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Abstract. An active inerter-based suspension with acceleration feedback control is proposed in this paper, the time delay generated in the
controllers and actuators is considered, which constitutes the time-delayed active inerter-based (TDA-IB) suspension. The dynamic equation of
the TDA-IB suspension is established and is a neutral type of delay differential equation (NDDE) in which the time delay exists in the highest-
order derivative. The stability analysis is conducted by calculating the number of unstable characteristic roots based on the definite integral
stability method, the stable and unstable regions are determined. The effect of time delay and feedback gain on the dynamic performance of
the TDA-IB suspension under harmonic, random, and shock excitations is studied in detail and compared with the parallel-connected inerter-
based (PC-IB) and traditional suspensions. The results show that the TDA-IB suspension is asymptotically stable for smaller feedback gain and
time delay, through increasing the feedback gain, the stable regions shrink, and a smaller time delay could cause the system to become unstable.
Furthermore, the time delay could regulate the resonance peak around the unsprung mass natural frequency and generate multiple high-frequency
resonance peaks. If the time delay is chosen appropriately and falls into the stable range, the TDA-IB suspension could improve the dynamic
performance for the suspension stroke and dynamic tire load while having a deterioration for the vehicle body acceleration compared with the
PC-IB and traditional suspensions.
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1. INTRODUCTION
The suspension has a major effect on vehicle dynamics, it di-
rectly affects the comfort of the vehicle ride, road holding, and
handling stability. The further improvement of the vehicle dy-
namics is restricted by the inherent structure of the traditional
suspension, which is composed of damper and spring [1–3].
The inerter-based suspension is a suspension recently put for-
ward and widely considered, which comprises damper, spring,
and inerter [4]. Inerter is a device with two freely moving termi-
nals and its generated force is proportional to the relative accel-
eration. The proportional constant is denoted as inertance with
a unit of a kilogram. Inerter possesses the mass amplification
effect, and it would supply a quite larger inertance compared
with its own mass, which could increase the inertial of the to-
tal dynamic system instead of increasing the mass. Therefore, it
is an efficient vibration attenuation structure because of its me-
chanical property. The inerter-based suspension could enhance
the dynamics of the traditional suspension via devising different
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arrangements of damper, spring, and inerter, but at the expense
of sophisticated configuration arrangements.

The inerter-based suspension could be divided into three cat-
egories: passive, semi-active, and active. The passive inerter-
based suspension is composed of a passive damper, spring, and
inerter. Wang et al. [5], Zhang et al. [6], and Liu et al. [7] stud-
ied the dynamic performance of the passive inerter-based sus-
pension and found it could further improve the ride comfort and
minimize road damage compared with the traditional suspen-
sion. The passive inerter-based suspension has high reliability
and cost-effective characteristics and requires no input energy,
while the dynamic performance is restricted compared with the
semi-active and active ones.

The semi-active inerter-based (SA-IB) suspension comprises
controllable elements, for instance, semi-active damper [8] or
semi-active inerter [9]. The ball-screw, rack-and-pinion and
fluid inerters are three mainly used inerters. If the inertance is
fixed, the inerter is passive; otherwise, if inertance could be ad-
justed, the inerter is semi-active. Lazarek et al. [10, 11] pro-
posed an inerter equipped with a continuously variable trans-
mission (CVT), which could enable the step-free changes of
inertance by varying the transmission ratio of the CVT. Faraj
et al. [12] designed a ball-screw inerter with a variable thread
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led to change the inertance for mitigating the impact loads.
The semi-active inerter could be also achieved by designing
a ball-screw or rack-and-pinion inerter with a controllable in-
ertia flywheel [13] or devising tubes with different diameters
and using electromagnetic valves to control them in the fluid
inerter [14]. Chen et al. [13] applied both semi-active damper
and semi-active inerter in the SA-IB suspension and proposed
the feedback control method, which could enhance vehicle ride
comfort and road holding. Zhang et al. [14] designed a con-
tinuously adjusted semi-active inerter and proposed a modified
skyhook-inertance control method, showing that the SA-IB sus-
pension could reduce the peak value in the low-frequency band.
Zhang et al. [15] constructed an SA-IB suspension with a semi-
active damper according to the skyhook, ground hook, and hy-
brid control methods, studied its dynamic behaviors, and found
its dynamic performance is better compared with the passive
inerter-based suspension. Hu et al. [16] proposed the continu-
ous and on-off control methods for the semi-active inerter in
SA-IB suspension to simulate the ideal skyhook inerter, indi-
cated that it could improve the vehicle ride comfort. Wang et
al. [17] proposed the acceleration-velocity-based switch control
method according to the mechanical property of semi-active in-
erter, utilized it in SA-IB suspension to enhance the dynamic
performance.

The active inerter-based suspension employs a controllable
actuator to generate the desired force [18, 19], it provides bet-
ter dynamic performance compared with the passive and semi-
active ones, although requires the most energy. He et al. [20]
proposed an active inerter-based suspension using the skyhook
control and found it could achieve a better vehicle ride com-
fort. The active control strategies including sliding mode con-
trol, H∞ control, optimal control and adaptive control strategies
that used in the traditional active suspension system could be
also utilized in the active inerter-based suspension to improve
the dynamic performance. Here the acceleration feedback con-
trol is considered, which is based on the mechanical property
of the inerter, this control strategy is simple and could be easily
achieved in practical engineering [21,22]. Through constructing
different arrangements of damper, spring, and inerter or adding
another element, the inerter-based suspension may have various
types. Here the active inerter-based suspension is based on the
parallel-connected (PC) configuration. The damper, spring, and
inerter is in PC, this configuration is simple and space efficient.

In the active inerter-based suspension, there exists unavoid-
able time delay in the controllers and actuators, which generates
in the procedure of measuring the vehicle motion parameters,
determining, and calculating the control methods, and achiev-
ing the control force. The time delay may cause the dynamic re-
sponse to be more complicated, degenerate the dynamic perfor-
mance, or make the dynamic system unstable; otherwise, if the
time delay is chosen appropriately, the dynamic performance
could be improved significantly. For the acceleration feedback
control, if the time delay exists, the dynamic equation of the
active inerter-based suspension is a neutral type of delay dif-
ferential equation (NDDE), which includes a time delay in the
highest-order derivative [23]. Compared with the retarded type
of delay differential equation (RDDE), in which the highest-

order derivative has no time delay, the NDDE shows some par-
ticular features in the aspects of dynamic characteristic and sta-
bility [24]. Thus the time-delayed active inerter-based (TDA-
IB) suspension is considered here, the effect of time delay and
feedback gain on its dynamic performance is studied and the
stability analysis is conducted, the main goal is to study whether
the time delay could further enhance or deteriorate the dynamic
performance. The contributions of this paper are: (a) An active
inerter-based suspension with time-delayed acceleration feed-
back control is proposed, which considers the effect of time
delay. (b) The stability of the TDA-IB suspension is conducted
and the stable and unstable regions are determined. (c) The in-
fluence law of the time delay and feedback gain on the dynami-
cal performance of the TDA-IB suspension is analyzed. (d) The
dynamic performance of the TDA-IB suspension is compared
with the PC-IB and traditional suspensions to show its advan-
tages.

The remaining part of the paper is the following. In Section 2,
an active inerter-based suspension with time-delayed accelera-
tion feedback control is presented, its dynamic equation is es-
tablished and the performance criteria for harmonic excitation
is acquired. In Section 3, the stability analysis is studied, the
corresponding stable and unstable regions are obtained. In Sec-
tion 4, the dynamic response of the TDA-IB suspension sub-
jected to harmonic, random, and shock excitations is studied,
the effect of time delay and feedback gain on its dynamic per-
formance is analyzed. Section 5 exhibits the conclusions.

2. THE TDA-IB SUSPENSION AND ITS MODELING
A quarter-vehicle model equipped with TDA-IB suspension is
shown in Fig. 1, which is based on the PC configuration. ms and
mu are the sprung and unsprung masses respectively, c is the
damping of the suspension, kt and k are the stiffness of the tire
and suspension respectively, the inertance of the inerter is b, zs
and zu are the displacements of the sprung and unsprung masses
from the static equilibrium positions respectively, the road exci-
tation displacement is zr. For the acceleration feedback control,
the active force u is proportional to the relative acceleration be-
tween the sprung and unsprung masses, it equals to g ·(z′′s −z′′u),
where g denotes the feedback gain.

Fig. 1. Quarter-vehicle model equipped with TDA-IB suspension
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The time delay generated in the controllers and actuators is
considered and denoted as τ , the dynamic equation of the TDA-
IB suspension is

msz′′s =−k(zs− zu)− c(z′s− z′u)

−b(z′′s − z′′u)−g[z′′s (t− τ)− z′′u(t− τ)],

muz′′u = k(zs− zu)+ c(z′s− z′u)+b(z′′s − z′′u)

+g[z′′s (t− τ)− z′′u(t− τ)]− kt(zu− zr).

(1)

Rewriting equation (1) in a matrix form

MmZ′′+MgZ′′(t− τ)+CZ′+KZ = G, (2)

where

Mm =

[
ms +b −b
−b mu +b

]
, Mg =

[
g −g
−g g

]
,

C =

[
c −c
−c c

]
, K =

[
k −k
−k k+ kt

]
, Z =

[
zs

zu

]
,

Z(t− τ) =

[
zs(t− τ)

zu(t− τ)

]
, G =

[
0

ktzr

]
.

(3)

Considering the road excitation as the harmonic excitation,
where zr = zrm cos(ωt) with ω denoted as the excitation fre-
quency and zrm represented as the displacement amplitude. Us-
ing the Laplace transformed method yields the dynamic re-
sponse of the TDA-IB suspension

zs =
ktzr[(b+ge−τs)s2+cs+k]

[(ms+mu)(b+ge−τs)+msmu]s4+(ms+mu)cs3

+[mskt+(ms+mu)k+(b+ge−τs)kt ]s2+ckts+kkt

,

zu =
ktzr[(ms+b+ge−τs)s2+cs+k]

[(ms+mu)(b+ge−τs)+msmu]s4+(ms+mu)cs3

+[mskt+(ms+mu)k+(b+ge−τs)kt ]s2+ckts+kkt

,

(4)

where s is the Laplace variable. In this paper, the dynamic per-
formance of the TDA-IB suspension is evaluated by three per-
formance criteria: vehicle body acceleration, defined as the ac-
celeration of the sprung mass, it is concerned with the vehicle
ride comfort; suspension stroke, defined as the relative displace-
ment of the sprung and unsprung masses, it should be main-
tained within particular limits to avoid the components striking
the limit blocks; dynamic tire load, defined as the force which
equals the stiffness of the tire multiplying the relative displace-
ment of the unsprung mass and road excitation, it corresponds
to the road holding [25]. Based on the definition, the three per-
formance criteria are

JV BA = s2zs =
ktzrs2[(b+ge−τs)s2 + cs+ k]

[(ms +mu)(b+ge−τs)+msmu]s4

+(ms +mu)cs3

+[mskt +(ms +mu)k
+(b+ge−τs)kt ]s2 + ckts+ kkt


, (5a)

JSSS = |zs− zu|

=
ktzrmss2

[(ms +mu)(b+ge−τs)+msmu]s4

+(ms +mu)cs3

+[mskt +(ms +mu)k

+(b+ge−τs)kt ]s2

+ckts+ kkt



,

(5b)

JDT L = kt |zu− zr|

= ktzr

{
[(ms +mu)(b+ge−τs)+msmu]s4

+(ms +mu)cs3 +(ms +mu)ks2

}


[(ms +mu)(b+ge−τs)+msmu]s4

+(ms +mu)cs3

+[mskt +(ms +mu)k+(b+ge−τs)kt ]s2

+ckts+ kkt


(5c)

denoting s = jω , where j is the complex variable, substituting
it into equations (4) and (5) yields

zs(ω) =

ktzrm

√√√√[k− (b+gcosωτ)ω2]2

+[cω +(gsinωτ)ω2]2√√√√√√√√√√√√

{kkt − [mskt +(ms +mu)k

+(b+gcosωτ)kt ]ω
2

+[(ms +mu)(b+gcosωτ)+msmu]ω
4}2

+{cktω + ktgω2 sinωτ

−(ms +mu)cω3− (ms +mu)gω4 sinωτ}2

, (6a)

zu(ω) =

ktzrm

√√√√[k− (gcosωτ +b+ms)ω
2]2

+[cω +(gsinωτ)ω2]2√√√√√√√√√√√√

{kkt − [mskt +(ms +mu)k

+(b+gcosωτ)kt ]ω
2

+[(ms +mu)(b+gcosωτ)+msmu]ω
4}2

+{cktω + ktgω2 sinωτ

−(ms +mu)cω3− (ms +mu)gω4 sinωτ}2

, (6b)

JV BA(ω) =

ω2ktzrm

√√√√[k− (b+gcosωτ)ω2]2

+[cω +(gsinωτ)ω2]2√√√√√√√√√√√√

{kkt − [mskt +(ms +mu)k

+(b+gcosωτ)kt ]ω
2

+[(ms +mu)(b+gcosωτ)+msmu]ω
4}2

+{cktω + ktgω2 sinωτ

−(ms+mu)cω3−(ms+mu)gω4 sinωτ}2

, (6c)
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JSSS(ω) =
ktzrmmsω

2√√√√√√√√√√√
{kkt − [mskt +(ms+mu)k
+(b+gcosωτ)kt ]ω

2

+[(ms+mu)(b+gcosωτ)+msmu]ω
4}2

+{cktω + ktgω2 sinωτ

−(ms+mu)cω3− (ms+mu)gω4 sinωτ}2

, (6d)

JDT L(ω) =

ktzrm

√√√√√√√√
{−(ms+mu)kω2

+[(ms+mu)(b+gcosωτ)+msmu]ω
4}2

+{(ms+mu)cω3

+(ms+mu)gω4 sinωτ}2√√√√√√√√√√√
{kkt − [mskt +(ms+mu)k
+(b+gcosωτ)kt ]ω

2

+[(ms+mu)(b+gcosωτ)+msmu]ω
4}2

+{cktω + ktgω2 sinωτ

−(ms+mu)cω3−(ms+mu)gω4 sinωτ}2

. (6e)

Denote δ as the inertance-to-mass ratio equal to b/ms, σ as
the non-dimensional feedback gain equal to g/ms, the structural
parameter values of the TDA-IB suspension are shown in Ta-
ble 1, which is based on a mature traditional suspension for a
commercial vehicle.

Table 1
Structural parameter values of the TDA-IB suspension

mu ms kt k c

40 [kg] 320 [kg] 190 [kN/m] 22 [kN/m] 1000 [Ns/m]

The dynamic response of the TDA-IB suspension obtained
using the Laplace transformed method is compared with the
numerical method and is shown in Fig. 2. The function ddensd
in Matlab is adopted to solve equation (1) to obtain the nu-
merical results, it is observed that the analytical results are in
good agreement with numerical results, which shows that using
the Laplace transformed method to obtain the analytical results
could denote the true dynamic responses.

Fig. 2. Comparison between Laplace transformed method and nu-
merical method of the dynamic response for the TDA-IB suspension

(δ = 0.01, σ = 0.05, τ = 0.01 [s], zr = 0.02cos(2π f t))

3. STABILITY ANALYSIS
The dynamic equation of the TDA-IB suspension is an NDDE
in which the time delay exists in the highest-order deriva-
tive (see equation (2)), it could display particular character-
istics compared with the RDDE in the perspective of stabil-
ity. The NDDE could have infinite characteristic roots in the
right-half complex plane while the RDDE has the finite ones.
If all the real parts of the characteristic roots are negative,
the RDDE is asymptotically stable, while the NDDE would
not be stable as this condition is satisfied, because there could
exist accumulation points in the imaginary axis. These accu-
mulation points are usually discontinuous with the time de-
lay and a perturbation of time delay could cause the NDDE
to lose stability. Several methods have been proposed to an-
alyze the stability of the NDDE, for instance, the Lyapunov–
Krasovskii functional method [26], D-subdivision method [27],
semi-discretization method [28], cluster treatment of character-
istic roots method [29], stability switch method [30] and defi-
nite integral stability method [31]. Here the definite integral sta-
bility method is adopted, it originates from the argument prin-
ciple and computes the number of unstable characteristic roots
via an integral within a limited interval. The lower limit of the
integral is zero and the upper limit could be conveniently de-
fined, therefore it is effective in determining the stability of the
NDDE and obtaining the corresponding stable and unstable re-
gions.

Then the principle of definite integral stability method is in-
troduced, considering a general form of the linear NDDE as

x′(t)+
m

∑
k=1

Qkx′(t− τk) = Px(t)+
m

∑
k=1

Rkx(t− τk), (7)

where x ∈ Rn and P, Qk, Rk ∈ Rn×n and τi ≥ 0 denotes the time
delay, the characteristic equation of equation (7) is

f (λ ) = λ
n +

n

∑
k=1

αk

(
e−λτ1 , . . . , e−λτm

)
λ

n−k, (8)

where λ is the characteristic root and αk(e−λτ1 , . . . ,e−λτm),
k = 0,1, . . . ,n are real polynomials. Equation (7) is an NDDE
if there exists at least one Qi not equal to zero that denotes
α0(e−λτ1 , . . . ,e−λτm) 6= 0, while is an RDDE if all Qi equal zero
that denotes α0(e−λτ1 , . . . ,e−λτm)≡ 0. For the NDDE, the char-
acteristic roots could have accumulation points in the imaginary
axis, so the dynamic system is asymptotically stable if and only
if all the characteristic roots have negative real parts and are
bounded away from the imaginary axis. The latter condition
maintains if

sup
ℜ(λ )>0, |λ |→∞

∣∣∣α0(e−λτ1 , . . . ,e−λτm)
∣∣∣< 1, (9)

where the function ℜ denotes the real part of λ , the formula is
true if α0(e−λτ1 , . . . ,e−λτm)≡ 0.

Suppose that there are no characteristic roots in the imagi-
nary axis for equation (8), denote N as the corresponding num-
ber of unstable characteristic roots in the right-half complex
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plane, which could be determined by using the argument prin-
ciple. Denote ∆c arg( f (λ )) as the argument change over the
closed-loop curve C shown in Fig. 3, which is given as

N = lim
R→∞

∆c arg( f (λ ))
2π

= lim
R→∞

1
2π j

∮
c

f ′(λ )
f (λ )

dλ , (10)

where C1 : λ = Re jθ , θ ∈ (−π/2,π/2), C2 : λ = jω ,
ω ∈ (−R,R).

Fig. 3. The integral closed loop curve C

The NDDE is asymptotically stable if and only if the num-
ber of unstable characteristic roots equals zero (N = 0), while
it is difficult to use equation (10) to calculate N directly. As-
sume that N is an integer, it has been proved that N could be
determined by using the following formula

N = round

n
2
− 1

π

T∫
0

ℜ

(
f ′( jω)

f ( jω)

)
dω

 , (11)

where round means the rounding function and T is a larger
value.

Theorem 1. Suppose that there exist no characteristic roots
in the imaginary axis for f (λ ) and condition (9) satisfies, the
NDDE is asymptotically stable if and only if the number of un-
stable characteristic roots equals zero, it indicates N = 0 and is
determined by equation (11).

Being aware that when using Theorem 1 and calculating N
to judge the stability of NDDE, the upper limit of the integral
function should be selected properly, we denote the following
formula

j−n f ( jω) = H(ω)+ jI(ω), (12)

where H(ω) and I(ω) are the real and imaginary parts of the
function j−n f ( jω) respectively, and are composed of

H(ω) = (1+h0(ω))ωn +
n

∑
k=1

hk(ω)ωn−k,

I(ω) = (1+ i0(ω))ωn +
n

∑
k=1

ik(ω)ωn−k,

(13)

where hk(ω), ik(ω), k = 0,1, . . . ,n are functions about
sin(ωτ j), cos(ωτ j), j = 0,1, . . . ,m. According to condition (9),
the leading coefficient of H(ω) is positive, which demonstrates

that H(ω) is larger than zero for larger ω , therefore the num-
ber of positive roots for H(ω) should be finite. The functions
f ( jω), H(ω), I(ω) have the following relationship

ℜ

(
f ′( jω)

f ( jω)

)
=

d
dω

arctan
I(ω)

H(ω)
. (14)

Theorem 2. Suppose that there exist no characteristic roots in
the imaginary axis for f (λ ) and condition (9) satisfies, denote
T0(τ1, . . . ,τm) as the maximum positive root of H(ω), then for
all T > T0(τ1, . . . ,τm), N satisfies equation (11) if H(ω) has no
positive roots, select T = 0.

The critical upper limit defined in Theorem 2 depends on the
structural parameters of the dynamic system and time delay,
while it could be also parameter independent. Each coefficient
hk(ω) of the function H(ω) contains the trigonometric func-
tions sin(ωτ j) and cos(ωτ j), so it has an infimum infhk(ω)
about the time delays τ1, . . . ,τm, which are independent of all
time delays. For any ω > 0

H(ω)≥ HL(ω)
def
= [1+ infh0(ω)]ωn

+
n

∑
k=1

infhk(ω)ωn−k, (15)

where HL(ω) is the lower limit of H(ω). Denote T0 as the
maximum positive root of HL(ω), then it is independent of the
time delays and not smaller than the maximum positive root of
HL(ω), therefore the following theorem maintains.

Theorem 3. Suppose that there exist no characteristic roots in
the imaginary axis for f (λ ) and condition (9) satisfies, there
exists a constant upper limit T0 which is independent of the time
delays, N satisfies equation (11) for all T > T0.

In summary, the stability analysis of the NDDE using the def-
inite integral stability method could be conducted in three steps,
which are summarized in Fig. 4 and shown in the followings:

• Step 1. Based on the NDDE, calculate the characteristic
equation f (λ ), determine the real parts H(ω) of the func-
tion j−n f ( jω).

• Step 2. Determine the lower limit HL(ω) of H(ω), calcu-
late its maximum positive root T0, compute the number of
unstable characteristic roots N according to equation (11),
where the upper limit T of the integral function in equation
(11) is larger than T0.

• Step 3. The neutral type of delay dynamic system is asymp-
totically stable if N = 0, while is unstable if N > 0.

The characteristic equation of the TDA-IB suspension is

f (λ ) = [(ms +mu)(b+ge−λτ)+msmu]λ
4

+(ms +mu)cλ
3

+[mskt +(ms +mu)k+(b+ge−λτ)kt ]λ
2

+ cktλ + kkt (16)
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Fig. 4. The stability analysis process of the NDDE

the real parts of the function j−n f ( jω) are

H(ω) = kkt − [mskt +(ms +mu)k+(b+gcosωτ)kt ]ω
2

+[(ms +mu)(b+gcosωτ)+msmu]ω
4 (17)

the lower limit of H(ω) is

HL(ω) = kkt − [mskt +(ms +mu)k+(b+g)kt ]ω
2

+[(ms +mu)(b−g)+msmu]ω
4 (18)

then the maximum positive root T0 and the number of unstable
characteristic roots N could be obtained.

The stability of the TDA-IB suspension is determined by the
structural parameters and time delay, which is based on its char-
acteristic equation shown in (16), the number of unstable char-
acteristic roots N can be obtained using equation (11). Equation
(11) is an integral function of the frequency ω , the upper limit
T of the integral function in equation (11) can be determined
based on Theorem 3 and equation (18). It should be noted that
the stability of the TDA-IB suspension is independent of the
excitation frequency.

In Fig. 5, the inertance-to-mass ratio δ equals 0.01 and the
other structural parameters of the TDA-IB suspension are cho-

Fig. 5a

Fig. 5. (a) Maximum positive root T0 with different σ , (b) number
of unstable characteristic roots N with different σ and τ , (c) stable
regions of the TDA-IB suspension, (d) displacement of the sprung
mass with different τ for σ = 0.05 and zr = 0.02cos(2π fnst), (e)
displacement of the sprung mass with different τ for σ = 0.05 and
zr = 0.02cos(2π fnust) and (f) displacement of the sprung mass with
different τ for σ = 0.05 and zr = 0.02cos(2π fnst)+0.02cos(2π fnust)

(δ = 0.01)
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sen the same values shown in Table 1. The maximum positive
root T0 of the function HL(ω) with different feedback gain σ

is displayed in Fig. 5a), which becomes larger as the feedback
gain σ increases.

Choosing an upper limit T which is larger than T0 and cal-
culating the number of unstable characteristic roots N accord-
ing to equation (11), the results are shown in Fig. 5b, the time
delay τ is selected in the range [0, 0.1]. For smaller feedback
gain σ (σ = 0.01), N = 0 which indicates that the TDA-IB sus-
pension is asymptotically stable for the chosen structural pa-
rameters and the time delay range; by increasing the feedback
gain σ(σ = 0.05), two critical time delays exist (τ∗1 ≈ 0.05 [s],
τ∗2 ≈ 0.077 [s]), the TDA-IB suspension is asymptotically sta-
ble if the time delay is chosen in the range [0,0.05]∪ [0.077,1]
with N = 0, while it is unstable if the time delay is chosen in the
range (0.05, 0.077) with N = 2; for relatively larger feedback
gain σ (σ = 0.1), one critical time delay exists (τ∗≈ 0.021 [s]),
the TDA-IB suspension is asymptotically stable if the time de-
lay is smaller than τ∗ with N = 0, while it is unstable if the time
delay is larger than τ∗ with N > 0 (N = 2,4).

Figure 5c shows the stable and unstable regions of the TDA-
IB suspension with (σ ,τ) ∈ [0, 0.1]× [0, 0.1], the colours ex-
hibited in the figure denote the number of unstable characteris-
tic roots N. As the time delay τ and feedback gain σ are chosen
as smaller values, the TDA-IB suspension is asymptotically sta-
ble; if the feedback gain σ is smaller than 0.04, the time delay
τ could be larger values (e.g. τ = 3 [s]) to maintain the TDA-
IB suspension stable, in this case, the presence of time delay
could not alter the stability of the TDA-IB suspension. As the
feedback gain σ increases, the stable regions shrink and even a
smaller time delay could cause the TDA-IB suspension to be-
come unstable, for example, if the feedback gain σ equals 0.1
and the time delay is chosen as 0.025 [s], the TDA-IB suspen-
sion would be unstable.

As the inertance-to-mass ratio δ equals 0.01, the two natu-
ral frequencies of the TDA-IB suspension equal 1.25 [Hz] and
11.59 [Hz] respectively ( fns = 1.25 [Hz], fnus = 11.59 [Hz]).
The road excitation is harmonic excitation and chosen
as zr = 0.02cos(2π fnst), zr = 0.02cos(2π fnust) and zr =
0.02cos(2π fnst)+0.02cos(2π fnust) respectively, the displace-
ment of the sprung mass with different time delays is shown
in Figs. 5d, 5e and 5f respectively. The time delay τ is cho-
sen as 0.04 [s], 0.06 [s] and 0.08 [s] respectively; the number
of unstable characteristic roots N equals 0, 2, and 0 respec-
tively, which falls into the stable, unstable, and stable regions
respectively, which can be also seen in Figs. 5b and 5c. If the
time delay τ equals 0.04 [s] or 0.08 [s], it falls into the sta-
ble range [0,0.05]∪ [0.077,1]; the displacement of the sprung
mass is convergent and within a limited value as time increases
for three road harmonic excitations. While if the time delay τ

equals 0.06 [s], it is in the unstable range (0.05, 0.077), the dis-
placement of the sprung mass is divergent and becomes very
large as time increases for three road harmonic excitations. Fig-
ures 5d, 5e, and 5f exhibit the stability of the TDA-IB suspen-
sion in the time domain, and the results are consistent with those
shown in Fig. 5b and verify that the stability of the TDA-IB sus-
pension is independent of the excitation frequency.

4. DYNAMIC RESPONSE ANALYSIS
4.1. Harmonic excitation
The harmonic excitation is considered first, which could exhibit
the dynamic performance of TDA-IB suspension in the fre-
quency domain. It has been shown in [17] that compared with
the traditional suspension, the PC-IB suspension could enhance
the dynamic performance in the low-frequency range while
having a degeneration in the high-frequency range because the
low-frequency resonance peak of the performance criteria be-
comes smaller while the high-frequency one increases signif-
icantly as the inertance-to-mass ratio δ increases. The TDA-
IB suspension is based on the three-element PC configuration,
therefore the corresponding inertance-to-mass ratio δ is set to
be smaller values. In the following analysis, the inertance-to-
mass ratio δ is chosen as 0.01.

Figure 6 shows the three performance criteria of the TDA-
IB suspension with different time delays, the corresponding
plots of the PC-IB and traditional ones are also displayed for

Fig. 6. Three performance criteria of the TDA-IB suspension with
different τ under harmonic excitation: (a) vehicle body acceleration,

(b) suspension stroke and (c) dynamic tire load (zrm = 0.02 [m])
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comparison. The time delay τ is chosen as 0.01 [s], 0.02 [s],
and 0.03 [s] respectively, which falls into the stable range and
maintains the TDA-IB suspension stability (see Fig. 5c). The
frequency range is chosen as [0.1, 200] in the logarithmic co-
ordinate form, which aims to show the effect of time delay on
the three performance criteria in the high-frequency range; it is
also consistent with the dynamic response shown in Fig. 2.

The time delay has less effect on the resonance peak around
the sprung mass natural frequency while affecting the reso-
nance peak around the unsprung mass natural frequency greatly.
As the time delay increases, the resonance peak around the
sprung mass natural frequency is slightly reduced, while the
resonance peak around the unsprung mass natural frequency
first decreases and then increases significantly, especially for
the vehicle body acceleration. It should be noted that there ex-
ist multiple high-frequency resonance peaks for the three per-
formance criteria as the time delay exists, which is different
from the two passive suspensions because the trigonometric
functions sin(ωτ) and cos(ωτ) exist in the formulas (see equa-
tion (6)). The effect of time delay is more obvious in the high-
frequency range, especially for the vehicle body acceleration.
The multiple high-frequency resonance peaks of the vehicle
body acceleration are relatively larger values and are compa-
rable to the one around the unsprung mass natural frequency,
while for the other two performance criteria, they are relatively
smaller. Therefore the time delay could regulate the resonance
peak around the unsprung mass natural frequency and generate
multiple high-frequency resonance peaks. The TDA-IB suspen-
sion could improve the suspension stroke and dynamic tire load
while having a degeneration for the vehicle body acceleration
compared with the two passive suspensions.

Figure 7 shows the three performance criteria of the TDA-IB
suspension with different feedback gains. The feedback gain σ

is chosen as 0.01, 0.05, and 0.08 respectively, the time delay τ

is chosen as 0.01 [s], which also falls into the stable range and
keeps the TDA-IB suspension stable. As the feedback gain σ

increases, the resonance peak around the sprung mass natural
frequency reduces slightly; the resonance peak around the un-
sprung mass natural frequency increases for the vehicle body
acceleration while decreasing for the other two performance
criteria, which is different from the counterparts of the PC-IB
suspension. Due to the existence of time delay, multiple high-
frequency resonance peaks exist for the three performance cri-
teria and increase significantly as the feedback gain σ becomes
larger.

While checking equation (6), it is found that by choosing ap-
propriate structural parameters, time delay and feedback gain,
the vehicle body acceleration and dynamic tire load of the TDA-
IB suspension could equal zero for a certain excitation fre-
quency when subjected to harmonic excitation, while the sus-
pension stroke could equal zero if and only if the excitation fre-
quency ω = 0. If the vehicle body acceleration JV BA = 0, it has

g =

√
(k−bω2)2 + c2ω2

ω2 ,

τ =
1
ω

arctan
cω

bω2− k
.

(19)

Fig. 7. Three performance criteria of the TDA-IB suspension with
different σ under harmonic excitation: (a) vehicle body acceleration,
(b) suspension stroke and (c) dynamic tire load (δ = 0.01, τ = 0.01 [s],

zrm = 0.02 [m])

Figure 8a shows the critical feedback gain σ and time delay
τ , which decrease as the excitation frequency increases. The
vehicle body acceleration could be set to zero in the sprung
and unsprung mass natural frequencies respectively, the corre-
sponding critical feedback gain σ and time delay τ are set to
σcr1 = 1.1768, τcr1 = 0.7569 [s] ( fns = 1.25 [Hz]) and σcr2 =
0.0429, τcr2 = 0.0656 [s] ( fnus = 11.59 [Hz]). The first set of
feedback gain σ and time delay τ are relatively larger values,
the TDA-IB suspension would be unstable, so the displacement
of the sprung mass with the two sets of structural parameters
and time delays are shown in Fig. 8b, the harmonic excitation
is chosen as zr = 0.02cos(2π fnst) and zr = 0.02cos(2π fnust)
respectively. The displacement of the sprung mass is divergent
and very large as increasing the time, which indicates that the
TDA-IB suspension is unstable for the chosen structural param-
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Fig. 8. (a) Critical feedback gain σ and time delay τ for JV BA = 0, (b) displacement of the sprung mass as JV BA = 0 in sprung
and unsprung mass natural frequencies (δ = 0.01)

eters and time delays, so the vehicle body acceleration cannot
equal zero in the sprung and unsprung mass natural frequencies.

If the feedback gain σ is fixed, the excitation frequency ω

and critical time delay τ where the vehicle body acceleration
JV BA = 0 could be obtained as

ω =


√

k2

2kb− c
if g = b,√

(2kb− c2)±
√

c4−4kbc2 +4k2g2

2(b2−g2)
if g 6= b,

τ =
1
ω

arctan
cω

bω2− k
. (20)

The inertance-to-mass ratio δ is chosen as 0.01 and the feed-
back gain σ is chosen as 0.015 and 0.02 respectively, the de-

termined excitation frequency ω equals to 260.16 [rad/s] and
168.88 [rad/s] and the critical time delay τ equals to 0.0156 [s]
and 0.0256 [s] respectively. The TDA-IB suspension is asymp-
totically stable for these structural parameters and time delays
(see Fig. 5b), the resulting displacements are shown in Fig. 9a,
the corresponding three performance criteria are displayed in
Fig. 9b. The displacement of the sprung mass decreases to zero
as time increases, the harmonic excitation could be totally re-
duced and cannot transfer to the sprung mass. The excitation
frequency where the vehicle body acceleration JV BA = 0 could
be also clearly displayed in the respect of frequency domain
(see Fig. 9b). For the TDA-IB suspension, if the above feedback
gain σ and time delay τ are chosen as relatively smaller val-
ues, compared with the two passive suspensions, the resonance
peak around the sprung and unsprung mass natural frequencies
would be smaller.

Fig. 9. (a) The displacements of the unsprung and sprung masses and (b) three performance criteria of the TDA-IB suspension
with different σ and τ as JV BA = 0 (zrm = 0.02 [m])
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If the dynamic tire load JDT L = 0, it has

g =

√
[(ms +mu)(bω2− k)+msmuω2]2 +[(ms +mu)cω]2

(ms +mu)ω2 ,

τ =
1
ω

arctan
[

(ms +mu)cω

msmuω2 +(ms +mu)(bω2− k)

]
(21)

as the excitation frequency ω increases, the critical feedback
gain σ first decreases then increases while the time delay τ de-
creases, this trend is displayed in Fig. 10a. In a certain param-
eter range, there exist two excitation frequencies for the same
feedback gain σ where JDT L = 0, the corresponding lower and
upper limits of the feedback gain σ are

σl =
c
√

(ms +mu)[4msmuk+(ms +mu)(4kb− c2)]

2(ms +mu)msk
,

σu =
(ms +mu)b+msmu

(ms +mu)ms

(22)

for chosen structural parameters, the two feedback gains equal
0.1103 and 0.1211 respectively, a small-time delay could cause
the TDA-IB suspension to be unstable (see Fig. 6c). Set-
ting the feedback gain σ to 0.115, which is within the range
(0.1103, 0.1211), the determined excitation frequency ω equals
28.83 [rad/s] and 62.79 [rad/s] and the critical time delay τ

equals 0.152 [s] and 0.057 [s] respectively; setting the feed-
back gain σ to 0.125, the determined excitation frequency ω

Fig. 10. (a) Critical feedback gain σ and time delay τ for JDT L = 0,
(b) displacement of the sprung mass with different σ and τ as JDT L = 0

(δ = 0.01, zrm = 0.02 [m])

and critical time delay τ equal to 25.12 [rad/s] and 0.18 [s] re-
spectively, the resulting displacement of the sprung mass is ex-
hibited in Fig. 10b, which shows divergent tendency and is very
large as the time increases. Therefore the TDA-IB suspension is
unstable for the chosen structural parameters and time delays,
the dynamic tire load cannot equal zero for this case.

4.2. Random excitation
Then the random excitation is investigated, the road profiles
could be characterized by the stationary zero-mean Gaussian
random fields [32], the power spectral density (PSD) of the ge-
ometrical road profiles is given as

Sg(Ω) =


Sg(Ω0)

(
Ω

Ω0

)−n1

, if Ω≤Ω0 ,

Sg(Ω0)

(
Ω

Ω0

)−n2

, if Ω≥Ω0 ,

(23)

where Ω is spatial frequency, Ω = 1/(2π) is reference spatial
frequency, n1 and n2 are road roughness constants, the value of
Sg(Ω0) provides a measure for the roughness of the road. As-
suming the vehicle traveling with a constant horizontal speed V
over a given road, the road excitation displacement could be ap-
proximated by using the spectral representation method, which
is given by

zr(t) =
N f

∑
k=1

Sk sin(kω0t +φk) , (24)

where k is the order of harmonic term as using the spectral rep-
resentation method to denote the road random excitation, it is an
integer and chosen in the ranges from 1 to N f , the parameter N f
determines the considered frequency range for road random ex-
citation. ω0 is the fundamental temporal frequency and equals
(2πV )/l, l is the length of the road segment. ϕk is treated as
random variables and follows a uniform distribution in the in-
terval 0.2π). Sk =

√
2Sg(k∆Ω)∆Ω, ∆Ω= 2π/l is the spatial fre-

quency increment. For the class D road profiles (poor quality),
Sg(Ω0) = 256×10−6 [m3]. The other parameters are chosen as
n1 = 2, n2 = 1.5, l = 200 [m], N f = 200 and V = 60 [km/h].

Figure 11 shows the time history of three performance crite-
ria for the TDA-IB suspension with different time delays under
random excitation, the corresponding root mean square (RMS)
values of the three performance criteria are displayed in Ta-
ble 2, the structural parameters and time delays are the same
with the harmonic excitation which maintains the system sta-
ble. For the PC-IB suspension, as the inertance-to-mass ratio
δ is chosen as 0.01, the RMS value of the vehicle body accel-
eration is a bit smaller than that of the traditional one, which
decreases by 3.37%; while the RMS values of the other two
performance criteria are larger than the counterparts of the tra-
ditional one, which increase by 0.27% and 4.65% respectively;
thus the adopted three-element PC configuration could further
degenerate the dynamic performance of the traditional suspen-
sion, which is consistent with the results of the harmonic exci-
tation shown in the frequency domain. For the TDA-IB suspen-
sion, as the time delay increases, the RMS value of the vehicle
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body acceleration increases, while the RMS value of the other
two performance criteria decreases, this tendency could be also
predicted by those of the harmonic excitation. If the feedback
gain σ = 0.05 and time delay τ = 0.02 [s], the RMS value of the
vehicle body acceleration increases by 16.53%, while the RMS
values of the other two performance criteria decrease by 6.29%
and 13.52% respectively compared with those of the traditional
suspension. Therefore if the time delay is chosen appropriately
and within the stable range, the TDA-IB suspension could im-
prove the dynamic tire load significantly and suspension stroke
slightly, while deteriorating the vehicle body acceleration com-
pared with the two passive suspensions as subjected to random
excitation.

Fig. 11. Time history of three performance criteria for the TDA-IB
suspension with different τ under random excitation: (a) vehicle body

acceleration, (b) suspension stroke, and (c) dynamic tire load

Figure 12 shows the time history of three performance cri-
teria for the TDA-IB suspension with different feedback gains
under random excitation, the corresponding RMS values of the

Table 2
RMS values of three performance criteria for the TDA-IB suspension

system with different τ under random excitation

JV BA
[m/s2]

Increase
[%]

JSSS
[m]

Increase
[%]

JDT L
[N]

Increase
[%]

δ = 0 1.4489 – 0.0119 – 1013.28 –

δ = 0.01 1.4001 –3.37 0.0119 0.27 1060.41 4.65

δ = 0.01
σ = 0.05

τ = 0.01 [s]
1.6464 13.62 0.0115 –3.73 1024.54 1.11

δ = 0.01
σ = 0.05

τ = 0.02 [s]
1.6884 16.53 0.0112 –6.29 876.30 –13.52

δ = 0.01
σ = 0.05

τ = 0.03 [s]
1.8299 26.29 0.0111 –6.89 808.05 –20.25

three performance criteria are exhibited in Table 3. As the feed-
back gain σ increases, the RMS value of the vehicle body accel-
eration increases, while the RMS value of the suspension stroke
decreases slightly, the RMS value of the dynamic tire load first
decreases and then increases.

Table 3
RMS values of three performance criteria for the TDA-IB suspen-
sion system with different σ under random excitation (δ = 0.01,

τ = 0.01 [s])

JV BA JSSS JDT L
[m/s2] [m] [N]

σ = 0.01 1.4351 0.0118 1035.78

σ = 0.05 1.6464 0.0115 1024.54

σ = 0.08 1.8208 0.0113 1050.49

4.3. Shock excitation
As the vehicle drives on the road with a bump or discrete irreg-
ularity, it is subjected to shock excitation, three typical road ex-
citation displacements applied for the suspension analysis with
shock excitation are rounded step, rounded pulse, and oscilla-
tory step [33], which are given as

zr(t) = zr max
[
1− (1+ γω0t)e−γω0t] ,

zr(t) = 0.25e2zr max(γω0t)2e−γω0t ,

zr(t) = 0.68684zr max
[
1− (cos(γω0t)

+0.25sin(γω0t))e−γω0t] (25)

and shown in Fig. 13, where zr max is the maximum road exci-
tation displacement and is chosen as 0.02 [m], γ is the sever-
ity parameter and ω0 =

√
k/ms. As the severity parameter γ

is larger, it means a sharper irregularity or a hit with a higher
velocity, here it represents the former.

The time history of three performance criteria for the PC-IB
suspension with different inertance-to-mass ratios under shock
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Fig. 12. Time history of three performance criteria for the TDA-IB
suspension with different σ under random excitation: (a) vehicle body
acceleration, (b) suspension stroke and (c) dynamic tire load (δ = 0.01,

τ = 0.01 [s])

excitation is displayed in Fig. 14, where γ = 5 denotes less se-
vere impact. The time history of three performance criteria fluc-
tuates severer and takes more time to attenuate compared with
the traditional suspension. In addition, there exist more peaks
in the time history and the values become larger via increasing
the inertance-to-mass ratio δ .

Figure 15 shows the maximum values of three performance
criteria for PC-IB suspension with different γ and δ . If the PC-
IB suspension is subjected to rounded step and oscillatory step
excitations, the maximum values of three performance criteria
first increase and then approach the fixed values with the in-
crease in the severity parameter γ; if the rounded pulse exci-

Fig. 13. Three typical types of road shock excitation: (a) rounded step,
(b) rounded pulse, and (c) oscillatory step (zr max = 0.02 [m])

tation is imposed, the maximum values of three performance
criteria first increase, reach the peak values and then decrease
to the fixed values as increasing the severity parameter γ , which
exhibits different tendency with the other shock excitations. By
increasing the inertance-to-mass ratio δ , the maximum values
of the vehicle body acceleration and dynamic tire load increase.
For smaller severity parameter γ , the maximum value of the
suspension stroke increases as the inertance-to-mass ratio δ in-
creases, while showing the opposite tendency for larger severity
parameter γ . As the severity parameter γ is small, the maximum
values of three performance criteria are the same for the PC-IB
and traditional suspensions; with the increase of the severity pa-
rameter γ , the maximum values of the vehicle body acceleration
and dynamic tire load for the PC-IB suspension are larger than
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Fig. 14. Time history of three performance criteria for the PC-IB sus-
pension with different δ under shock excitation: (a) rounded step, (b)

rounded pulse, and (c) oscillatory step (γ = 5, zr max = 0.02 [m])

those of the traditional one, while being smaller for the suspen-
sion stroke. Therefore, if the three typical types of road shock
excitation are imposed, the PC-IB suspension degenerates the
vehicle body acceleration and dynamic tire load more than the
traditional suspension, while possibly enhancing the suspension
stroke slightly for larger severity parameter γ .

The time history of three performance criteria for the TDA-
IB suspension with different time delays under shock excita-
tion is displayed in Fig. 16, the structural parameters and time
delays are selected within the stable ranges, the severity param-
eter γ is also chosen as 5. As the time delay τ increases, the peak
value of the vehicle body acceleration increases in the time his-

Fig. 15. The maximum values of three performance criteria for the
PC-IB suspension with different γ and δ : (a) rounded step, (b) rounded

pulse, and (c) oscillatory step (zr max = 0.02 [m])

tory; while the peak values of the other performance criteria
decrease, which indicates that the fluctuation is smoother and
takes less time to attenuate than the PC-IB suspension.

Figure 17 shows the maximum values of three performance
criteria for TDA-IB suspension with different γ and τ , the
changing tendency for different γ is similar to the counterparts
of the PC-IB suspension, so it is not elaborated on here, as we
are more concerned with the effect of time delay. For smaller
severity parameter γ (e.g. γ < 1), the time delay has little ef-
fect, the maximum values of the three performance criteria are
almost the same with different time delays. For larger sever-
ity parameter γ , the maximum value of the vehicle body ac-
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Fig. 16. Time history of three performance criteria for the TDA-IB
suspension with different τ under shock excitation: (a) rounded step,
(b) rounded pulse, and (c) oscillatory step (γ = 5, zr max = 0.02 [m])

celeration first increases then decreases as increasing the time
delay τ , which is also larger than that of the PC-IB and tra-
ditional suspensions; while the maximum values of the other
performance criteria display the reverse tendency, which means
they first decrease then increase as the time delay τ grows, the
maximum value of the suspension stroke is smaller than the
other two suspensions, the maximum value of the dynamic tire
load is smaller than the counterpart of the PC-IB suspension
and approach the value of the traditional one. Thus the TDA-IB
suspension could further enhance the suspension stroke and dy-
namic tire load than the PC-IB suspension, while on the other
hand, it degenerates the vehicle body acceleration.

Fig. 17. The maximum values of three performance criteria for the
TDA-IB suspension with different γ and τ: (a) rounded step, (b)

rounded pulse, and (c) oscillatory step (zr max = 0.02 [m])

The time history of three performance criteria for the TDA-
IB suspension with different feedback gains under shock excita-
tion is displayed in Fig. 18. As the severity parameter γ equals
5 and the feedback gain σ increases, the peak values of the
three performance criteria become larger in the time history.
Figure 19 shows the maximum values of three performance cri-
teria for the TDA-IB suspension with different γ and σ . For
the three shock excitations, as the feedback gain σ increases,
the maximum value of the vehicle body acceleration increases,
while the maximum value of the suspension stroke decreases,
the maximum value of the dynamic tire load remains almost the
same.

14 Bull. Pol. Acad. Sci. Tech. Sci., vol. 70, no. 2, p. e140687, 2022



Dynamic performance and stability analysis of an active inerter-based suspension with time-delayed acceleration feedback control

Fig. 18. Time history of three performance criteria for the TDA-
IB suspension with different σ under shock excitation: (a) rounded
step, (b) rounded pulse, and (c) oscillatory step (γ = 5, δ = 0.01,

τ = 0.01 [s], zr max = 0.02 [m])

5. CONCLUSIONS
This paper proposes an active inerter-based suspension with
time-delayed acceleration feedback control. The stability anal-
ysis of the TDA-IB suspension is conducted using the definite
integral stability method, the stable and unstable regions are de-
termined. The effect of the time delay and feedback gain on
the dynamic performance of the TDA-IB suspension under har-
monic, random, and shock excitations is studied and compared
with the PC-IB and traditional ones. The conclusions are sum-
marized as follows:
• The dynamic equation of the TDA-IB suspension is an

NDDE in which the time delay exists in the highest-order

Fig. 19. The maximum values of three performance criteria for the
TDA-IB suspension with different σ and γ: (a) rounded step, (b)
rounded pulse, and (c) oscillatory step (δ = 0.01, τ = 0.01 [s], zr max =

0.02 [m])

derivative, the stability could be analyzed conveniently
by calculating the number of unstable characteristic roots
based on the definite integral stability method, which is
achieved by rounding off an integral of the characteristic
function within a limited interval.

• The TDA-IB suspension is asymptotically stable for smaller
feedback gain and time delay; through increasing the feed-
back gain, the stable regions shrink, and a smaller time de-
lay could cause the system to be unstable.

• The time delay could regulate the resonance peak around
the unsprung mass natural frequency and generate multiple
high-frequency resonance peaks, if the time delay is chosen
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appropriately and within the stable range, the TDA-IB sus-
pension could improve the suspension stroke and dynamic
tire load while having a degeneration for the vehicle body
acceleration compared with the PC-IB and traditional sus-
pensions.

Overall, the TDA-IB suspension is a novel design and could
be utilized to improve the suspension stroke and dynamic tire
load. In further work, the half-vehicle, full-vehicle, and more
practical vehicle models equipped with TDA-IB suspension
will be considered and the effect of the time delay and feedback
gain on their dynamic performance will be conducted. Further-
more, experimental research will be carried out to verify the
validity of the theoretical results.

APPENDIX
Abbreviation
CVT: continuously variable transmission
NDDE: neutral type of delay differential equation
PC: parallel-connected
PC-IB: parallel-connected inerter-based
PSD: power spectral density
RDDE: retarded type of delay differential equation
RMS: root mean square
SA-IB: semi-active inerter-based
TDA-IB: time-delayed active inerter-based
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