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On the space of imperceptible observational errors in linear 
Gauss-Markov models with examples taken from engineering surveys 

This paper presents an analysis of the space, known in the theory of reliability, of 
observational gross errors or blunders absolutely undetectable in the least-squares estima­ 
tion process in linear Gauss-Markov models. The analysis is based on a general relationship 
linking the observational disturbances and a model response. Although the definition of this 
space is identical with that given by [l] it is arrived at in a slightly different way. Several 
properties of this space are formulated, one of them showing its connection with the 
reliability level of a model with uncorrelated observations. Although the linearized models 
are included in the theory, the approach applied to them, being basically a simple extension 
of that proposed for linear models, can not be considered as a complete proposal for 
practical purposes. The theory is illustrated with examples taken from engineering surveys. 

l . /0#($&12#"$0

It is well known that in Gauss-Markov models (GMMs) with properly distributed 
observational redundancies, one can detect the outlying observations which carry 
gross errors or blunders, henceforward call ed observational disturbances. According 
to Baarda [2] in a model with uncorrelated observations the minimum detectable 
disturbance in a single observation depends on the level of measurement accuracy, the 
reliability measure for the observation in question as well as on the assumed 
probability levels (ct, 345 for the type I and type II procedural errors. It is also known 
[1] that there are gross errors or blunders which do not change the least-squares (LS) 
residuals and therefore pass undetected through any statistical test. Beside providing 
an independent proof for the definition of the space of such errors (as given in [1]) the 
investigation of its properties and finding relationship to the model's reliabili ty 
characteristics are the main objectives of the present paper. This topic is of special 
interest to engineering surveys where more and more often the demands for high 
precision and high reliability of setting out or deformation monitoring are considered 
essential in the process of the erection of a building structure or in assessing its safety. 



J 
92 ! "#$%& ' () *+, -* . "

To provide a terminological basis for the reliabili ty-oriented analyses concerning 
this space, the following classification of observational disturbances is proposed, 
being consistent with the approach presented in [1]: 

I OBSERVATIONAL DISTURBANCES I 
I I 

perceptible imperceptible 
/01*$%2#3%, 24&3#35#01%36

I I 
undetectable detectable 

/(3%0#"73%, 24&3#35#01%36 / (3%0#"73%, &3#35#01%36

Fig. I The reliabil ity-oriented classification of observational disturbances 

The term "perceptible" covers all those disturbances which cause certain distor­ 
tions in the LS residuals, the magnitudes of the disturbances being either within the 
uncertainty area of the measurement method (undetectable) or outside that area 
(detectable). The term "imperceptible" refers to all those disturbances, which, since 
they do not induce any distortion in the LS residuals, are absolutely undetectable in 
the process of the LS estimation, i.e. even with the uncertainty area being reduced to 
a point (standard deviation of measurement equal to zero). In this theoretical case the 
minimum detectable disturbance as determined on the basis of the Baarda formula 
becomes zero, which means that every perceptible disturbance is detectable [2]. The 
greater the standard deviation of measurement the bigger the minimum detectable 
disturbance in every observation. To emphasize this dependence (and that of other 
factors) the adjective "relative" can be added to precisely characterize the "undetec­ 
table" and "detectable" disturbances. 

This paper concentrates on the space of imperceptible disturbances, verifying its 
definition and formulating some of its properties. The identification of the space is 
based here on a general relationship between the observational disturbances and 
a model response. It should be emphasized that of all possible types of disturbances 
we take into account those that do not affect any model equation (the model being 
considered correct) but distort its right hand side terms only. The functioning of this 
space is investigated also in a random error environment. 
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2. The "disturbance/response" relationship for a GMM 

Let us consider the class of linear GMMs, covering the models with minimum 
constraints and the models with no constraints, defined by: 

A.x+e=y 

Sx=O 

e~(O, C) 
(I) 

where: 
y - the n x I vector of observations (observational increments - in a linearized 

model); 
A - the n x u coeffi cient matrix; rank(A) ~ u, or introducing d as a defect of A, 

rank(A)=u-d (d~O); 
x - the unknown u x 1 vector of parameters (parameter increments-in a linea- 

rized model); 
e - the unknown n x I vector of random errors; e= y-ytruc 
C - the n x n covariance matrix (pos. def.); 

S - the d x u coeffi cient matrix, rank sr = d, such that rank [~]=u. 

From the consistency of the functional model it foll ows that /ru0EM(A), where 
M(A) denotes the space spanned by the columns of A. 

Within the models with no constraints in (1) there can also be the over-constrained 
models (S(wxu) where w z- d, rank (Sr)=w, rank [Arsry=u) reduced to their 
equivalent forms having full -rank coeffi cient matrices. 

Af ter standardization the model (1) will take the form: 

Sx=O 
(2) 

where: y* = by; A* =hA; e* =he; bTh=C-1 

The least-squares estimator of ( -e*)' being the vector of standardized residuals 
denoted here by v* ' is given by the formula: 

(3) 

where (ArA*)~ is the reflexive g-inverse of ArA* such that S(ArA*).~ = O, 
or with 

(4) 
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The orthogonal projector Cv* ' being the covariance matrix of the standardized 
residuals, contains full information on internal reliability of a GM M with uncor­ 
related observations (see [I], [3], [4]). 

Replacing y * and v* by their increments L1Y * and L1 v* we get a well known 
"disturbance/response" relationship for a GMM (in a standardized form), i.e. 

(5) 

where: Liy * - the vector of dist ur ban ces in standardized observations, 
Liv* - the vector of resulting distortions in the LS standardized residuals. 

Substituting into (5) /012 = 3/0 , 4/052 =hL1vwith bas in (2) and expressing the result in 
terms of A and C as in (1) we obtain the "disturbance/response" relationship for the 
original, i.e. non-standardized, GM M (see e.g. [I], [5]) 

I 
\ 
~ 
(i 
l 

(6) 

or in a form analogous to (5) 

(7) 

where C(v) is a projector, which can be considered orthogonal in a vector space with 
a norm defined as li , li = (yrc-1y)112 where c-1 is p.d. ( see [6]). The brackets used in 
a subscript are to indicate that C(v) is not a covariance matrix of the LS residuals v. 
The matrix C(v) is a basis for computing the reliabili ty measures in GMMs with 
correlated observations (see [7], [8]). 

With reference to linearized models let us denote by x0 the vector of approximate 
values of parameters and assume that it lies within the specified validity area of linear 
expansion around xtruc_ Now, with A(x0), ,6, 789

:4 A*(x0
), , 26, 2789

: taken instead 
of, correspondingly A, y, A*' y * ' the formulas (I)-;- (7) become the explicit relations­ 
hips concerning the linearized models. The requirement for consistency (and hence 
- for correctness) of their functional models expressed as [ytruc - y(x0)] E M{ A(x0

)] can 
be satisfied to a degree resulting from the accepted inaccuracy of linear expansion. 

3. ; 3< *=>?< $@"A=<(?<=#"B%< $B*<(5>#"$C>%&"*#D(B>C?<*

Taking into consideration the relationship (5) we shall investigate the cases when 
there is no response of the model to disturbances in the standardized observations. 
The set of such disturbance vectors, denoted by U*' i.e. 

(8) 

will form the space of imperceptible disturbances in the standardized observations. 
Consequently, the space of the corresponding imperceptible disturbances in the 
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original observations, denoted by U, will be 

U={L1y: L1y#O =-L1v=0} 

where: L1y=h-1L1y* ' L1v=h-'L1v* 

Although we can find immediately from (5) that the model yields no responses in 
the following two cases: 

(9) 

a) C0*=0 

b) Cv*L1y=0 rc., #0) 

(10a) 

(!Ob) 

so that we might analyze them separately, we shall follow a more general approach. 
According to [9], for any type of g-inverse in (4) we have C°*A* = O, which means 

that C0* carries out the projection onto the space orthogonal to that spanned by the 
columns of A* ' i.e. M(A*). Consequently, M(A*) is the null space of C0* ' i.e. 
M(A*)=N(C°*), so M(A*)1-M(C0*) and hence, dim M(C°*)+dimM(A*)=n, where 
dimM(C0*)=n-u+d, dimM(A*)=u-d. 

By distinguishing between dim M(A*) =n(=- C" * = O) and dimM(A* ) < n 
(=- C0* #0) we cover the cases a) and b) listed above. Unlike the latter case, the 
former one excludes the occurrence of any dependence between the rows of A, which 
applies to the model with no observational redundancies. 

Thus, the space of imperceptible observational disturbances in the standardized 
GMM can be defined as 

(11) 

For L1y * such that L1y * E M(A*) the corresponding L1y (see (9)) satisfies L1y E M(A) 
and hence, the space of imperceptible observational disturbances in the non­ 
standardized GMM can be defined as 

U={L1y: i:1yEM(A)} (12) 

Multiplying A (or A*) by different nonsingular matrices KERuxu (excluding the 
identity matrix and the permutation matrix) we can generate different sets of i1.y (or 
L1y *) belonging to the space U ( or U*). There can be such column vectors in K that 
with A being of incomplete rank (i.e. rank (A)< u) the multiplication will yield L1y = O 
( or L1y* =0). 

The definition of the space U as in (12), which is independent of the given 
covariance matrix C, could also be obtained directly on the basis of (6) by analogous 
derivations. 

Still another method of arriving at the same definition of U (or U*) would be to 
resort to the algebraic properties of the original model (I) (or the standardized model 
(2)) and apply the n.s. condition for the model consistency (see [6]) to the incremental 
form of (I) (or (2)), i.e. A· L1x= L1y (or A*L1x =L1y *). Using the duality properties of 
the least squares method (see [1 O]) one can easily prove a full consistency in the 
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definition of the space of imperceptible observational disturbances (the SID for short) 
between the parametric method and the method of conditions. 

Maintaining the assumption of correctness of a model, in the case of linearized 
models we have to modify the definitions of the SID (see (11) and (12)) as shown 
below for the definition (12) 

(13) 

where: R1 - the space of those /0123 which, when contained in the observations used 
in computing x0

, do not affect the model correctness; 
42 - the space of those /5, 3 which, when contained in the observations not 

used in finding x0, can not be detected by the individual "free-term" 
checks. The assumption is here made that x0, which is found on other 
basis, ensures the model correctness. 

By introducing these two spaces without defining them precisely we would like to 
emphasize only that the actual SID for linearized models constitutes a certain 
subspace of M[A(x0

)]. 

4. 6 "*#7(89: ; <* ": 9 (9: &$= <(($( <: >"($: = <: #

Let us consider the following structure of the observation vector: 

, ?@(7;A<A/5 ,

where: ytruc - the vector of true values of measured quantities; 
< Bthe vector of random errors, as in (I); 
/5, Bthe vector of disturbances (gross errors, blunders). 

ln a standardized model the formula (14) will take the form 

(14) 

(I 5) 

Let each of the vectors <C and /5, C be a superimposition of the component 
belonging to DC and the component not belonging to U*' i.e. 

y * = , 0; + e~-) + e~+) + L1yt ) + L1y~+) (16) 

where: <0B%EDCF<0AGH DC and /5 , 0B%EDCF/5, 0AIH DC1 The consistency of the model 
equations implies that , 0JHK LMCGand hence , 0JH DC1 Either directly from (14) or 
by multiplying both sides of (16) by b-1 (bas in (2)) we may get the analogous form of 
the observation vector in the initial model. 

Substituting the relationship (16) into the formula ( 4) and taking into account that 
C u1ruc_o and C e<+l=O· C L1y<+l=O we get 

7N B OC * , OC * ' 
> = - C <P Bl - C * /5 , PBl * OC * O * (17) 
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where k is a non-zero column vector, such that Ak:;eO (i.e. k¢:N(ATA)) and 
(1-s-s) is a projector onto the space .lto M(S-); 

The above-mentioned requirement for k excludes the column vectors of the 
transposed coeff icient matrix S0 of free-net conditions (i.e. such that AS~= O) as they 
span the null -space of AT A. 

For rank(A)=u we have instead of (ATC-1A)5 a regular inverse (ATC-1A)-1, 
/ 012A)={O} and hence 

3)3"4 . 5 (ATc-1 A)-1A Tc-13)3, 678 (22) 

where k is an arbitrary non-zero column vector; 
vi) it seems reasonable to recommend that the space of imperceptible disturban­ 

ces (dim(U*)=dimM(A*)=u-d) should constitute a small part of the whole 
9 7dimensional observational space, hence 0: 7&8;9 should be as small as possible, or 
equivalently, that the space of perceptible disturbances 0&"< = 0>?8497: 5 &8
should constitute a dominating part of the whole 9 7dimensional observational 
space, and hence 097: 5 &8;9 should be as big as possible. We recognize at once that 
the latter is a requirement for a high value of the global measure of the standarized 
model's internal reliability The higher the value of the global measure of the 
standarized model's internal reliability the small er is the space of imperceptible 
disturbances. Assuming the uniform distribution of redundancies throughout the 
model the above global measure is identical with each of the local measures (i.e. 
concerning each observation). 

The models with a low level of internal reliability ({ C0*};; < 0.5 0"4 1, ... , n), as 
specifi ed in [3] for the models with uncorrelated observations), do not satisfy the 
reg uirement stated above. 

5. @: (#AB( C($CB(#"B* $D#AB *CEFB $D"<CB(FBC#"G%B &"*#: (GE9FB*

Here are some other properties of the SID together with their proofs: 
- in a GMM with redundancies such that {C0* };; >0 0"4 1, ... , n) the space of 

imperceptible disturbances does not contain any vector with a single observational 
disturbance. Assuming the standardized disturbance vector 3)3, HI"4 JK 333K L", HMK 333KN
0"4 1, ... , n) and substituting it into (10b) we obtain the requirement for the i-th 
column vector of C0* being {C0* } .;=0 0"4 1, ... , 98I which contradicts the assump­ 
tion, and thus L", HIMOPQH 0"4 1, ... , 983The single disturbance being perceptible may be 
a detectable or an undetectable quantity. 
- the disturbance vector L1y;=a;=[a1,i, ERSMI TTTI E9IMNI where EM is the i-th 

column-vector of A (.ó.y; EU), contains the disturbances in the observations which 
approach the "7#Aparameter node as shown on a structural network of A in Fig.2. The 
connecting lines are drawn only for the non-zero componenets of the vector L", M (in 
the figure aRIM= O). Hence, each of the column vectors of A contains the single-node 
imperceptible disturbances. 
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Yj 

observat ons 
Fig.2 Structural network of the matrix A 

Yn 

-the disturbance vector liy=Ak=k1a1+k2a2+ ... +kuau, with k (as in (20)) 
having at least two non-zero components, contains the disturbances in the obser­ 
vations belonging to different parameter nodes; 
- neither reordering of the parameters in a vector x (see (I)) nor rescaling of each 

of them affects the space of imperceptible disturbances. 
The fi rst modifi cation corresponds to using as K (see section 3) the permutation 
matrix, and the second - the diagonal matrix, i.e. Ax=AKK-1x=AMxM, and hence 
M(A,,,) = M(A); 
- the disturbance vector liy=Ak=ki<L1+k2a2+ ... +kuau, with kas in (22), 

corresponds to the vector of parameter increments li x= [kl 2 ... kuY- 
On the basis of (1) we have A·lix=liy and thus A·li x=A·[k1k2 ... kX= 

= k/1
1 
+ ... + kuau. In linearized models the property holds for parameter shifts which 

are within the area of validity of linear expansion. 
Special cases, which are characteristic from the practical point of view, are as 

follows: 
a) tix =[O ... O l (i l O ... 0f= tiy=a;; 

The vector of the i-th node disturbances corresponds to the change in the i-th 
parameter; 

b) tix=[O ... O k; kj 0 ... 0]1' = li y=k;a;+kpj; 
When the i-th and the j -th parameters are X, Y coordinates of a point, a linear 
combination of the i-th and the j-th column-vectors of A corresponds to the 
change in the (X, Y) position of this point. 

- the disturbance vector tiy corresponding to t.x as above, distorts the LS 
estimation of the parameter vector x by tix according to the relationship (for notation 
see property v., sect. 4) 

and with A being of full rank we have tii= li x. 
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6. / 012 3%4*

For simple measuring schemes, as can be met in the practice of engineering 
surveys, we shall find some of the SID vectors and demonstrate the way of generating 
the equivalent observation vectors. 

E x a m p 1 e I. Let us consider a local levell ing scheme shown in Figure 3. 

hs 

6 

Fig.3 The levelli ng scheme used in the example 

Instead of presenting the whole matrix A(9 x 8) (rank(A) = 7) we shall show only two 
of its columns, representing the characteristic types of the SID vectors: 

- for the node 5 6
- for the node 5 5 

~h< + l = [ - 1 O O O O O 1 O $,
M< + l = [O O O 1 - 1 O O O 1 7

The components of these vectors are single-node disturbances. By applying the 
transformation Ak , where k is as in (21), we may get other forms of the SID vectors, 
e.g. for k = [O O 5 5 O O O O $, and k = [O O O O 4 1 O O $, we get 

~h<+l=[O 5 O -5 O O O O $,

~h<+l=[O O O 4-3 -1 O O OY 

The examples of the SID vectors demonstrate the well known effects of gross error 
compensation in levell ing networks. 

In analogy to (20) the LS equivalent observation vectors can be generated by the 
formula: 

h<:,.jV,i = h+ ~hj+)= h+ Aki 

where 
~h\+l - an arbitrary non-zero element of U; 
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to be determined in a local reference system are the coordinate increments dX, dY for 
each point and the orientation constants / for each theodolite station. To construct 
the matrix A we assume the point coordinates as listed in Table 1. 

Tab Ie 1 

Point X0[m] Y0[m] 

SI 120.030 16.950 
S2 85.132 221.193 
S3 93.735 384.216 
Pl 280.145 16.950 
P2 255.688 200.007 
P3 240.346 360.771 

For the purpose of this analysis they represent the true coordinates, so we have 
x0=x1ru". Maintaining the notation ~y<+l used for the SID vectors (see section 4) we 
introduce an auxiliary symbol ~y+ to denote those vectors ~y which satisfy the condition 

but were not checked against the requirement ~yE(R0uR123 which constitutes the 
second component in formula (13). 
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Fig. 5. A fragment of the structural network of the matrix A for horizontal measuring scheme 

Here are the vectors ~y+, being the columns of the matrix A(x0
), corresponding to 

the parameter nodes dXl' dYl' Z3 (see Figure 5): 
- for the node dX

0
~y+ =[0 ... 0 1.63(7) 0 ... 0 1.38(13) 0 ... 0f 
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- for the node dY1 ~y+ =[3.98<1i 0 ... 0 1.56(7) 0 ... 0 0.70<13i O ... Of 
- for the node Z3 ~y+=[O ... O -1 -1 -1 -1 -1 O Of 
When we center the signal over the point Pl making the eccentricity error 

~r=[2 -IY and keep the position of the signal fixed in all the measurements in 
a scheme we automaticall y generate the vector ~y+ having the form 

~y+=[-3.98(1) 0 ... 0 1.70(7) 0 ... 0 -2.06(13) o ... ov 

Withy being a given observation vector the equivalent observation vectors can be 
gene-rated by the same formula as in Example 1, i.e. 

where k;r/N{ [A(x0)f A(x0)} (see formula (21)). 
Following the formula (19) we shall construct the vector ~Y(ovcrlookcd) on the basis of 

~y+ for the node dX1, recognized after an appropriate check as ~y<+l: 

13.8(13J O Of 

l.2c13J O Of 

15.0c,3i O Of 

In checking whether ~y+ qualifies to be ~y<+l the foll owing condition for the model 
correctness was assumed: 

~y(+) =[0 ... 0 16.3(7) 0 ... 0 

~y<-) =[0 ... 0 -1.3(7) 0 ... 0 

~Y(ovrlookcd) =[0 ... 0 15.0(7) 0 ... 0 

i= 1, 2, ... , n 

where xd - is the vector x0 with the use of the values of k7 and k13 containing the 
disturbances, a y,i - the a priori standard deviations being here a k = 3cc; a L = 1 mm. 
Using the simulated vector y, the LS residual vectors v were computed for the 
following three options of the observation vector: 

Y Y. y -y+~y . y3=y+~y<-l-, 1 = , 2 - (overlooked), 

The results of the computation were as follows 

In spite of discrepancies (within ± 0.3ay) in the second equality, the results of the 
adjustment for the options 2 and 3 are, in terms of the tests based on residuals, 
equivalent with the results for the option I. 
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7. / $01%2&"03 (45 6(. *

The analysis of the space of imperceptible disturbances, carried out in this paper, 
all ows one to give a more complete description of the advantages of designing 
a GMM to a suitably high reliability level: 
- better detection of perceptible disturbances thanks to the reduction of the space 

of undetectable disturbances; 
- reduction of the space of imperceptible disturbances. 
Obviously, both these advantages are closely interrelated by their reference to the 

same model relationships. 
For the models being the result ofl inearization of the initial non-linear models the 

analysis of SID should have a specifi c approach adjusted to the complexity and 
peculiarity of the problem being modelled. Note that the non-linear models with no 
observational redundancies (which are in fact more theoretical than practical 
structures) may, in general, have more than one solution. The approach to linearized 
models presented in this paper is only a straightforward extension of that proposed 
for the linear models and hence, requires further investigation. The spaces R7 and R

2 

cannot easily be defined precisely as they depend on the procedures for finding the 
approximate coordinates and on the degree of precision with which one can estimate 
their accuracy level. There are procedures which, prior to the main adjustment 
process, make it possible to eliminate a certain number of the evidently outlying 
observations. 

It should be emphasized that, either being correct or incorrect, every GMM 
possesses SID. However, in incorrect models the imperceptible disturbances can be 
a superimposition of the observational disturbances and the disturbances being the 
effect of model imperfections or of the model's inadequacy. The complexity of such 
situations in linearized models speaks in favour of giving such models a separate 
treatment 

There are numerous potential sources of disturbances (and hence - also of the 
imperceptible disturbances) in geodetic observations so we will not attempt to li st 
them here. However, in the light of the analyses carried out so far we shall only 
comment that a permanent eccentric signall ing of a network point will always 
generate an SID vector, whereas the disturbances induced in the measurement process 
(e.g. from the influence of external conditions) may only incidentall y form a vector 
fall ing into that space. 

Here are some practical conclusions which emerge from the fact of the SID 
existence in every GMM . By containing this space such a model incorporates some 
potential risks for the technology which uses this model as a data-processing tool. The 
identifi cation of such risks, which can be done on the basis of the matrix A, is speciall y 
important in the models with a low level of internal reliability. Such models can be 
encountered in the engineering survey practice. Having in mind a proper quality of 
the survey products it would be well worth while to investigate the measurement 
procedure and the measurement process itself with respect to possible disturbing 
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