity of
fraction III particles colliding with fraction II:

vIII-II =

(
d3

eII (1− εII)

d3
eII (1− εII)+d3

eIII (1− εIII)
vIIso

+
d3

eIII (1− εIII)

d3
eII (1− εII)+d3

eIII (1− εIIIn)
vIIIso

)

(
6ΦIInV
πd3

eII
−NII,IIIn

)
πd3

eIII
6ΦIIInV

, (51)

where as a result of collisions of fraction III with fraction I the
equation of velocity has the form below:

vIII-I =

(
d3

eI (1− εI)

d3
eI (1− εI)+d3

eIII (1− εIII)
vIso

+
d3

eIII (1− εIII)

d3
eI (1− εI)+d3

eIII (1− εIII)
vIIIso

)

(
6ΦInV
πd3

eI
−NI,IIIn

)
πd3

eIII
6ΦIIInV

. (52)

The numbers NII,I, NIII,I and NIII,II denote the number of par-
ticles that remained after the collision time, the number of par-
ticles that stood for the probability of the number of particle
collisions that will occur during the coagulation process for sus-
pensions of a certain concentration.

5. ALGORITHM
The described model of the sedimentation process allows for
iterative simulation of the process with a fixed time step. The
result of the simulation is the concentration of individual frac-
tions. This allows to calculate the share for any time, which can
provide valuable information when designing equipment and
the sedimentation process. It is not beneficial to set a too narrow
time step. It should be chosen equivalently to all iterative mod-
els. If the changes in subsequent time steps are small, causing
the algorithm to lose convergence, then it should be increased.
Similar criteria are used for large time steps.

An experiment was carried out where the following results
were obtained for the parameters: the liquid density and suspen-
sion density are known ρL = 997 kg/m3 and ρS = 2127 kg/m3

and sediment porosity 1 − εI = 0.72, porosity of agglomer-
ates 1− εIII = 0.62, equivalent diameter of the particles dIe =
0.0000047 m, dIIe = 0.000057 m, dIIIe = 0.0002 m.

The algorithm calculation begins with determining the ini-
tial conditions at time t = 0 s. This is the moment when the
sedimentation process begins. At this time, it is assumed that
the entire analyzed volume V contains a homogeneous mixture
consisting only of fraction I with concentration ΦIo. Fraction II
and III volume shares are ΦIIo = 0 and ΦIIIo = 0 with porosity
εII = 0 and εIII = 0.

The process of coagulation is used for water treatment. After
adding the coagulant, the binding of iron II to iron III particles
begins for the first time. This produces small particles and frac-
tions in the entire volume of the liquid. In subsequent stages of
the process, fraction II is formed through flocculation of frac-
tion I, with simultaneous fall of particles of fraction I. In turn,
fraction III is formed as a result of flocculation of fraction II.
During the process, all fractions sedimentate with different ve-
locities, and at the same time particles collide, which causes a
change in their velocity and weight of the particles.

In the first time step, the average sedimentation velocity of
a single particle is calculated using formula (12). Next, the sus-
pension sedimentation velocity is calculated taking into account
the movement of the liquid on the basis of formula (4). The liq-
uid velocity occurring in the formula is calculated on the basis
of relation (7), where Φz (formula (8)), i.e. of all phases, is equal
to ΦI, since at the beginning of the process only fraction I oc-
curs, and the volume shares ΦII and ΦIII are equal to 0. Such
calculated velocity of sedimentation vIso is used to calculate the
sedimentation velocity of fraction I vIs using formula (1). The
number of particles left over time tn due to flocculation is cal-
culated from formula (38).

A new concentration of fraction I is then calculated after time
tn according to formula (47). Because in the first step there is
no fraction II and III, hence the values NI,II(n+1), NI,III(n+1) and
NII,III(n+1) are equal to zero.

The number of particles that as a result of flocculation has
passed from fraction I to fraction II constitutes the basis for
calculating the number of particles of fraction II:

NII f n =
NIn −NI(n+1)

2
. (53)

Based on the number of fraction II particles and their concen-
tration, the equivalent diameter of fraction II particles is calcu-
lated:

dIIe =
6ΦI,II(n+1)V

πNII f n
. (54)

In the second time step, the sedimentation velocity of frac-
tion II particles is calculated based on formula (18). In turn,
sedimentation velocities of fractions I and II are calculated from
formulas (5) and (2). For fraction II, the sedimentation velocity
is corrected due to the collisions of particles from fraction II
with particles of fraction I based on formula (50).

The number of particles remaining in fractions I and II after
the flocculation process is calculated according to formulas (38)
and (39). On this basis, concentration Φ for fractions I, II and III
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is calculated using formulas (47), (48) and (49), assuming that
NII,III(n+1) is equal to zero. The particle numbers of fractions II
and III are calculated then:

NII f (n+1) = NII(n+1) +
NIn −NI(n+1)

2
− AvIIzItn

V
NIIn , (55)

NIII f n =
NIIn −NII(n+1)

2
. (56)

The particle numbers are used to calculate the equivalent di-
ameters for fraction II particles using formula (54), while for
fraction III particles the number is:

dIIIe =
6ΦIII(n+1)V
εIIIπNIII f n

. (57)

All three fractions are already taking part in the third time
step. The sedimentation velocities of the particles of each frac-
tion are calculated according to formulas (12), (18) and (36).
Based on this, fraction I, II and III sedimentation velocities are
calculated based on formulas (4)–(6). Then, for fraction II, the
sedimentation velocity is corrected due to the collision of the
particles with the particles of fraction I by means of formula
(50), while the sedimentation velocity of fraction III is the re-
sultant of the velocities of collisions with the particles of frac-
tions I and II calculated on the basis of formulas (52) and (51).
The value of fraction III sedimentation velocity is described by
the following formula:

vIII =
vIII−I + vIII−II

2
. (58)

The number of particles remaining in fractions I, II and III
after the flocculation process is calculated from formulas (38),
(39) and (40). On this basis, the concentration of fractions I, II
and III are calculated from formulas (47), (48) and (49). The
particle numbers of fraction II are then calculated by formula
(55), and for fraction III by the formula below:

NIII f (n+1) = NIII(n+1) +
NIIn −NII(n+1)

2
− AvIIIztn

V
NIIIn . (59)

Equivalent diameters for particles of fractions II and III are
calculated according to formulas (54) and (57).

In the next time steps, the calculations from the third step are
repeated, and similarly, the next concentrations of individual
fractions in the analyzed volume are calculated for successive
intervals.

6. CONCLUSIONS
The model described above assumes that the particles floccu-
late during their sedimentation, which accelerates the process.
The models available in literature often do not take particle
shape into account, while some models assume variable densi-
ties [53–55]. In this model, the density of particles is constant,
which is irrelevant in this case, and the model developed fits all
flocculation processes as it takes into consideration intermolec-
ular interactions. A model comprising the shape of particles for

individual fractions and mutual interactions between particles
has been proposed. Since it is merely a theoretical proposal,
the model would require experimental verification, which will
be the subject of further research and articles. The conclusion
is that the algorithm can be used in the water purification pro-
cess. Often, the process of chemical water treatment consists
in adding a coagulant, which causes the formation of a post-
coagulation suspension, which sedimentates, causing the sepa-
ration of fractions. Due to the need to design such devices, a
mathematical description of the sedimentation process of poly-
disperse suspensions is highly necessary. This article may be-
come a valuable supplement to the current knowledge.
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