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APPLI CATION OF THE DYNAMIC STIFFNESS MATRIX TO THE 
IDENTIFICATION OF CRACKS IN BEAMS AND FRAMES 

The paper discusses the problem of the accuracy of the identification techniques 
detecting cracks and corroded members in vibrating beam and frame structures. The 
presence of the fatigue crack usually causes very small changes of the stiffness of the 
beam elements of the structure. To detect these changes it is necessary to apply the 
most precisely mathematical detection technique. The identification procedure based 
on the least squares technique uses finite element models (FEM) of the structure and as 
the source of information the measured dynamic response and the natural frequencies. 
The application of the Dynamic Stiffness Matrix (DSM) [I) for the representation of 
all constraints and modal equations makes it possible to present the identification 
process in a very accurate and effi cient mathematical form. The methoyof d of the 
detection of structural changes used in the present paper was described in our previous 
paper (2). The Consistent Mass Matrices (CMM) and Lump Mass Matrices (LMM) 
are very often used in the identification algorithms. It is shown that application of 
simpli fied approaches (CMM and LMM) can result in lower accuracy and poorer 
convergence of the identification algorithms. However, the application ofCMM mass 
matrices does not introduce significant errors. The algorithms were tested on 
simulated numerical data for ten element beam frames. 

1. Introduction 

Defects, such as cracks or corrosion, change the local stiff ness of the 
elements of the vibrating structure, which results in the change of the dynamic 
behaviour of the whole structure. Propagation of cracks and other failures of 
the members produce changes in the bending and axial stiff ness of the 
members. Observing the change in the bending stiff ness caused by the closing 

*l 0 #H( -%( / #$%)&3 #' I ( $!'( C?$J!$##-!$J 5I # =$!+#-. !%1)&@( CJ( -1* @( CJ( -1 6C, #-%( *
@( $( " ( K ?L/ ( !CMCNO( . !#PQ N' ( CJ( -1;' (



216 ST AN ISLA W A. LUKASIEWICZ, EMILY R. QIAN 

and opening of the crack in two different configurations makes it possible 
to detect the crack. Corrosion reduces the stiff ness of the member, 
and the change does not depend on the deformations of the member 
during its motion. In contrast, a crack changes the stiff ness of the 
element only when it is open. When the crack is closed the changes 
introduced by the closed crack are small enough to assume that there 
is no signifi cant change in the stiffness of the element. This observation 
can be used to differentiate cracks from corrosion. The fi rst analysis 
of the behavior of a beam with cracks was done fi fty years ago in 
the USA. In 1944 P.G. Kirmser [16) discussed the effect of the crack 
on the natural frequencies of a vibrating beam. Later W.T. Thomson 
[34) investigated the possibility of detecting cracks in slender bars. 
Although he only attempted to determine theoreticall y the effect of 
flexible discontinuities on flexural, longitudinal, and torsional vibration 
of slender bars, he expressed his belief in the possibility to determine 
the position and depth of a crack by carrying out experiments. Using 
ideas from Ki rmser's research, he approached the problem using the 
operational method based on Laplace transformation. He was able to 
determine the influence of a slot on the natural frequency of a beam 
and found that for very small cracks the influence on the natural frequency 
is negligible. However, for deeper slots the changes increase quite rapidly. 
In 1981 HJ. Petroski [28), using the same approach as M. Hetenyi 
[11), P. Ki rmser [16) and W.T Thomson [34), represented the deflection 
of a beam in his analysis using Fourier series. He related Stress Intensity 
Factor K to the deflection of a beam for static and dynamic cases. 
He demonstrated that the crack increases the overall vibration amplitude 
of the beam. 

Interest in the problem of cracked beams has increased in recent years 
since failure analysis and prediction have become an issue in engineering 
practice. Researchers have become interested in the problems related to 
eigenfrequency changes in structures due to cracks. R.D. Adams and P. 
Cawley [1] used a method based on sensitivity analysis to deduce the location 
of damage and the FEM to represent the model of the structure. A year later, in 
1984, M.M.F. Yuen [34) presented results from his research in which he 
wanted to find the relationship between damage location, damage size and the 
changes in the eigenvalues and eigenvectors of a cantilever beam subjected to 
damage. See also papers [3], [7], [8] devoted to similar problems. 

In 1990, G.-L. Qian, S.-N. Gu and J.-S. Jiang [28) published the results of 
the investigation of the dynamic behavior and crack detection of a beam with 
a crack. Calculated values were compared with the experimental data 
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obtained from the work of P. Gudmundson. The article presented by P.F. 
Rizas, N. Aspragathos and A.D. Dimarogonas [31] on identification of crack 
location and magnitude in a cantilever beam, as all previously presented 
methods, neglects damping. A different method, utilizing the relation 
between the changes in the eigenfrequencies, the local stiffness losses and the 
mode shape functions of the undamaged system, was presented in 1993 by U. 
Pabst and P. Hagedorn [25]. Rayleigh's Quotient was used as a base for the 
crack detection procedure. Being aware of the limitations of the previously 
presented methods, A. Morassi [23] used a perturbation method to evaluate 
the fi rst order perturbation of the eigenfrequencies. Two years later, in 1995, 
W.M. Hasan [9] extended the above work to the case of a beam on an elastic 
foundation and was able to find the position and severity of a crack using the 
same approach as A. Morassi. See also papers [2], [13], [14]. 

The ability to locate and assess damage in flexible truss structures has 
progressed considerably in the last fi ve years. Many local (measurement) 
approaches have been developed and evaluated previously, including X-ray, 
optical, infrared, and ultrasonic methods. Global methods (mathematical 
approaches), currently under development, use vibration response and system 
identifi cation techniques to detect damage in flexible structures. Almost all 
approaches are based on eigenvalue and eigenvector derivatives. S.L. 
Hendriks et al. [10] presented an eigenvalue sensitivity identifi cation 
procedure and performed a numerical simulation to obtain clustered and 
lowfrequency vibration modes, characteristic of large flexible structures. 
Mass, damping and stiffness matrices were constructed in terms of small sets 
of physical property parameters. Estimation and correction of initial 
parameters was accomplished by using fi rstorder eigenvalue derivatives and 
the difference between the measured and predicted frequencies. Using the 
eigenvalue sensitivity method, less information about the system is needed 
than using the eigenvector sensitivity method. The second method is expected 
to be more effi cient. C. Flanigan [5] applied an eigenvector sensitivity 
approach for model refinement of a truss structure. The illustration of this 
method was presented by J.M. Rides and J.B. Kosmatka [30]. First, residual 
modal force vectors were used to locate the damage. Second, a weighted 
eigenvector sensitivity analysis was carried out to estimate the extent of the 
damage. S.W. Smith and C.A. Beattie [33] incorporated the incomplete 
measurement procedure for damage assessment but not for damage location. 

An advantage of sensitivity identifi cation is that the damage can be 
assessed with incomplete measurements. Also, areas in a property matrix far 
from damaged areas remain unaffected by using a localized set of physical 
parameters. A disadvantage is that an inclusive set of physical parameters 
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methods. However; to obtain modal data one is not required to measure the 
response of the structure at all nodal degrees of freedom. The aforementioned 
methods received the most attention in the past. The direct use of dynamic 
response measurements from all degrees of freedom was also examined. This 
approach allows determining the modal characteristics of a structure more 
accurately. Also some diff erent methods were applied to identify the dynamic 
system [8]. Statistical parameter estimation [13], [18], matrix perturbation 
theory [5], the matrix adjustment procedure [15], simultaneous expansion and 
orthogonalization of measured modes [33] or hybrid approach [4], [35] are 
just a few methods presented in the past. There is no obvious choice since all 
of them have some limitations. The monograph by M.I. Friswell and 
Mottershead [6] published in 1995 describes diff erent methods for iden­ 
tifi cation and model updating. However, the approach and the formulation 
applied in the present paper are not presented there. 

As mentioned before a simple and straightforward but very efficient 
approach was presented in [19], [20], [21]. This method is based on the least 
square technique and minimization of the global error functional. Using 
directly measured data from all nodal degrees of freedom the dynamic system 
was identifi ed. It was also shown that due to the matrix formalization of all 
operations the method was able to deal with noisy data and provide very 
accurate results. This method is used in the present paper to detect the defects 
in beams and trusses (see also [26], [37] for details). 

In recent years, considerable effort has been devoted to investigation of 
the relationship between crack location, crack size and the corresponding 
changes in modal shapes and eigenfrequencies. The studies in this area have 
been mostly limited to beam elements with local cracks. There has been less 
research done to establish an effective, general method to analyse more 
complex structures, such as trusses and to detect damage from monitoring of 
vibration. Also, the previous works used changes in natural frequencies 
and/or modal shapes of locall y damaged structures. 

The get high precision of the results necessary in the identifi cation process 
it is suggested to use a dynamic stiff ness matrix (DSM) in which the stiffness 
matrix of the structure is assembled directly from the differential equations of 
motion and thus internal effects of the vibrating masses. In this way there is no 
mass matrix involved. The shape functions that are used for derivation of the 
stiffness matrix are exact solutions of the diff erential equation of motion. 
Thus the calculated eigenvalues and natural frequencies are exact. Classical 
approach in FEM is based on the assumption that the local behaviour within 
the element determines the stiffness and mass matrices of the structure. The 
accuracy of the results strongly depends on the accuracy of the element 
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flexural stiff ness of the beam only. It is therefore of extreme importance to be 
able to detect the stiff ness changes with as high precision as possible. It is 
assumed in the paper that the crack changes the stiff ness of the member only 
when it is opened. That relates the crack to the sign of the deflection 
curvature. The corrosion changes the stiff ness of a member irrespective of the 
beam curvature. 
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Fig. I. Stiff ness reduction coeff icient for the cracked beam, t is the crack depth 

Dynamic behaviour of structures depends on a number of properties. 
These properties, such as mass, stiff ness and damping characteristics of 
members can be signifi cantly affected by changes in the structure due to 
corrosion or cracks. When dealing with changes caused by corrosion, the 
effect of the cross-section area decrease is simply predictable. A smaller 
crosssection area gives small er flexural and axial stiff ness of the element. 
Also the mass of the affected element decreases. However, this change can be 
related to the change of the bending stiff ness parameter. 

Damping properties are also likely to be affected, but their actual 
infl uence is not exactly known, and only experimental work can provide an 
answer to this problem. Since for the loaded structure, the effect of stiff ness 
and mass changes are most signifi cant, damping changes of the beam element 
are not taken into consideration in this study. 
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2.2 Method 
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K(w)u - F (2) 
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CE764: ( %5?3<: 68:4 M<: 4LA8D?E N47E:<564 E5DH C744 =<>78?<E5 <: 6E5:<J474J(
" 34 F 8?7<G K 38: J<F 45:<E5: 5 G5B K3474 5 <: ?34 5AF >47 ECJ4@744: EC
C744JEF EC?34 :H:?4F ( ) 4?A: 8: :AF 4 ?38?J<: ; D864F 45? u• E7 8664D478?<E5
=46?E7a• <: F 48:A74J 85J F =8DA4: CE74863 5 OI M874 E>?8<54J( " KE=46?E7:
EC8664D478?<E5: anm 85J a•mn 874 6748?4J( " 34 =46?E7: ; 74J<6?4J >H?34 F EJ4DP

" 34 =46?E7: ECF 48:A74J J<: ; D864F 45?: E7 8664D478?<E5: 874P

QRS

( 4) 

K3474 m <: ?34 5AF >47EC:8F ; D4: CE74863 J<: ; D864F 45?E78664D478?<E5 80• 



APPLICATION OF THE DYNAMIC STIFF NES MATRIX TO THE ... 223 

The values of u• and a• are affected by noise and other experimental errors. 
The matrix K is also unknown and should be found from the analysis of the 
experimental data. To find u, and K, the method of least squares has been 
applied. Let us define the global error of measurements R, in the time interval 
T, as follows: 

1 *T • 1 • 'l 'l R = 2 (u - u) (u - u ) + 2 W1 (CD - w)+ A(K(cv) u - F) + W2A1 D (cv), (5) 

where A is the vector of the Lagrangian multipliers, 

and CD, w• are calculated and measured natural frequencies of the system. W1 

and W2 are the weights for the data for CD and CD•. 

Equation D ( cv) = I K ( cv)I = O. represents here the eigenvalue equation used to 
calculate the natural frequencies of the vibrating system. This equation is 
often diffi cult to solve precisely due to numerical problems in the calculations 
involving the trigonometric functions. In the presented approach this equation 
is not solved directly to obtain the values of CD;. It is only checked in the 
iterations and the values of the natural frequencies are obtained as the result of 
the optimization process. Due to the effect of the defects in elements the 
matrix K, changes, these changes, however, can be defined by the changes of 
parameters p; which are related to the properties of the elements of the system. 

The stiffness matrix Ke of an element i can be presented in the form: 

Ke;= p.k., (7) 

where p; is a scalar coeffi cient characterising the physical properties of the 
element i and k; is the normalised stiffness matrix of the element i. This means 
that the properties of the element are characterised by one parameter only. 
This is justified when we can neglect the bending stiffness as compared to the 
axial stiffness while analysing trusses, or the axial stiffness as compared to the 
bending stiffness in the analysis of frames or beams. If the properties of an 
element are characterised by two parameters for axial and bending stiffness 
a similar formulation is still possible using the partition of the stiffness matrix 
of the element. Similarly we can define the coeff icients p; for the mass and 
damping matrices. 
Minimising the error R with respect to U;j, A;i and p;, the following set of 
equations is obtained: 
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5: ; <

BR 
dA; = K({JJ,Pe)U - F 5: ><

5: ?<

dR _ [ , dK({JJ,p,) T W 8 dD({JJ,p1) 8 dK({JJ,pe) T W 8 dD({JJ,pe)] T 
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3. Numerical solution 

$A@B; CD@E@FCGHCH9IH@BJ @K6BFICHE >BH ; @EC9D@? ; L M@BHE CGBHL
IF@JBFID@F@>AHIK6@E6IFB; 9@GCJ FA@EC96FICH CGFA@HCH9IH@BJ B9N@; JBI>
@K6BFICHE* OL EC9DIHNFA@B; CD@E@FCG@K6BFICHEPPi DB96@EBJ@C; FBIH@?PQAI>A
NID@E B99 FA@RBJBM@F@JE CGFA@DI; JBFIHN EFJ6>F6J@* ' H FAIE QCJS FA@
&@QFCH73BRAECH M@FAC? IE 6E@? FC C; FBIH FA@EC96FICHE* % FLRI>B9 RJC; 9@M
NID@EN NJB?I@HFJ@9BFICHE FC ; @T@JC@?P IHDC9DIHN DBJIB; 9@Ex;,i = 8P! P***P&U

BF(x;) . a = Oz = 8P! P***,N 
X; 

(9) 

$A@D@>FCJ CGRBJFIB9 ?@JIDBFID@E BRR@BJIHN IH@K6BFICH 5" *88<IEFA@VJB?I@HF
D@>FCJ V BH? FA@MBFJIWCGRBJFIB9 ?@JIDBFID@E IE FA@X@EEIBH MBFJIWXU

(10) 

#C9DIHN FA@B; CD@@K6BFICHEP Q@ABD@L

588<

&@WFFA@>CJJ@>FICHE BJ@B??@? FC FA@EC96FICH D@>FCJP
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Xnew = Xold + ÓX; (12) 

and the process is iterated to convergence. The problem with local minima 
can be eliminated if several runs of optimisation routine with diff erent initial 
values are performed. We can specify the following vectors of the variables: 

x: = [u w ;t A1 p], 

Gr_ [JR JR JR JR JR] 
- OU; O{JJ OA; OA1 Op; ' 

The Hesian matrix becomes: 

H11 H12 H13 o His 

H22 H23 H24 H25 

H= o o H3s 

o H4s 

n; 

where, 

a2R 
--2 = H11 = I, 
OU; 

o
2
R =Hp= oK(w,p,) ;i, 

OU;O(JJ - O(JJ ' 

a2R 
OU;OA; = H13 = K(W,pe), 

a2R 
OU;OA1 = H14 = o, 

a2R =His= [oK(w,pe) A 
OU;Op; Op1 

oK(w,pe) A]. 
ap, 

- H - w 1 T a2 K(w,p,) w 1 ;;2 D(w,p,) 
- 22 - 1 + /\, ow 2 u + 2 /\, 1 ow 2 , 

o2R _ H _ oK(w,p,) 
JwJ;t; - 23 - Jw u, 

(13) 

(14) 

(15) 
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up, up, 

In the case of a bean structure the dynamic element stiffness matrix (DSM) 
[27] is given by the formula 

=> 2 
K,(w) = L3 ~ 

(?@AB@?A,C3D# ??AC3#D B(?E?A,C37 (@AB@,C3#D

(?@A B?@A,F3D2 B(@A BC)/;2 D -(S - ?A,C3L2 

(?@A + @?A,C37 -SSh/;2 D

(?@A B@?A,F3L2 
(16) 

where .6. = 2 (1 - @@A,* I;= GD* ? = ?!H!3* C = @5IJ* ?A = ?!HAJ*
@A = @5IAJ* k is the frequency parameter, usually defined by the boundary 
conditions. The frequency is related to I; by means of equation: 

(17) 
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It is possible to diff erentiate analyticall y the above stiff ness matrix and obtain 
all necessary derivatives in the equations (15). 
Using Taylor series expansion, the dynamic stiff ness matrix for small i;can be 
approximated by the equation: 

! "# $ = ! %&' ( ) *

where Ke and Me are given by the foll owing formulae: 

12 6L -12 6L 156 22L 54 -13L 

Ke=PeEI 
6L 4L2 -6L 2L2 

pAL 22L 4L2 13L -3L2 

-12 -6L 12 -6L . Me=-- 
-22L' L3 ' 420 54 13L 156 

6L 2L2 -6L 4L2 -13L -3L2 -22L 4L2 

(18) 

here ) +is called the consistent mass matrix (CMM). 
The lumped element mass matrix (LMM) often used m dynamic finite 
element analysis is given by the equation 

1 O O O 

pAL O O O O 
Me=-- 

2 O O 1 O 
o o o o 

Equations (18) are most often used in fi nite element analysis. However, we 
have to note that the expansion on small ,- is equivalent to requirement of 
small element length L or restricting the analysis to low frequencies. 
The derivatives of the determinant can be performed according to the 
equations provided in below. The calculation of the determinant with respect 
to the parameters can also be done analyticall y. 

-2WM11 -2WM12 -2WM1n 
./ 0 "# $ K21-W

2
M21 K22-W

2
M22 K211 - w2 M2n = 1# + 

K111-W2M111 K112 - # 2 
M112 Kn" - # 2 M1111 
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+ 
-2WM21 -2WM22 -2WM2,, + ...... 

K,,1-W2M,,1 K,,2 - w 6 M,,2 Kn,,-W2M,,11 

+ 4%57
6
0 44 + 465'

6
0 46 Kin - w 6 0 4// (19) 

+ 
K21 -w2M21 K22-W2M22 K2,,-W2M2,, 

567 0 //% -2wM,,2 -2wM,,,, 
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4. Numerical results and analysis for a beam structure 
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--~-Olm O.Olm~ 

p =7800 kg/m
3 

First mode of vibration, configuration # 1 

First mode of vibration, configuration. # 2 

Element. No. 2 3 4 5 6 7 6 g 10 

li 
Or i&' inal 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

Cor r oded element. 0.900 0.980 >< >< 0.970 0.980 0.960 0.940 O.B70 >< 
Cr ac k ed element. >< 0.950 0.960 0.900 >< 0.949 0.920 >< 0.970 >< 
Cr ack -+- cor r osion >< 0.912 >< >< >< 0.930 0.863 >< 0.844 >< 

Fig. 2 

We present below the results obtained from two cases. In the fir st case the 
exact dynamic stiffness matrix (DSM) was used. In the second one the static 
beam stiffness matrix end consistent mass matrix (CMM) was applied. The 
weights were assumed as W1 = 1. W2= 1. Initial approximations used for [.il] 
were: [.il]= [1.], [.il1] = [1.] 

Material p 
1.02 

0.98 

0.96 

0.94 

0.92 

0.9 I 
O.BB 

0.86 
o 10 

Fig. 3 
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Values of error ft.n: tion 
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1.5 

0.5 

50 100 150 200 250 300 

Fig. 5 

In the second approach we used the static stiffness matrix of a beam 
element in consistent mass matrix (CMM). To get the convergence of the 
solution the following data for the initial approximations were used: for 
W1 = 1e·10

; W2 = 1; Initial [A] approximations were [A1] = [1]; [A] = [1.0e-5]. 
We obtained the results presented in Table 2, the values of the parameters 
after the convergence. We see that the algorithm converged very precisely to 
the correct values. However, the value for the natural frequency obtained for 
the calculations was different than before. The algorithm converged to the 
value 79.32. The initial value of the natural frequency was 79.56. 

Table 2. 
Data dentified from CMM 

Element No. Original Stiff ness Coeffi cient Identified Stiff ness Coeff icient From DSM 

I 0.900 0.90000122148761 

2 0.960 0.95999979600018 

3 0.980 0.97999979845674 

4 I.OOO 0.99999979520734 

5 0.970 0.96999978875268 

6 0.930 0.93000016964724 

7 0.960 0.96000017705955 

8 0.940 0.94000017954965 

9 0.870 0.87000017635979 

IO I.OOO l .00000065042170 

Fig. 6 presents the convergence history for CMM algorithm. We see that 
in this case (Fig. 6) the convergence of the stiff ness parameters was reached 
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evaluation of the identifi cation procedure since the eff ectiveness of the 
method can change dramatically with the uncertainty of the solution. To 
model of the system with measurement error, data without error was used. 
Analysis of the infl uence of the measurement error o n the stability of the 
system identifi cation revealed that the data with the error taken straight 
without any smoothing had diff iculties in converging. 

It should be noticed here that we tested the method on a very simple 
example of the beam with only 10 elements. In this situation the benefi ts of 
the application of dynamic stiffi ness matrix is more obvious. 

Table 3. 
Convergence Frequency and Convergence Error 

l O" Mode Initial value 
Frequency/Error Frequency/Error Frequency/Error 

DSM CMM LMM 

No error 3845.9396 3845.9417/0.0032 3956.7661/0.0742 3845.8372/0.0812 

-5% error 3845.9396 3845.9417/0.0032 3845.9525/0.0669 3845.9385/0.0724 

-10% error 3845.9396 3845.9417/0.0033 3845.9417/0.0669 

+5% error 3845.9396 3845.9417/0.0031 3845.9536/0.0669 

+10% error 3845.9396 3845.9417/0.0032 3845.9541/0.0669 

Example 2. In the second example a beam fixed at both ends was analysed 
in two cases. The beam was divided into 20 elements. 
The simulated measured data contained the error of 30% introduced 
to the original natural freequency. The random errors of the nodal 
displacements data were +-10%. In the second case only nodal displcements 
were used in identifi cation. The errors of +-10% were introduced to 
the simulated exact data. 
E = 2.lell Pa; M = 7830 Kg/M3

, Length of element = O.IO m; Area 
of cross-section = 0.0001 m2

; Moment if inertia of the cross-section 
Iz = 8.30e-10 

Case I: l" mode of vibration in beam structure. 

In this case, 30% error of frequency and ±10% error of displacements 
were introduced into the initial data. Only displacements (uy) were used at 
every node and rotations were not used. 
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Table 4. 
1st mode of vibration in beam structure 

DSM CMM LMM 

Original Identified Identified Identified 

No. of element 
scalar scalar Error scalar Error scalar Error 

Coeff icient Coeff icient % Coeff icient % Coeff icient % 
Parameter Parameter Parameter Parameter 

I 0.9000 0.9000 0.9000 0.9000 

2 0.9000 0.9000 0.9000 0.9000 

3 0.9600 0.9600 0.9600 0.9600 

4 0.9600 0.9600 0.9600 0.9600 

5 0.9800 0.9800 0.9800 0.9800 

6 0.9800 0.9800 0.9800 0.9800 

7 1.0000 1.0000 1.0000 1.0000 

8 1.0000 1.0000 1.0000 1.0000 

9 0.9700 0.9700 0.9700 0.9700 

10 0.9700 0.9700 0.9700 0.9700 

Il 0.9300 0.9300 0.9300 0.9300 

12 0.9300 0.9300 0.9300 0.9300 

13 0.9600 0.9600 0.9600 0.9600 

14 0.9600 0.9600 0.9600 0.9600 

15 0.9400 0.9400 0.9400 0.9400 

16 0.9400 09400 0.9400 0.9400 

17 0.8700 0.8700 0.8700 0.8700 

18 0.8700 0.8700 0.8700 0.8700 

19 1.0000 1.0000 1.0000 1.0000 

20 1.0000 1.0000 1.0000 1.0000 

Frequency 82.08 82.9621 0.67 83.9591 2.26 96.4341 17.49 

Convergence 
error 0.67 1.38 1.79 

Case 2: 10th mode of vibration in beam structure 

In this case, 30% error of frequency and± 10% random error of displacements 
using were introduced. Displacements (u.) at every next node were used and 
rotations were not used. 
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Table 5. 
I o- mode of vibration in beam structure 

DSM CMM LMM 

Original Identified Identified Identified 

No. of element 
scalar scalar Error scalar Error scalar Error 

Coeffi cient Coeffi cient % Coeff icient % Coeffi cient % 
Parameter Parameter Parameter Parameter 

I 0.9000 0.9000 o 0.9000 o 0.9038 0.42 

2 0.9000 0.9000 o 0.9000 o 0.9045 O.SO 

3 0.9600 0.9600 o 0.9600 o 0.9617 0.18 

4 0.9600 0.9600 o 0.9600 o 0.9650 0.52 

5 0.9800 0.9800 o 0.9800 o 0.9816 0.16 

6 0.9800 0.9800 o 0.9800 o 0.9849 O.SO 

7 1.0000 1.0000 o 1.0000 o 1.0016 0.16 

8 1.0000 1.0000 o 1.0000 o 1.0048 O.IS 

9 0.9700 0.9700 o 0.9700 o 0.9717 O.IS 

10 0.9700 0.9700 o 0.9700 o 0.9750 0.52 

Il 0.9300 0.9300 o 0.9300 o 0.9318 0.19 

12 0.9300 0.9300 o 0.9300 o 0.9346 0.49 

13 0.9600 0.9600 o 09600 o 0.9629 0.30 

14 0.9600 0.9600 o 0.9600 o 0.9630 0.31 

15 0.9400 0.9400 o 0.9400 o 0.9403 0.03 

16 0.9400 0.9400 o 0.9400 o 0.9401 O.Ol 

17 0.8700 0.8700 o 0.8700 o 0.8704 O.OS 

18 0.8700 0.8700 o 0.8700 o 0.8701 O.Ol 

19 l.0000 1.0000 o 1.0000 o 1.0003 0.03 

20 1.0000 1.0000 o l.0000 o 1.0003 0.03 

27.9 
Frequency 3845.9397 3850.5133 0.12 4922.6193 7 4165.0085 8.30 

Convergence 
error 11.43 70.74 4.20 

Example 3. The frame presented in Fig. 9 was analysed in two cases. In 
the fi rst mode of vibrations and in the 10th mode. 
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Fig. 13. 9 elements frame 

Case 1: I" mode of vibration of frame structure. 

In this case, 30% error of frequency and± 10% random error of displacements 
were introduced using the random function. Displacements (u, and Uy) at 
every next node were used and rotations were not used. 

9 Element Frame/1st mode of vibration 
300.---~--.--~--.--~-~ 

250 

g 200 ., 
1l 
a3 150 
e> 
~ 
8 100 

50 

50 100 150 
No. of iterations 

200 250 300 

Fig. 14. Comparison of the convergence error for three algorithms 

The results of the identifi cation are presented in Table 6. 

Case 2: 10th mode of vibration in frame structure. In this case, 30% error of 
frequency and ±10% error of displacements were introduced. Displacements 
(u, and uy) at every next node were used and rotations were not used. 
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9. Conclusions 

We observe that both application of the dynamic stiffness matrix (DSM) 
and the consistent mass matrix (CMM) generated correct results as regards 
the stiffness parameters. Using the fi rst mode of the vibrations in the 
identification process we did not observe the significant difference in the 
results of the identification. The parameters p were calculated with very high 
precision in both cases. The error was less then O.O 1 %, which is a much better 
result that reported in the previous paper [26], [37 J. This result was obtained 
by inclusion of the natural frequencies into identification process and 
assumption of the harmonic motion. However, for the tenth mode of the 
vibrations the differences are much larger. For example in one case, the 
algorithm based on the consistent mass matrix (CMM) did not converge when 
the DSM gave good convergence. We observed in general the superior 
behaviour of the approach based on DSM. The convergence of the results was 
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clmuch faster, stable and better in the case of incorrect initial data. The values 
of the natural frequencies obtained from the iteration process using dynamic 
stiffness matrix were much more accurate than using consistent mass matrix 
or lump mass matrix. 

Manuscript received by Editorial Board, January 22, 2004; 
final version, June 28, 2004. 

REFERENCES 

[I) Adams R. D., Cawley P.: "The Location of Defects in Structures from Measurement of Natural 

Frequencies", Journal of Strain Analysis, Vol. 14, 1979, pp. 49+57. 

[2) Baruh H., Ratan S.: "Damage Detection in Flexible Structures", Procedings of the Eighth VP/ 
& SU Symposium on Dynamic and Control of Large Structures (Blacksburg, V A), edited by L. 

Meiroritch, 1991, pp. 171+179. 

[3) Christides S., Barr A. D. S.: "One Dimensional Theory of Cracked Bernoull i-Euler Beams", 

lnternatioal Journal of Mechanical Sciences, Vol. 26 (l 1+12), 1984, pp. 639+648. 

(4) Cuiping L., Smith S. W.: "Hybrid Approach for Damage Detection in Flexible Structures", 

Journal of Guidance, Control and Dynamics, Vol. 18, 1995, pp. 419+425. 

(5) Flanigan C.: "Correction of Finite Element Models Using Mode Shape Design Sensitivity", 

Proceedings of the Ninth International Modal Analysis Conference, Society for Experimental 
Mechanics, Bethel, CT, 1991, pp. 84+88. 

(6) Friswell M., Mottershead I.: "Finite element Updating in Structural Dynamics", Kluver 
Academic Publi shers. 

(7) Goodwin C. G., Payne R. A.: "Dynamic System Identifi cation, Experiments, Design and Data 

Analysis", Academic Press, New York, 1977. 

[8) Hajela P., Soeiro F. J.: "Structural Damage Detection Based on Static and Modal Analysis", 

A/AA Journal, Vol. 28, No. 1, 1990, pp. 1110+1115. 

(9) Hasan W. M.: "Crack Detection from the variation of the Eigenfrequencies of a Beam on 
Elastic Foundation", Engineering Fracture Mechanics, Vol. 52(3), 1995, pp. 409+42I. 

[ 10) Hendricks S. L., Hayes S. M., Junkins J. L.: "Structural Parameter Identifi cation for Flexible 

Spacecraft", Proceedings of the A/AA 22nd Aerospace Science Meeting (Reno, NV), AIAA, 
New York, 1984. 

(11) Hetenyi M.: "Deflection of Beams of Varying Cross Section", Journal of Applied Mechanics, 
Trans. ASME, Vol. 59, pp. A49+A52, 1937. 

[ 12) Ibrahim S. R., Mikulcik E. C.: "A method for the Direct Identifi cation of Vibration Parameters 
from the Free Response", The Shock and Vibration Bulletin, Vol. 47 (4), 1977, pp. 183+198. 

(13) Jelonnek B .. Kammeyer K.-D.: "Improved Methods for the Blind System Identifi cation Using 
Higher order Statistics", IEEE Transactions on Signal Processing, Vol. 40, 1992, pp. 
2947+2960. 

(14) Juang J.-N.: "An Overview of Recent Advances in Systems Identifi cation", A Collection of 
Technical Papers: 34th AIAAIASME/ASCEIAHS/ASC Structures, Structural Dynamic, and 
Materials Conference (La Jolla, CA), 1993, pp. 3342+3352. 

(15) Kabe A. M.: "Stiffness Matrix Adjustment Using Mode Data", A/AA Journal, Vol. 23, No. 9, 

1985, pp. 1431+1436. 

[ 16) Kirmser P. G.: "The Effect of Discontinuities on the Natural Frequency of Beams", 

Proceedings of the ASTM, Vol. 44, 1944, pp. 897. 



A PPLI CA TION OF TH E DY NA M IC STIFFNES M A TRIX TO THE ... 243 

(17] Lin R. M.: "Analytical Model Improvement Using Modifi ed IEM", Proceedings of the 
International Conference on Structural Dynamics Modeling, National Agency for Finite 
Element Methods and Standards. Glasgow, Scotland, UK, 1993, pp. 181+ I 94. 

(18] Lindholm B. E .. West R. L.: "System Identifi cation of Finite Element Modeli ng Parameters 
Using Experimental Spatial Dynamic Modeling", Firs/ International Conference on Vibration 

Measurements by Laser Techniques (Ancona, Italy), 1994, pp. 450+462. 
(19] Lukasiewicz S. A., Stanuszek M.: "Constrained, Weighted, Least Square Technique for 

Correcting Experimental Data", Proceedings of the Conference "Computational Methods and 
Experimental Mechanics VJ" Elsevier Applied Science, 1993. 

[20] Lukasiewicz S. A., Babaei R.: "On Identifi cation of Dynamic Systems", Computational 

Methods and Experimental Measurement VII , Computational Mechanics Publications, 
Southampton, Boston Editors G. M. Carlomagno, C. A. Brebia, 1995. 

(21] Lukasiewicz, S. A. and Babaei, R., "Effects of Dependent Variables and Instrumental Errors in 
Filtering of the Experimental Data", Communications in Numerical Methods in Engineering; 
Vol. 12, 1996. 

(22] McGowan, P. E., Smith, S. W., Javeed, M., "Experiments for Locating Damaged Members in 

a Truss Structure", Proceedings of the Second USAF/NASA Workshop on System Identifi cation 
and Health Monitoring of Precision Space Structures, Vol. 2, Pasadena, Ca, March, 1990, 
pp. 571+615. 

[23] Morassi A., "Crack-Induced Changes in Eigenparameters of Beam Structures", Journal of 
Engineering Mechanics, ASCE, Vol. 119, 1993, pp. 1798+1803. 

(24] Ostachowicz W. M., Krawczuk M.: "Analysis of the Effect of Cracks on the Natural 
Frequencies of a Cantilever Beam", Journal of Sound and Vibration, Vol. 150 (2), 
1991, pp. 191+201. 

(25] Pabst U., Hagedorn, P.: "On the Identifi cation of Localized Losses of Stiffness in Structures", 
Structural Dynamics of Large Scale and Complex Systems -ASME 1993, DE-Vol. 59, 1993, 
pp. 99+104. 

(26] Palka K.: "Detection of Cracks and Corroded Members in Structures from Dynamic 
Responses, Thesis (M.Sc.), University of Calgary, 1996. 

(27] Doyle J. F.: "Static and Dynamic Analysis of Structures with an Emphasis on Mechanics and 

Computer Matrix Methods", Kluver Academic Publishers. Dordrecht, Boston, London. 
(28] Petroski H. J.: "Simple Static and Dynamic Models for the Cracked Elastic Beam", 

International Journal of Fracture, Vol. 17, 1981, pp. R7l+R76. 
(29] Qian G.-L., Gu S.-N., Jiang J.-S.: "The Dynamic Behaviour and Crack Detection of a Beam 

with Crack", Journal of Sound and Vibration, Vol. 138(2), 1990, pp. 233+243. 
[30] Ricles J. M., Kosmatka J. B.: "Damage Detection in Elastic Structures Using Vibratory 

Residual Forces and Weighted Sensitivity", AIAA Journal, Vol. 30, No. 9, I 992, pp. 
2310+23!6. 

(31] Rizos P. F., Aspragathos N., Dimarogonas A.D.: "Identifi cation of Crack Location and 
Magnitude in Canilever Beam from the Vibration Modes", Journal of Sound and Vibration, 
Vol. 138(3), 1990, pp. 38 I+ 388. 

(32] Smith S. W., Hendricks S. L.: "Damage Detection and Location in Space Trusses", A/AA SDM 
Issues of the International Space Station: A Collection of Technical Papers, Will iamsburg, V A, 
AIAA, Washington DC, 1988, pp. 56+63. 

(33] Smith S. W., Beattie C. A.: "Simultaneous Expansion and Orthogonalization of Measured 
Modes for Structure Identifi cation", AIAA Dynamics Specialistic Conference: A Collection of 
Technical Papers, Long Beach, Ca), AIAA, Washington DC, 1990, pp. 261+270. 

[34] Thomson W. T.: "Vibration of Slender Bars With Discontinuities in Stiff ness", Journal of 
Applied Mechanics, Vol. 16, 1949, pp. 203+207. 



! " " #$%&' #( %) %* ( + , %#' - ) ' . / 0 - 1 ' ( 2 3 * 4 ' %&

5678 2 9: ; 1 * 1 * <*= >>% &9? : @ABCD #E9FG HI EJ: - AK: ; LC@C? : E: @M HI C NC? CK: F . C;EAD: O: @P0
Journal of Sound and Vibration, QHD* RS6T6U0 RVW70 LL* 6SRX6RS*

56Y8 / : J; 1 *0 ) CJD <*0 #BJ? AFEZ*= PQ: @AIABCEAH; C; F %F[9ME? : ;E HI NG; C? AB #E@9BE9@CD <A; AE:

- D: ? : ; E 1 HF: DM \ G - ] L: @A? : ; ECD 1 HF: D %; CDGMAM NCECP0 Computational Methods and 
Experimental Measurements Vil. Computational Mechanics Publications, #H9EJC? LEH; 0
^ HMEH; 0 - FAEH@MZ * 1 * . C@DH? CK; H0 . * %* ^ @: \ AC*

T6_8 ( 9` CMA: a ABb #* %*0cCD̀ C, *= P( : CMEMd9C@: ? : EJHF IH@F: E: BEAH; HI F: I: BEMA; ME@9BE9@: MI@H?
FG; C? AB@: MLH; M: MP* The Archive of Mechanical Eng inne ring, QHD*e (' Q0 RVV_0LL* ! ! YX! Y6*

T6W8 3ABJC@FMT. H., ( : 9; K 2 * $*= P%; CBB9@CE: ? : EJHF A; ME@9BE9@CDOA\ @CEAH; ME@9BE9@: MC;CDGMAMP0
Journal of Sound and Vibration, 77T6U0 RV__0 LL* 6Y6X6_Y*

56V8 ZC\ H9MMA ) * f *0 ZC@@: Ef * g *= P+ M: HI &: 9@CD &: Ea H@̀ A; N: E: BEAH; HI #E@9BE9@CD NC?CK: P*
Computers and Structures, QHD*" ! 0 &H* " 0 RVV!0 LL* Y" VXY7V*

! "#$%#%&" ' () * +' " , (-. ' ) / , " -()0. + #. $+&' %1-( * %(* ) ' $+2(3" -/(
453' (56 & 7)83" -9 A 0" , " -9

#E@: MbBb: ; A:

: C@EG̀ 9D: L@b: FGM̀9EHa C;H L@H\ D: ? FH̀ hCF; Hi BA a A\ @CBG[; GBJ E: BJ; À AF: ; EGIÀ CB[A0 MEHMHj
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