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This paper concerns the analytical investigation of the axisymmetric and steady
flow of incompressible couple stress fluid through a rigid sphere embedded in a porous
medium. In the porous region, the flow field is governed by Brinkman’s equation. Here
we consider uniform flow at a distance from the sphere. The boundary conditions
applied on the surface of the sphere are the slip condition and zero couple stress.
Analytical solution of the problem in the terms of stream function is presented by
modified Bessel functions. The drag experienced by an incompressible couple stress
fluid on the sphere within the porous medium is calculated. The effects of the slip
parameter, the couple stress parameter, and permeability on the drag are represented
graphically. Special cases of viscous flow through a sphere are obtained and the results
are compared with earlier published results.

1. Introduction

The fluid flow through porousmedia has been an interesting area of research for
the last five decades. Many industrial, hydrologists, geologists, and several other
researchers have been attracted to study the flow behavior in a porous medium,
because it is related to many fields, like the shale gas extraction and enhanced oil
recovery, soil contamination, heat exchange, separation, the processes of filtration,
and catalyst support in the industry. In macroscopic scale, the fluid flow in an
isotropic and homogeneous porous medium is governed by Darcy’s law [1] or
Brinkman’s equations [2]. In Darcy’s law, porosity is very low. But one encounters
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a problem with high porosity and a large tangential rate, because Darcy’s law is
incapable to solve such a problem. To solve this problem, Brinkman’s equation
is used.
Davis and Stone [3] investigated the flow of viscous fluid through the beds

of porous particles. They found that when permeability increases, the drag force
decreases because high permeability offers less resistance to flow through the
porous interior. The flow of a Newtonian fluid through a sphere embedded in
a porous medium was studied by Barman [4]. Pop and Ingham [5] investigated
Brinkman’s model for a flow past a sphere implanted in a porous medium. The
flow past an axisymmetric body implanted in a porous medium was examined,
based on Brinkman’s equation, by Srinivasacharya and Murthy [6]. Grosan et
al. [7] obtained analytical results for a 2-D viscous fluid flow through a sphere
implanted in another porous medium based on the Brinkman’s model. Deo and
Gupta [8] studied the drag force of an incompressible viscous fluid through a
porous sphere implanted in another porous medium. The Newtonian fluid flow
past a sphere and a cylinder in a Brinkman’s porous medium with the Navier
boundary condition was investigated by Leontev [9]. El-Sapa [10] obtained an
analytical solution for thermophoresis of a particle located at the centrical position
of a spherical cavity filled with a Brinkman’s porous medium. Faltas et al. [11]
examined the mobilities of a spherical particle straddling the interface of a semi-
infinite Brinkman flow.
Madasu and Srinivasacharya [12] investigated the flow of micropolar fluid

through a sphere and a cylinder embedded in a Brinkman porous medium. They
observed that the drag in the micropolar case is higher than the drag in the vis-
cous fluid. Jaiswal [13] studied the creeping flow over Reiner-Rivlin liquid sphere
embedded in a micropolar fluid saturated in the Brinkman porous medium. Ra-
malakshmi and Shukla [14] examined the drag force on a fluid sphere implanted
in a porous medium with a solid core based on Brinkman’s equation. Madasu and
Bucha [15] studied the effect of MHD on micropolar fluid flow through a sphere
implanted in a Brinkman’s porous medium.
Stokes [16, 17] introduced the theory of couple stress fluid which describes

the behavior of fluids with microstructure. The couple stress fluid model is used
to study the blood flow in the microcirculation [18]. Khan et al. [19] obtained
an approximate solution for the couple stress fluid with expanding or contracting
porous channel. Srinivasacharya et al. [20] studied a non-Darcy porous medium
saturated in a couple stress fluid with the effect of Soret and Dufour. Devakar et al.
[21] investigated the analytical solution of the Couette flow and the Poiseuille flow
for the couple stress fluid using the slip condition. Srinivasacharya et al. [22] studied
a couple stress fluid flow between two parallel porous plates. They found that, when
the couple stress fluid parameter increases, its velocity decreases. Ashmawy [23]
applied the slip boundary condition to obtain the drag force acting on a particle in
the couple stress fluid. He found that the resistance of a couple stress fluid exceeds
the resistance of a viscous fluid. Aparna et al. [24] studied a steady oscillating flow
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of a couple stress fluid through a sphere. Adesanya et al. [25] performed the entropy
generation analysis for a steady couple stress fluid flow through the Brinkman’s
porous material. Hassan [26] investigated reactive hydromagnetic couple stress
fluid flow through a porous medium. Abdelsalam et al. [27] studied the effect of
electro-magnetically modulated self-propulsion of swimming sperms via cervical
canal. Bhatti et al. [28] investigated the intra-uterine flow with small suspended
particles under the impact of heat transfer.
In the Stokes theory, the spherical part of the couple stress tensor is indetermi-

nate, and the presence of body couples is neglected also in the constitutive relations.
These problems have been solved by Hadjesfandiari et al. [29–32]. Recently, Had-
jesfandiari and Dargush [30] have developed the consistent couple stress theory.
According to their theory, the couple stress tensor is skew-symmetric.
In the last century, several studies have shown that the no-slip condition might

not always hold, and at the solid boundary layers and, fluid slippage might occur.
A general boundary condition that allows the fluid slip at a solid boundary was
investigated by Navier [33]. The slip boundary condition specifies that, on the
surface, the tangential fluid velocity of the solid is directly proportional to the
shear stress at that point. The slip coefficient is the constant of proportionality
which depends on properties of fluid and solid surfaces. Eldesoky et al. [34]
examined the influence of slip, heat transfer, and magnetic field on a particulate
fluid suspension in a catheterized wavy tube. Bhatti and Abdelsalam [35] examined
the slip effect on entropy of a magnetized particle fluid motion through a porous
channel. El-Sapa and Alsudais [36] studied the slip effect on two rigid spheres
implanted in porous media in the presence of magnetic field. Madasu et al. [37]
investigated the slow motion past a spheroid implanted in a Brinkman medium
with slip condition.
The present article extends the work done by Leontev [9] by examining the

impact of slip on a sphere implanted in a Brinkman’s porous medium saturated by
a couple stress fluid. The flow is steady and axisymmetric. On the surface of the
sphere, we applied the slip condition and the vanishing couple stress condition.
The pressure expression and the stream function are obtained. The drag exerted on
the rigid sphere is calculated and special known cases are deduced. The influence
of slip, couple stress, couple stress viscosity ratio, and permeability parameters on
drag are studied graphically.

2. Mathematical formulation

Fig. 1 shows the incompressible couple stress fluid past a solid sphere of
radius 𝑟 = 𝑎 immersed in a porous medium. An uniform flow 𝑈 is far away from
the sphere. In the permeable region, the flow is governed by Brinkman’s equation.
The assumed Reynolds number is very small, so that, the inertial terms in the fluid
momentum are neglected and only viscous terms are present.
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Fig. 1. Geometry of couple stress fluid past a slip sphere in a porous medium

The governing equations of a flow of an incompressible couple stress fluid past
a sphere implanted in a porous region based on Brinkman’s equation are given by
[16, 17, 25, 26]

∇ · ®𝑞 = 0, (1a)

∇𝑝 + `
𝑘
®𝑞 + `∇ × ∇ × ®𝑞 + [∇ × ∇ × ∇ × ∇ × ®𝑞 = 0, (1b)

where ®𝑞 is the velocity, 𝑘 is the permeability, 𝑝 is the pressure, ` is the viscosity
coefficient, and [ and [′ are the coefficients of couple stress viscosity.
The material constants are [17],

` > 0, [ > 0, [ ≥ [′. (2)

The constitutive equation of stress and couple stress are [17], respectively

𝑡𝑖 𝑗 = −𝑝𝛿𝑖 𝑗 + 2`𝑑𝑖 𝑗 −
1
2
𝑒𝑖 𝑗𝑘𝑚𝑠𝑘,𝑠 , (3)

𝑚𝑖 𝑗 = 𝑚𝛿𝑖 𝑗 + 4([𝜔 𝑗 ,𝑖 + [′𝜔𝑖, 𝑗), (4)

where 𝜔 𝑗 ,𝑖 is the spin tensor.
The deformation rate tensor 𝑑𝑖 𝑗 is written as [17]

𝑑𝑖 𝑗 =
1
2
(𝑞𝑖, 𝑗 + 𝑞 𝑗 ,𝑖). (5)

The 𝜔 vorticity vector is defined as [23]

𝜔 =
1
2
𝑒𝑖 𝑗𝑘𝑞𝑘, 𝑗 . (6)

The Kronecker delta and the alternating tensor are 𝛿𝑖 𝑗 and 𝑒𝑖 𝑗𝑘 , respectively.

𝛿𝑖 𝑗 =

{
0, for 𝑖 ≠ 𝑗 ,

1, for 𝑖 = 𝑗 .
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𝑒𝑖 𝑗 𝑚 =


1, for 𝑒1 2 3, 𝑒2 3 1, 𝑒3 1 2,

−1, for 𝑒1 3 2, 𝑒3 2 1, 𝑒2 1 3,

0, otherwise.

For dimensionless governing equations,we used the following non-dimensional
variables

®𝑞 = 𝑈 ®̃𝑞, 𝑝 =
`𝑈

𝑎
𝑝, ∇ =

∇̃
𝑎
. (7)

Substituting Eq. (7) in Eq. (1) and then dropping the tildes, we get

∇𝑝 + 𝛼2 ®𝑞 + ∇ × ∇ × ®𝑞 + 1
_2

∇ × ∇ × ∇ × ∇ × ®𝑞 = 0, (8)

where 𝛼2 =
𝑎2

𝑘
is the permeability parameter and _ =

√︄
`𝑎2

[
is the length-

dependent parameter of the couple stress fluid. If _ approaches infinity, Eq. (8)
represents the modified Stokes equation for non-polar fluid.
The spherical polar coordinate system (𝑟, \, 𝜙) has the origin at the center of the

sphere. Since the fluid flow is axially symmetric, all the quantities are independent
of 𝜙.
Now, the velocity vector ®𝑞 is defined as

®𝑞 = (𝑞𝑟 (𝑟, \), 𝑞\ (𝑟, \), 0). (9)

The stream function satisfies the continuity equation, and we define velocity
components in terms of the stream function

𝑞𝑟 = − 1
𝑟2 sin \

𝜕𝜓

𝜕\
, 𝑞\ =

1
𝑟 sin \

𝜕𝜓

𝜕𝑟
. (10)

Eliminating the pressure term, we get

𝐸2(𝐸2 − b21) (𝐸
2 − b22)𝜓 = 0, (11)

where 𝐸2 =
𝜕2

𝜕𝑟2
+ 1
𝑟2

𝜕2

𝜕\2
− cot \

𝑟2
𝜕

𝜕\
is the Stokes operator,

b21 =
_2 + _

√
_2 − 4𝛼2
2

,

b22 =
_2 − _

√
_2 − 4𝛼2
2

.
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3. Solution of the problem

The solution of the sixth-order linear partial differential Eq. (11) is obtained
by using the method of separation of variables satisfying the condition of uniform
velocity far away from the slip sphere, and is given by

𝜓 =
1
2

(
𝑟2 + 𝐴

𝑟
+ 𝐵

√
𝑟𝐾3/2(b1𝑟) + 𝐶

√
𝑟𝐾3/2(b2𝑟)

)
sin2 \, (12)

where 𝐾3/2(b1𝑟) and 𝐾3/2(b2𝑟) are modified Bessel’s function of the second kind
of order 3/2. A, B, and C are arbitrary constants.
Substituting Eq. (12) into Eq. (10), we get

𝑞𝑟 = −
[
1 + 𝐴𝑟−3 + 𝐵𝑟− 32𝐾3/2(b1𝑟) + 𝐶𝑟−

3
2𝐾3/2(b2𝑟)

]
cos \, (13)

𝑞\ =
1
2

[
2 − 𝐴𝑟−3 − 𝐵𝑟− 32

(
𝐾3/2(b1𝑟) + b1𝑟𝐾1/2(b1𝑟)

)
−𝐶𝑟− 32

(
𝐾3/2(b2𝑟) + b2𝑟𝐾1/2(b2𝑟)

) ]
sin \, (14)

The non-zero vorticity vector is

𝜔𝜙 =
1
4

{
𝐵𝑟−

1
2 b21𝐾3/2(b1𝑟) + 𝐶𝑟

− 12 b22𝐾3/2(b2𝑟)
}
sin \, (15)

The expression for pressure is

𝑝 = 𝛼2
(
𝑟 − 𝐴

2𝑟2

)
cos \. (16)

4. Boundary conditions

On the surface of the sphere, we require three boundary conditions to find the
unknowns 𝐴, 𝐵, and 𝐶. We assume impenetrability of the surface, and presuppose
that the tangential velocity of the couple stress fluid relative to the solid at a point
on its surface is proportional to the tangential stress prevailing at that point [33].
The latter is known as the slip boundary condition introduced by Navier in 1823.
Recently, some researchers have studied the slip effect on the flow between porous
channels [36, 37].
Another boundary condition for the couple stress fluid is zero couple stress at

the boundary [23]. In addition, the normal velocity components vanish [38]. We
have:

• The impenetrability condition on surface of sphere

𝑞𝑟 = 0, (17)
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• The slip boundary condition defined as

𝛽1𝑞\ = 𝑡𝑟 \ , (18)

• The vanishing couple stress given as

𝑚𝑟 𝜙 = 0, (19)

where 𝛽1 is the slip coefficient of the sphere. The coefficient 𝛽1 depends on the
nature of the solid and fluid surface. In the limiting case of 𝛽1 = 0, there is a perfect
slip and the solid sphere acts like a spherical gas bubble. If 𝛽1 → ∞, we get the
standard no-slip condition.
The expressions for stress and couple stress components are

𝑡𝑟𝑟 =

[
−𝛼2

(
𝑟 − 1
2
𝐴𝑟−2

)
+ 6𝐴𝑟−4 + 𝑟− 52

(
6𝐾3/2(b1𝑟) + 2b1𝑟𝐾1/2(b1𝑟)

)
𝐵

+ 𝑟− 52
(
6𝐾3/2(b2𝑟) + 2b2𝑟𝐾1/2(b2𝑟)

)
𝐶

]
cos \, (20)

𝑡𝑟 \ =
1
2

[
6𝐴𝑟−4 + 𝑟− 52

((
6 + 𝑟2𝛼2

)
𝐾3/2(b1𝑟) + 2b1𝑟𝐾1/2(b1𝑟)

)
𝐵

+ 𝑟− 52
((
6 + 𝑟2𝛼2

)
𝐾3/2(b2𝑟) + 2b2𝑟𝐾1/2(b2𝑟)

)
𝐶

]
sin \, (21)

𝑚𝑟 𝜙 = −𝑟− 32
[(
(2[ + [′)b21𝐾3/2(b1𝑟) + [b

3
1𝑟𝐾1/2(b1𝑟)

)
𝐵

+
(
(2[ + [′)b22𝐾3/2(b2𝑟) + [b

3
2𝑟𝐾1/2(b2𝑟)

)
𝐶

]
sin \, (22)

𝑚𝜙𝑟 = −𝑟− 32
[(
([ + 2[′)b21𝐾3/2(b1𝑟) + [

′b31𝑟𝐾1/2(b1𝑟)
)
𝐵

+
(
([ + 2[′)b22𝐾3/2(b2𝑟) + [

′b32𝑟𝐾1/2(b2𝑟)
)
𝐶

]
sin \, (23)

𝑚\ 𝜙 = 𝑟−
3
2

[(
([ − [′)b21𝐾3/2(b1𝑟)

)
𝐵 +

(
([ − [′)b22𝐾3/2(b2𝑟)

)
𝐶

]
cos \. (24)

Applying the boundary conditions, we have

𝐴 = −
𝑎3(𝜏𝐽6 + b24𝐽3𝐽7 − b

2
3𝐽4𝐽5)

Δ1
, (25)

𝐵 =
3𝑎 32 b24𝐽1𝐽11

Δ1
, (26)

𝐶 = −
3𝑎 32 b23𝐽1𝐽12

Δ1
. (27)
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5. Drag force

The drag acting on the sphere in a porous medium is evaluated by the formula

𝐹𝑧 = 2𝜋𝑎2
𝜋∫
0

𝑟2 (𝑡𝑟𝑟 cos \ − 𝑡𝑟 \ sin \)
��
𝑟=𝑎
sin \d\, (28)

substituting the values of the Eqs. (20) and (21) in the above formula, we obtain

𝐹𝑧 =
2
3
𝜋`𝑎𝑈𝛼2

(
𝐴 − 2𝑎3 − 2 𝑎

√
𝑎𝐾3/2(b1𝑎)𝐵 − 2 𝑎

√
𝑎𝐾3/2(b2𝑎)𝐶

)
, (29)

substituting the values of A, B, and C, we get

𝐹𝑧 = −𝜋`𝑎𝑈
[
2𝑎3𝛼2

(
𝜏𝐽6 + b24𝐽3𝐽7 − b

2
3𝐽4𝐽5

)
Δ1

]
. (30)

6. Special cases

Case 1: If _1 → ∞ and 𝑎 = 1 in Eq. (30), the drag force acting on a sphere
embedded in a Brinkman’s porous medium with effect of slip is obtained as

𝐹𝑧 = −2𝜋`𝑎𝑈
(
(𝛼2 + 3𝛼 + 3)𝛽1 + 𝛼3 + 3𝛼2 + 6𝛼 + 6

𝛽1 + 𝛼 + 3

)
. (31)

It matches the result given by Madasu et al. [37] and El-Sapa et al. [39].
Case 2: In the absence of permeability (𝛼 = 0 𝑖.𝑒., b1 = _, and b2 = 0)

in Eq. (30), the drag experienced by an incompressible couple stress fluid past a
sphere is

𝐹𝑧 = −6𝜋`𝑎𝑈
(
1 + 𝜏1(𝛽2 + 1) − _1

𝜏1 + _1(𝛽2 + 3)

)
, (32)

where
_1 = 𝑎_, 𝜏1 =

𝜏 + 2
𝜏 + _1 + 2

, 𝛽2 =
𝑎𝛽1
`
.

This result is the same as in Ashmawy [23].
Case 3: If 𝛽2 → ∞ in Eq. (32), the drag force reduces to

𝐹𝑧 = −6𝜋`𝑎𝑈
(
1 + 𝜏1

_1

)
. (33)

Here, 𝐹𝑧 exerted by couple stress fluid on the no-slip sphere is as that obtained
by Stokes [40].
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Case 4: If [ → 0 (_1 → ∞) in Eq. (32), the drag force is

𝐹𝑧 = −6𝜋`𝑎𝑈
(
𝛽2 + 2
𝛽2 + 3

)
. (34)

Here 𝐹𝑧 is the force exerted by viscous fluid on a slip sphere.
Case 5: If [ → 0 and 𝛽2 → ∞ in Eq. (32), the drag force acting on no-slip

sphere in a viscous fluid is
𝐹0 = −6𝜋`𝑎𝑈. (35)

Case 6: If 𝜏 = −1, we get the drag force acting on the slip sphere in consistent
couple stress fluid

𝐹𝑧 = −2𝜋`𝑎𝑈
(
𝑎𝛼2

(
b24𝐽3𝐽14 − b

2
3𝐽4𝐽13

)
Δ2

)
. (36)

Case 7: In the absence of permeability (𝛼 = 0 𝑖.𝑒., b1 = _ and b2 = 0)
in Eq. (36), the drag experienced by the consistent couple stress fluid past a slip
sphere is

𝐹𝑧 = −6𝜋`𝑎𝑈
(
1 + (𝛽2 + 1) − _1(_1 + 1)
1 + _1(_1 + 1) (𝛽2 + 3)

)
. (37)

Case 8: If 𝛽2 → ∞ in Eq. (37), the drag force reduces to

𝐷 = −6𝜋`𝑎𝑈
(
_21 + _1 + 1
_1(_1 + 1)

)
. (38)

This result agrees with the result obtained by Hadjesfandiari and Dargush [29].

7. Graphical results and discussion

The normalized drag 𝐷𝑁 is the ratio of drag force 𝐹𝑧 experienced by couple
stress fluid in a porous medium to the drag force 𝐹0 exerted by the no-slip sphere
in a viscous fluid. The real parts of 𝐷𝑁 are depicted graphically in Figs. 2-7 with
the following parameters

• Couple stress parameter: _,
• Couple stress viscosity ratio parameter: 𝜏,
• Slip parameter: 𝛽1,

• Permeability parameter: 𝑘1
(
=
1
𝛼2

=
𝑘

𝑎2

)
.

According to the couple stress fluid theory, the range of 𝜏 is 0 to ∞, while in
the modified couple stress fluid theory, 𝜏 = −1.
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Fig. 2. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for 𝜏 = 1, 𝛽1 = 5 and 𝑎 = 1

Fig. 2 shows the variation of 𝑅𝑒(𝐷𝑁 ) against the permeability parameter 𝑘1
for varying values of the couple stress parameter _. It is observed that, when the
value of _ increases, the normalized drag force 𝑅𝑒(𝐷𝑁 ) decreases with increasing
value of 𝑘1.
From Fig. 3, one can notice that the couple stress parameter _ → ∞, the fluid

is viscous, and the drag force exerted by Newtonian fluid on the sphere is different
from the drag force experienced by the couple stress fluid on the sphere.

Fig. 3. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for 𝜏 = 0, 𝛽1 = 5 and 𝑎 = 1

The effects of 𝜏 and 𝛽1 on the real part of the normalized drag force 𝐷𝑁 are
depicted in Fig. 4 and 5, respectively. It is shown that the drag force is slightly
increased as the couple stress viscosity ratio parameter 𝜏 increases in Fig. 4.
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When 𝜏 = −1, the case represents the consistent couple stress fluid and 𝑅𝑒(𝐷𝑁 )
decreases as 𝑘1 increases. Fig. 5 shows that the drag force 𝑅𝑒(𝐷𝑁 ) increases as
the slip parameter 𝛽1 increases. We notice that the drag acting on a no-slip sphere
is higher than the drag acting on a slip sphere.

Fig. 4. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for _ = 1, 𝛽1 = 5 and 𝑎 = 1

Fig. 5. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for 𝜏 = 1, _ = 1 and 𝑎 = 1

Fig. 6 and 7 present the variation of the drag force 𝑅𝑒(𝐷𝑁 ) against 𝑘1 for vary-
ing values of the couple stress parameter _ and the slip parameter 𝛽1, respectively.
For the consistent couple stress fluid, the normalized drag force 𝑅𝑒(𝐷𝑁 ) decreases
as _ increases in Fig. 6. Fig. 7 shows that, when slip parameter 𝛽1 increases, the
drag force 𝑅𝑒(𝐷𝑁 ) also increases. For no-slip case 𝛽1 → ∞, the drag 𝑅𝑒(𝐷𝑁 )
decreases as 𝑘1 increases.
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Fig. 6. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for 𝜏 = −1, 𝛽1 = 5, and 𝑎 = 1

Fig. 7. Variation of real part of normalized drag 𝐷𝑁 with 𝑘1 for 𝜏 = −1, _ = 1, and 𝑎 = 1

8. Conclusions

We have obtained an analytical solution of the axisymmetric and steady flow of
the couple stress fluid past a sphere embedded in a porous medium. The flow field is
governed by Brinkman’s equation in a porous medium. Stream function, pressure,
couple stress components, and stress component expressions are presented. The
drag force acting on the surface of the sphere in a porous medium is calculated.
In special cases, we discussed some well-known cases. The effects of slip, couple
stress, couple stress viscosity ratio, and permeability parameters on the drag are
illustrated by graphs. From the figures, one can notice that:
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• The drag force decreases as the couple stress parameter increases, and the
drag acting on a slip sphere slightly increases as the couple stress viscosity
ratio increases.

• The real part of drag increases as the slip parameter increases because fluid
velocity is decreased on the surface of the sphere.

• For the consistent couple stress fluid, the drag force decreases if the couple
stress parameter increases and the drag force increases as the slip parameter
increases.
In future works, couple stress fluid past different geometric shapes with a slip

effect in a porous medium may be investigated.

Appendix A

The constants given in Eqs. (25)–(27), Eq. (30) and Eq. (36) are defined as:

b3 = b1𝑎, b4 = b2𝑎,

𝐻1 = 𝐾1/2(b1𝑎), 𝐻2 = 𝐾3/2(b1𝑎), 𝐻3 = 𝐾1/2(b2𝑎), 𝐻4 = 𝐾3/2(b2𝑎),
𝐽1 = 𝑎𝛽1 + 2, 𝐽2 = 3𝐽1 + 𝑎2𝛼2 ,
𝐽3 = b3𝐻1𝐽1 + 𝐻2𝐽2, 𝐽4 = b4𝐻3𝐽1 + 𝐻4𝐽2 ,
𝐽5 = b3𝐻1 + 2𝐻2, 𝐽6 = b

2
4𝐻4𝐽3 − b

2
3𝐻2𝐽4 ,

𝐽7 = b4𝐻3 + 2𝐻4, 𝐽8 = b3𝐻1𝐽1 + 𝐻2𝑎2𝛼2 ,
𝐽9 = b4𝐻3𝐽1 + 𝐻4𝑎2𝛼2, 𝐽10 = b

2
4𝐻4𝐽8 − b

2
3𝐻2𝐽9 ,

𝐽11 = (𝜏 + 2)𝐻4 + b4𝐻3, 𝐽12 = (𝜏 + 2)𝐻2 + b3𝐻1 ,
𝐽13 = b3𝐻1 + 𝐻2, 𝐽14 = b4𝐻3 + 𝐻4 ,
Δ1 = 𝜏𝐽10 + b24𝐽7𝐽8 − b

2
3𝐽5𝐽9 ,

Δ2 = b
2
4𝐽8𝐽14 − b

2
3𝐽9𝐽13 .
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