
ARCHIVES OF ELECTRICAL ENGINEERING VOL. 71(4), pp. 909 –929 (2022)

DOI 10.24425/aee.2022.142116

Grid-side current harmonic suppression based on
Butterworth filter and quasi-proportional

resonance controller

FENG ZHAO1, JIANING ZHANG1o B, XIAOQIANG CHEN1,2, YING WANG1,2

1School of Automation and Electrical Engineering, Lanzhou Jiaotong University
Lanzhou, China

2Key Laboratory of Opto-Technology and Intelligent Control Ministry of Education
Lanzhou, China

e-mail: 2271741151@qq.com

(Received: 20.05.2022, revised: 13.07.2022)

Abstract: In order to meet the lightweight requirements of high-speed trains, the inductance-
capacitance (LC) resonance circuits are cancelled in the traction drive system of some
high-speed electric multiple units (EMUs) in China, which will lead to large low-order
current harmonics on the grid side in the traction drive system of EMUs, seriously affecting
the power quality. Therefore, the low-order harmonic current of the traction drive system
of an EMU is studied in this paper. Firstly, the working principle of a four-quadrant pulse
rectifier in a traction drive system is analyzed, and then the generation mechanism of low-
order current harmonics on the grid side is studied deeply. Secondly, the voltage outer loop
and current inner loop control of a four-quadrant pulse rectifier are optimized respectively.
In the voltage outer loop control, a Butterworth filter is designed to suppress the beat
frequency voltage of the DC side voltage, so as to indirectly suppress the low-order current
harmonics. In the current inner loop, a quasi-proportional resonance (PR) controller with
harmonic compensation is used to suppress low-order current harmonics, and a novel low-
order current harmonics suppression strategy based on the Butterworth filter and quasi-PR
controller is proposed. Finally, the results of the simulated validation of the proposed control
strategy show that compared with the existing method of the notch filter + PR controller,
the proposed optimal control strategy has a better effect on low-order current harmonic
suppression, and improves the dynamic performance of the control system, further showing
the correctness and effectiveness of the optimal control strategy.
Key words: Butterworth filter, current harmonic suppression, high-speed electric multiple
units, quasi-PR controller, traction drive system
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1. Introduction

When the EMU is in traction operation, the pantograph transmits 27.5 kV single-phase AC
power from the catenary to the traction transformer, and the step-down output of the traction
transformer is 1770 V single-phase AC power to the four-quadrant pulse rectifier. The pulse
rectifier transforms the single-phase AC into DC, and transmits 3 600 V DC to the traction
inverter through the intermediate DC circuit. The traction inverter outputs a three-phase alternating
current with adjustable voltage and frequency to drive the traction motor, thus enabling the EMU
to operate. The traction drive system of a high-speed EMU is shown in Fig. 1.

Fig. 1. Traction drive system of high-speed EMU

Due to the inherent internal structure characteristics, the output voltage of the DC side of
the four-quadrant pulse rectifier has a 100 Hz AC voltage component, namely the beat frequency
voltage [1, 2]. At present, the existing trains incorporate an LC resonant circuit in the middle
DC link to absorb the beat frequency voltage of DC voltage. The resonant frequency of an LC
resonance circuit is near 100 Hz if the value of inductance and capacitance is reasonably designed.
Then the beat frequency component of DC voltage can be absorbed by series resonance to weaken
the influence of beat frequency voltage on the current at the grid side. This method can reduce
the beat frequency component of the DC voltage from the root. However, the volume and mass of
the LC resonant circuit are large, which increases the weight and cost of the EMU, makes it not
conducive to the maintenance of the hardware circuit, causes poor reliability, and goes against
the requirements of lightweight trains. Therefore, LC resonance circuits are not installed in some
China’s high-speed EMUs. However, the beat frequency voltage cannot be filtered after the use of
the LC resonant circuit is discontinued. For the rectifier, due to the introduction of beat frequency
voltage in the control system, the grid-side current causes the 3rd harmonic [3–5], and the 3rd
harmonic introduces the 5th harmonic. By analogy, 3rd, 5th, 7th and other low order harmonics
will exist in the grid side current, which will reduce the current quality and seriously affect the
safety of train running.

In the Beijing bullet train section in 2012, due to the simultaneous hosting of multiple trains,
the traction network contained a large amount of low-order harmonic current, and the serious
harmonic pollution of the power grid resulted in the start failure of the EMU traction converters
placed in the same power supply range. It can be seen that the low-order harmonic current on the
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grid side seriously affects the operation of traction drive systems and is not conducive to the safe
and reliable operation of railway systems. Therefore, domestic and foreign scholars have carried
out a lot of research on this. For example, in references [6] and [7], a C-type filter is proposed
to solve the problem of harmonic resonance and low frequency characteristic harmonics by
establishing a mathematical model and optimizing topological structure respectively, which can
effectively solve the problem of harmonic without introducing any power loss. In order to reduce
the influence of the beat frequency voltage on the control system and suppress the low-order
current harmonics, the method of adding a double-traction network frequency 100 Hz notch
filter is adopted in the voltage signal feedback link at the DC side in references [8] and [9].
References [10], [11] and [12] use a repetitive controller in the current inner loop, which reduces
the current harmonics on the grid side, but also lowers the dynamic performance of the system.
Model predictive control [13] can solve the problem of slow dynamic response, is suitable for
nonlinear constrained control, and has the advantage of a simple control objective [14–16], so
it is often used in pulse-width modulation (PWM) rectifiers [17, 18]. However, model predictive
control cannot effectively suppress low order current harmonics because the control quantity is
a fundamental wave component. Therefore, the rectifier control strategy of the notch filter + PR
controller is adopted in reference [19], which reduces the low-order current harmonics on the
basis of improving the dynamic performance of the system. However, notch filters can only filter
the beat component of specific frequency in the DC voltage, so its suppression effect still needs
to be improved.

By summarizing the methods used in the above literature, it can be seen that for the four-
quadrant pulse rectifier controlled by a voltage and current double-closed loop, there are roughly
two types of suppression strategies: one is to add compensation to the inner current loop such as
introducing a repetitive controller, proportional resonance control and other methods [20,21], but
such methods will affect the dynamic performance of the system. Another type of method is to
filter out the beat frequency voltage before DC side voltage appears in the control system [22,23],
such as adding a notch filter, low-pass filter, or dynamic compensation for the DC side voltage,
etc. These methods can effectively solve the problem of slow dynamic response but compared to
the LC resonance circuit, the low-order current harmonic suppression effect is poorer.

In order to solve the problem that the effectiveness of harmonic suppression and the rapidity
of the dynamic performance of the system cannot be considered simultaneously by the above two
types of suppression strategies, a low-order current harmonic suppression strategy based on the
Butterworth Filter and quasi-PR controller with harmonic compensation is proposed in this paper.
This method not only effectively suppresses the low-order current harmonics, but also improves
the dynamic response of the system. It is beneficial to improve the power quality of the grid side,
and is of great significance to ensure the safe and stable operation of the EMU.

In this paper, the internal traction drive system of the EMU is taken as the research object, and
the low-order current harmonics of the transformer’s secondary side, caused by the beat frequency
voltage of a four-quadrant pulse rectifier DC side, are suppressed. The paper is organized as
follows: the working principle of a four-quadrant pulse rectifier is introduced in Section 2. The
generation mechanism of low-order current harmonics in the grid side is analyzed in Section 3.
The suppression method of low-order current harmonics is proposed in Section 4. Simulation
results to prove the validity and feasibility of the proposed method are presented in Section 5.
The conclusions of this paper are described in Section 6.
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2. Working principle of four-quadrant pulse rectifier

The four-quadrant pulse rectifier is mainly composed of fully controlled devices and reverse
parallel diodes [24], and its main circuit is shown in Fig. 2(a). 𝑅 and 𝐿 are the equivalent
resistance and inductance of the secondary-side of the locomotive transformer. 𝑆1a, 𝑆2a, 𝑆1b, 𝑆2b
represent the IGBT module in reverse parallel with the diode;𝐶d and 𝑅L represent the supporting
capacitance and load on the output-side of the four-quadrant pulse rectifier. 𝑢s and 𝑖s are the
voltage and current of the secondary side of the locomotive transformer at the rectifier’s grid side.
𝑢ab is the input voltage of the AC side of the rectifier. 𝑈dc is the output voltage of the DC side of
the rectifier. 𝑖L is the load current.

To facilitate analysis, the ideal switching function 𝑆𝑖 (𝑖 = a, b) is defined as Eq. (1):

𝑆𝑖 =

{
1, 𝑆1𝑖 on, 𝑆2𝑖 off
0, 𝑆1𝑖 off, 𝑆2𝑖 on

(𝑖 = a, b). (1)

According to the ideal switching function 𝑆𝑖 in Eq. (1), the main circuit in Fig. 2(a) is
equivalent to the obtained equivalent circuit, as shown in Fig. 2(b). Because 𝑆1𝑖 and 𝑆2𝑖 cannot
be turned on at the same time in the four-quadrant pulse rectifier, the value of the input voltage
𝑢ab can be𝑈dc, 0 and −𝑈dc, and the switch combination 𝑆a𝑆b can be 00, 01, 10 and 11, altogether
4 kinds of logistics. The input terminal voltage 𝑢ab can be obtained as shown in Eq. (2):

𝑢ab = (𝑆a − 𝑆b)𝑈dc . (2)

(a) (b)

Fig. 2. Topology of four-quadrant pulse rectifier: the main circuit diagram (a); switch equivalent circuit
diagram (b)

Kirchhoff’s law is adopted to analyze the circuit in Fig. 2(b), and the mathematical model of
the main circuit of the rectifier can be obtained as shown in Eq. (3):

𝐿
d𝑖s
d𝑡

+ 𝑖s𝑅 = 𝑢s − (𝑆a − 𝑆b)𝑈dc

𝐶d
d𝑈dc
d𝑡

= (𝑆a − 𝑆b) 𝑖s −
𝑈dc
𝑅L

. (3)
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Therefore, the state equation of the mathematical model of the four-quadrant pulse rectifier is
as shown in Eq. (4):[

¤𝑖s
¤𝑈dc

] [
−𝑅/𝐿 − (𝑆a − 𝑆b) /𝐿

(𝑆a − 𝑆b) /𝐶d −1/𝐶d𝑅L

] [
𝑖s

𝑈dc

]
+
[
1/𝐿
0

]
𝑢s . (4)

3. Generation mechanism of low-order current harmonics in grid side

The current harmonics of the grid side are the main source of harmonic pollution in the
traction power supply network. If only the fundamental wave content and the integral multiple
harmonic component of the fundamental wave are considered, the voltage 𝑢s and current 𝑖s of the
grid side can be expressed as shown in Eqs. (5) and (6):

𝑢s =
√

2𝑈s cos𝜔𝑡 +
𝑛∑︁

𝑘=2

√
2𝑈s𝑘 cos 𝑘𝜔𝑡, (5)

𝑖s =
√

2𝐼s cos(𝜔𝑡 − 𝜑) +
𝑛∑︁

𝑘=2

√
2𝐼s𝑘 cos (𝑘𝜔𝑡 − 𝜑𝑘 ) , (6)

where: 𝑈s and 𝐼s are the effective values of fundamental wave voltage and current at the grid
side; 𝑈s𝑘 and 𝐼s𝑘 are the effective values of harmonic voltage and current at the 𝑘-th harmonic;
𝜑 is the included angle between fundamental wave voltage and current; 𝜑𝑘 is the included angle
between voltage and current of the 𝑘-th harmonic; 𝜔 represents the angular frequency of the
traction network voltage.

Since the amplitude of voltage and current harmonics is very small, if the product of the
harmonic voltage and current 𝑈s𝑘 𝐼s𝑘 is ignored, the input power of the rectifier can be obtained
as shown in Eq. (7):

𝑃in ≈ 𝑈s𝐼s cos 𝜑 +𝑈s𝐼s cos(2𝜔𝑡 − 𝜑) + 2𝐼s
𝑛∑︁

𝑘=2
𝑈s𝑘 cos 𝑘𝜔𝑡 cos(𝜔𝑡 − 𝜑)

+ 2𝑈s

𝑛∑︁
𝑘=2

𝐼s𝑘 cos(𝑘𝜔𝑡 − 𝜑𝑘 ) cos𝜔𝑡. (7)

In addition, according to the circuit structure of the rectifier in Fig. 2(a), its output power 𝑃out
is as shown in Eq. (8):

𝑃out ≈ 𝑈dc𝐼L + 𝐶d𝑈dc
d �̃�dc
d𝑡

. (8)

where: 𝐼L is the average value of the load current;𝑈dc is the average value of the rectifier output
voltage𝑈dc; �̃�dc is the fluctuation value of𝑈dc.
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Assuming an ideal switching device is used, the input and output power are conserved. Eq. (9)
can be obtained from the equal dynamic components of input and output power:

𝐶d𝑈dc
d �̃�dc
d𝑡

= 𝑈s𝐼s cos(2𝜔𝑡 − 𝜑) + 2𝐼s
𝑛∑︁

𝑘=2
𝑈s𝑘 cos 𝑘𝜔𝑡 cos(𝜔𝑡 − 𝜑)

+ 2𝑈s

𝑛∑︁
𝑘=2

𝐼s𝑘 cos (𝑘𝜔𝑡 − 𝜑𝑘 ) cos𝜔𝑡. (9)

Therefore, the beat frequency voltage �̃�dc of the DC side is as shown in Eq. (10):

�̃�dc =
𝑈s𝐼s

2𝜔𝐶d𝑈dc
sin (2𝜔𝑡 − 𝜑)

+ 𝐼s

𝜔𝐶d𝑈dc

{
𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 + 1

sin [(𝑘 + 1)𝜔𝑡 − 𝜑] +
𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 − 1

sin [(𝑘 − 1)𝜔𝑡 + 𝜑]
}

+ 𝑈s

𝜔𝐶d𝑈dc

{
𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 + 1

sin [(𝑘 + 1)𝜔𝑡 − 𝜑𝑘 ] +
𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 − 1

sin [(𝑘 − 1)𝜔𝑡 + 𝜑𝑘 ]
}
. (10)

According to Eq. (10), there are two kinds of harmonics in the voltage ripple on the DC
side. One is the harmonic with twice the grid voltage frequency, that is, 100 Hz; The other is the
harmonic component produced by the interaction of voltage harmonics and current harmonics on
the grid side. Therefore, the existence of voltage ripples will introduce current harmonics on the
grid side.

In order to simplify the analysis, the PI controller in the voltage outer loop control of the
rectifier is simplified as the P controller, and the given current value 𝑖∗s on the grid side can be
calculated as shown in Eq. (11):

𝑖∗s = 𝐼∗sm cos𝜔𝑡 = 𝐾vP

(
𝑈∗

dc −𝑈dc − �̃�dc

)
cos𝜔𝑡

= 𝐾vP

(
𝑈∗

dc −𝑈dc

)
cos𝜔𝑡 − 𝐾vP�̃�dc cos𝜔𝑡, (11)

where: 𝐼∗sm is the amplitude of the given current value; 𝐾vP is the proportional coefficient of the
P controller;𝑈∗

dc is the given value of the voltage on the DC side.
By substituting in Eq. (10) into Eq. (11) and arranging, Eq. (12) can be obtained as:

𝑖∗s = 𝐾vP

(
𝑈∗

dc −𝑈dc

)
cos𝜔𝑡 − 𝐾vP𝑈s𝐼s

4𝜔𝐶d𝑈dc
sin(𝜔𝑡 − 𝜑) − 𝐾vP𝑈s𝐼s

4𝜔𝐶d𝑈dc
sin(3𝜔𝑡 − 𝜑)

− 𝐾vP𝐼s

2𝜔𝐶d𝑈dc


𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 + 1

sin [(𝑘 + 2) 𝜔𝑡 − 𝜑] +
𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 + 1

sin(𝑘𝜔𝑡 − 𝜑)

+
𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 − 1

sin (𝑘𝜔𝑡 + 𝜑) +
𝑛∑︁

𝑘=2

𝑈s𝑘
𝑘 − 1

sin [(𝑘 − 2)𝜔𝑡 + 𝜑]


− 𝐾vP𝑈s

2𝜔𝐶d𝑈dc


𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 + 1

sin [(𝑘 + 2) 𝜔𝑡 − 𝜑𝑘 ] +
𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 + 1

sin(𝑘𝜔𝑡 − 𝜑𝑘 )

+
𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 − 1

sin(𝑘𝜔𝑡 + 𝜑𝑘 ) +
𝑛∑︁

𝑘=2

𝐼s𝑘
𝑘 − 1

sin [(𝑘 − 2)𝜔𝑡 + 𝜑]


. (12)
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Due to the error-free control of the inner current loop, the harmonic distribution of the actual
current at the grid side is the same as that of the given value in the steady state. If the harmonic of
the voltage and current at the grid side is not considered, namely𝑈s𝑘 = 𝐼s𝑘 = 0 (𝑘 = 2, 3, 4, · · · 𝑛),
then, Eq. (12) can be simplified as shown in Eq. (13):

𝑖∗s = 𝐾vP

(
𝑈∗

dc −𝑈dc

)
cos𝜔𝑡 − 𝐾vP𝐼Load

4𝜔𝐶d cos 𝜑
sin(𝜔𝑡 − 𝜑) − 𝐾vP𝐼L

4𝜔𝐶d cos 𝜑
sin(3𝜔𝑡 − 𝜑). (13)

According to Eq. (13), when the voltage and current input from the AC side of the rectifier
itself does not have harmonics, the grid side current contains only the 3rd harmonic.

If the traction network current itself contains the 3rd harmonic, that is 𝐼s3 ≠ 0, the expression
of the current at the grid side can be obtained from Eq. (12), as shown in Eq. (14):

𝑖∗s = 𝐼∗sm cos𝜔𝑡 = 𝐾vP

(
𝑈∗

dc −𝑈dc

)
cos𝜔𝑡 − 𝐾vP𝑈s𝐼s

4𝜔𝐶d𝑈dc
sin(𝜔𝑡 − 𝜑) − 𝐾vP𝑈s𝐼s

4𝜔𝐶d𝑈dc
sin(3𝜔𝑡 − 𝜑)

− 𝐾vP𝑈s𝐼𝑠3

2𝜔𝐶d𝑈dc

[
1
4

sin(5𝜔𝑡 − 𝜑3) +
1
4

sin(3𝜔𝑡 − 𝜑3) +
1
2

sin(3𝜔𝑡 + 𝜑3) +
1
2

sin(𝜔𝑡 + 𝜑3)
]
. (14)

According to Eq. (14), the 3rd harmonic of the grid side current will introduce the 5th harmonic
of the current. Similarly, by substituting the 5th harmonic into Eq. (12), it can be calculated that the
grid side current has 7 harmonics, and the influence of beat frequency voltage on harmonic current
of the grid side is shown in Fig. 3. Therefore, if the grid-side voltage background harmonics are
not considered, the grid-side current of the four-quadrant pulse rectifier will contain odd current
harmonics of 3rd, 5th, 7th, and so on [25].

Fig. 3. The influence of beat frequency voltage on harmonic current of grid side

4. Suppression of low-order current harmonics in grid side

Because the four-quadrant pulse rectifier can be connected with the inverter and traction
motor, it is often used in an AC drive electric locomotive to adapt to the speed regulation system
which often needs traction and regenerative braking. Controlling the rectifier can keep the output
DC voltage constant, and the power factor of the grid side tends to 1, which is beneficial to
improve the economic benefit of the traction electric network. The four-quadrant pulse rectifier
in the traction drive system adopts the transient direct current control method, and its core is
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voltage and current double-closed loop control. Therefore, in this section, the control methods of
the four-quadrant pulse rectifier are optimized from the aspects of the voltage outer loop and the
current inner loop, respectively, to effectively suppress the low-order current harmonics.

4.1. Optimization control of voltage outer loop
1. Traditional voltage outer loop control

The function of voltage outer loop control is to make the four-quadrant pulse rectifier output
a constant DC voltage, so that it is stable around a given value. Considering the small inertia link
caused by sampling delay, the voltage outer loop controller is shown in Fig. 4.

Fig. 4. Structure diagram of voltage outer loop controller

where:𝑈∗
dc is the reference value of the DC side voltage; 𝑇v represents the signal sampling period;

𝐺v (𝑠) is the transfer function of the voltage outer loop controller. 𝑆ab represents the average of
difference between switching functions 𝑆a and 𝑆b in the same period. If 𝐺v (𝑠) is the transfer
function of the PI controller commonly used in practical engineering, it is defined as shown in
Eq. (15):

𝐺v (𝑠) =
𝐾vP𝑠 + 𝐾vI

𝑠
=
𝐾vP (𝜏v𝑠 + 1)

𝜏v𝑠
, (15)

where 𝐾vP and 𝐾vI are the proportional and integral coefficients of the PI controller, respectively,

𝜏v =
𝐾vI
𝐾vP

.

In order to simplify the control structure in Fig. 4, the voltage sampling small inertia time
constant 𝑇v is combined with the current inner-loop equivalent time constant 𝑇i, and the order is
reduced, namely: 𝑇ev = 𝑇v3𝑇i. Fig. 5 is the simplified structure.

Fig. 5. Simplified voltage outer loop controller structure diagram

According to Fig. 5, the open loop transfer function𝑊ov (𝑠) of the voltage outer loop is shown
in Eq. (16):

𝑊ov (𝑠) =
𝐾vP𝑠 + 𝐾vI

𝐶d𝑠2 (𝑇ev𝑠 + 1)
=

𝐾vP (𝜏v𝑠 + 1)
𝐶d𝜏v𝑠2 (𝑇ev𝑠 + 1)

. (16)
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Then, the closed-loop transfer function of the voltage outer loop is shown in Eq. (17):

𝑊cv (𝑠) =
𝑊ov (𝑠)

1 +𝑊ov (𝑠)
=

𝐾vP (𝜏v𝑠 + 1)
𝐶d𝜏v𝑇ev𝑠3 + 𝐶d𝜏v𝑠2 + 𝐾vP𝜏v𝑠 + 𝐾vP

. (17)

2. Design of the Butterworth filter
The Butterworth filter has the characteristic that the frequency response curve in the passband

is flat to the maximum without fluctuation, and decreases to zero in the stopband. The amplitude-
frequency and phase-frequency characteristic curves of the filter decrease monotonically with the
increase of frequency, and because the frequency response of the filter is relatively flat before the
cutoff frequency, it has the advantage of ensuring that the original value of the signal will not be
attenuated by filtering.

The amplitude-frequency response of the Butterworth filter shall satisfy Eq. (18):

|𝐻 ( 𝑗𝜔) |2 =
1

1 +
(
𝜔

𝜔c

)2𝑛 , (18)

where 𝑛 is the order of the filter and 𝜔c is the cut-off frequency, that is, the frequency at which
the amplitude drops to –3dB.

The constraint condition of the passband attenuation 𝑅p and passband cut-off frequency 𝜔p
of the Butterworth filter is shown in Eq. (19):

𝑅p = 20 lg(1) − 20 lg


√√√√√√ 1

1 +
(
𝜔p

𝜔c

)2𝑛


. (19)

The constraint condition of the stopband attenuation 𝐴s and stopband cut-off frequency 𝜔s is
shown in Eq. (20):

𝐴s = 20 lg(1) − 20 lg


√√√√√√ 1

1 +
(
𝜔s
𝜔c

)2𝑛


. (20)

Simultaneous Eqs. (19) and (20) can solve the order 𝑛 of the Butterworth filter, as shown in
Eq. (21):

𝑛 =

lg
(
10𝐴s/10 − 1
10𝑅p/10 − 1

)
2 lg

(
𝜔s
𝜔p

) . (21)

By rounding 𝑛 up to 𝑛∗, and substituting 𝑛∗ into Eq. (20), the cutoff frequency 𝜔c can be
obtained, as shown in Eq. (22):

𝜔c =
(
10𝐴s/10 − 1

)− 1
2𝑛∗
𝜔s . (22)
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The unified form of the transfer function of the Butterworth filter is shown in Eq. (23):

𝐻 (𝑠) =
𝜔𝑛∗

c

𝑎0𝜔
𝑛∗
c + 𝑎1𝜔

𝑛∗−1
c 𝑠 + . . . + 𝑎𝑛∗−1𝜔

1
c 𝑠

𝑛∗−1 + 𝑠𝑛∗
. (23)

Because the beat frequency voltage of 2, 4, 6 times of grid frequency mainly exists in the
DC-side voltage of the four-quadrant pulse rectifier, and in practical engineering, the voltage near
these three frequencies will also have small fluctuation, so the constraint conditions are set as:
the passband cut-off frequency 𝜔p = 20𝜋 (rad/s), passband maximum attenuation 𝑅p = 1 dB,
stopband cut-off frequency 𝜔s = 160𝜋 (rad/s) and stopband minimum attenuation 𝐴s = 30 dB. In
this way, the beat voltage of grid frequency above 80 Hz in the actual DC voltage can be filtered
before entering a PI controller, so as to indirectly suppress the low-order current harmonics on
the grid side.

According to the constraints of 𝜔p, 𝜔s, 𝑅p, 𝐴s and Eqs. (21) and (22), the order of the
Butterworth filter 𝑛 = 1.9856, 𝜔c = 89.4084 can be calculated, and 𝑛∗ = 2.

The normalized polynomial coefficients of orders 1–4 of the Butterworth filter are shown in
Table 1. By substituting the calculated 𝜔c = 89.4084 and 𝑛∗ = 2 into Eq. (23), and combining the
coefficients corresponding to the order 𝑛∗ = 2 in Table 1, the transfer function of the Butterworth
filter designed in this paper can be obtained as shown in Eq. (24). The corresponding Bode
diagram is shown in Fig. 6.

𝐻 (𝑠) = 7993.9
𝑠2 + 126.4𝑠 + 7993.9

. (24)

Table 1. Normalized polynomial coefficient of Butterworth filter

n∗ a0 a1 a2 a3 a4

1 1 1

2 1 1.4142136 1

3 1 2 2 1

4 1 2.6131259 3.4142136 2.6131259 1

Fig. 6. The Bode diagram of Butterworth filter
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After applying bilinear transformation to Eq. (24), the form of a digital Butterworth filter can
be obtained as shown in Eq. (25):

𝐻 (𝑧) =
7993.9

(
𝑧−1)2 + 15987.8𝑧−1 + 7993.9

7868.5
(
𝑧−1)2 + 15985.8𝑧−1 + 8121.3

. (25)

4.2. Optimization control of current inner loop
1. Traditional current inner-loop control

The function of the current inner-loop control is to make the grid-side current track its
given value, so that the grid-side power factor of the four-quadrant pulse rectifier approaches 1.
Fig. 7 shows the structure of current inner loop control with sampling delay and small inertia
characteristics included.

Fig. 7. Current inner loop control structure diagram

where: 𝑖∗s is the given value of the grid-side current; 𝑇i is the current sampling period; 𝐺 i (𝑠)
is the transfer function of the current inner loop controller; 𝑢∗ab is the control signal instruction
value, and 𝐾PWM represents the equivalent gain of the bridge PWM. The time constant of the
small inertia link caused by the PWM is 𝑇i/2; moreover, the feedforward voltage signal 𝑢s also
has sampling delay. Therefore, the current inner loop control of the voltage 𝑢s feedforward can
be simplified into the equivalent circuit shown in Fig. 8.

Fig. 8. Simplified current inner loop control structure diagram

According to Fig. 8, the open loop transfer function𝑊oi (𝑠) of the current inner loop is shown
in Eq. (26):

𝑊oi (𝑠) =
𝐾PWM𝐺 i (𝑠)

(𝑇i𝑠 + 1) (0.5𝑇i𝑠 + 1) (𝐿𝑠 + 𝑅) . (26)

When designing the controller, combining the first-order inertia link of the PWM circuit and
sampling circuit of the rectifier, and reducing its order, Eq. (26), can be simplified as shown
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in Eq. (27):

𝑊oi (𝑠) =
𝐾PWM𝐺 i (𝑠)

(0.5𝑇2
i 𝑠

2 + 1.5𝑇i𝑠 + 1) (𝐿𝑠 + 𝑅)
≈ 𝐾PWM𝐺 i (𝑠)

(1.5𝑇i𝑠 + 1) (𝐿𝑠 + 𝑅) . (27)

2. Optimized current inner-loop control

Because the current inner-loop input is AC, and the PI controller or P controller act on the
rectifier current inner-loop control, only the DC can be effectively controlled, the AC error-
free control is difficult to achieve and it does not meet the high precision control requirements.
Therefore, in this paper, the PR controller is applied to the current inner-loop control to achieve
error-free AC control.

If the angular frequency of the tracked signal is 𝜔0, the transfer function of the ideal PR
controller in the 𝑠-domain is as shown in Eq. (28), and its characteristic curves of amplitude-
frequency and phase-frequency are shown in Fig. 9(a).

𝐻PR (𝑠) = 𝐾P + 2𝐾R𝑠

𝑠2 + 𝜔2
0
, (28)

where 𝐾P and 𝐾R are the proportionality and resonance coefficients of the PR controller.
However, in addition to the 50 Hz fundamental current, the grid side also contains low-order

current harmonics. Therefore, the PR controller needs to be improved to eliminate the 3rd, 5th and
7th current harmonics. Its transfer function in the 𝑠-domain is shown in Eq. (29). The amplitude-
frequency and phase-frequency characteristic curves of the improved PR controller are shown
in Fig. 9(b).

𝐻PR (𝑠) = 𝐾P + 2𝐾R𝑠

𝑠2 + 𝜔2
0
+

∑︁
ℎ=3,5,7

𝐾Rℎ𝑠

𝑠2 + (ℎ𝜔0)2 , (29)

where 𝐾Rℎ is the resonance coefficient of the ℎ-th harmonic PR controller and ℎ is the order of
harmonics.

Because the ideal PR controller has the function of gaining a single frequency and attenuating
other frequency signals, its system has a narrow bandwidth, so that the system is often disturbed
and its stability is reduced. Therefore, a quasi-PR controller is needed to solve this problem. Its
transfer function is shown in Eq. (30), and the corresponding amplitude-frequency and phase-
frequency characteristic curves are shown in Fig. 9(c). Compared with Fig. 9(b), the bandwidth
is significantly increased and the anti-interference capability of the system is improved.

𝐻PR (𝑠) = 𝐾P + 2𝜔c𝐾R𝑠

𝑠2 + 2𝜔c𝑠 + 𝜔2
0
+

∑︁
ℎ=3,5,7

2𝜔c𝐾Rℎ𝑠

𝑠2 + 2𝜔c𝑠 + (ℎ𝜔0)2 , (30)

where 𝜔c is the cut-off frequency of the controller.
After comparing and analyzing the characteristics of PI and PR controllers, the quasi-PR

controller with 3rd, 5th and 7th harmonics compensation is used in the current inner loop
to suppress the low-order current harmonics. The optimized current inner-loop control block
diagram is shown in Fig. 10.
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(a) (b)

(c)

Fig. 9. Bode diagram of PR controller: ideal PR con-
troller (a); ideal PR controller with harmonic com-
pensation (b); quasi-PR controller with harmonic

compensation (c)

Fig. 10. Optimized current inner loop control diagram

4.3. Overall optimal control of four-quadrant pulse rectifier

Combined with the above optimization control methods of the voltage outer loop and current
inner loop, a four-quadrant pulse rectifier control method based on the Butterworth filter and quasi-
PR controller with harmonic compensation is proposed to suppress low-order current harmonics.
Figure 11 is the concrete design block diagram. A Butterworth filter is added in the voltage outer
loop control, so that the beat frequency voltage with a frequency greater than 80 Hz in the DC
voltage is filtered out before entering the PI controller to indirectly suppress the low-order current
harmonics. The current inner loop adopts the quasi-PR controller with 3rd, 5th and 7th harmonic
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compensation, so that the actual current value can accurately track its given value and meet the
no steady-state error tracking. The anti-interference ability of the current inner loop is enhanced,
so as to effectively reduce the low-order harmonic current of the grid side.

Fig. 11. Optimal control block diagram of four-quadrant pulse rectifier

5. Simulation results and analysis

The simulation model of an EMU four-quadrant pulse rectifier is built on Matlab/Simulink
platform. Based on the theory of phase-shifting carrier technology, two four-quadrant pulse
rectifiers are simulated in parallel. The simulation parameters are shown in Table 2.

Table 2. Simulation parameters of rectifier

Parameter name Symbol Value Unit

Effective value of the AC side voltage 𝑈s 1770 V

AC side inductance 𝐿 5.5 mH

Reference value of DC side voltage 𝑈∗
dc 3 600 V

DC side support capacitor 𝐶𝑑 9.01 mF

Voltage loop PI controller proportional coefficient 𝐾vP 0.8 /

Voltage loop PI controller integral coefficient 𝐾vI 15 /

Proportionality coefficient of quasi-PR controller 𝐾P 2 /

Resonance coefficient of quasi-PR controller 𝐾𝑅/𝐾Rℎ 110 /

5.1. Four-quadrant pulse rectifier control performance verification
Figure 12(a) shows the voltage and current waveform of transforming from traction condition

to braking condition at 𝑡 = 0.6 s after using the Butterworth filter and quasi-PR controller with
harmonic compensation. When the time ranges from 0.1 s to 0.6 s, the voltage and current at the
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AC side of the rectifier are in the same phase at the traction condition. Figure 12(b) shows the
amplification of voltage and current waveforms near 𝑡 = 0.6 s. At 𝑡 = 0.6 s, a reverse voltage
is added to the output DC side to simulate the transition from the traction condition to the
regenerative braking condition. After a short adjustment of the voltage and current on the grid
side, the operation is changed from the same phase to the reverse phase. The four-quadrant pulse
rectifier can realize the operation of unit power factor, indicating that the dynamic performance
of the control system is good. Figure 12(c) shows the power factor curve of the AC side of
the rectifier. It can be seen from the figure that the power factor is close to 1 in both traction
and braking conditions, which fully meets the operation requirements of the four-quadrant pulse
rectifier.

(a)

(b) (c)

Fig. 12. The voltage and current waveform of transforming from traction condition to braking condition at
𝑡 = 0.6 s (a); amplification of voltage and current waveform near 𝑡 = 0.6 s (b); comparison of ideal and

actual power factor curves (c)

5.2. Simulation verification of low-order harmonic current suppression
1. Simulation results with LC resonant circuit

Figure 13 shows the grid-side current waveform and FFT analysis results of the four-quadrant
pulse rectifier when the LC resonant circuit is retained at the DC side. Figure 13(b) shows that
after the LC resonance circuit is added to the DC side of the rectifier, the harmonic distortion rate
of the current at the grid side is 2.57%. The 3rd harmonic of the current at the grid side accounts
for 0.81%, the 5th harmonic is 0.06%, and the 7th harmonic is 0.03%.

When the LC resonant circuit is retained, the output voltage waveform of the DC side of the
four-quadrant pulse rectifier is shown in Fig. 14. As can be seen from the figure, after 0.4 s, the
DC voltage output by the rectifier can well track its given value 3 600 V, and its fluctuation range
is about 3 578–3 624V.
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(a) (b)

Fig. 13. Current waveform and FFT analysis results of grid side with LC resonant circuit at DC side: current
waveform at the grid side (a); FFT analysis results of grid side current (b)

Fig. 14. DC side voltage waveform with LC resonant circuit

2. Simulation results without LC resonant circuit

Figure 15 shows the grid-side current waveform and FFT analysis results of the four-quadrant
pulse rectifier after the LC resonant circuit is cancelled at the DC side. Figure 15(b) shows that
after the LC resonant circuit is ceased at the DC side of the rectifier, the harmonic distortion of the
current at the grid side is large, with a distortion rate of 6.12%. The 3rd harmonic of the current
at the grid side is as high as 5.43%, the 5th harmonic is 0.43%, and the 7th harmonic is 0.04%.

(a) (b)

Fig. 15. Current waveform and FFT analysis results of grid side without LC resonant circuit at DC side:
current waveform at the grid side (a); FFT analysis results of grid side current (b)
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The output voltage waveform of the four-quadrant pulse rectifier on the DC side after discon-
necting the LC resonance circuit is shown in Fig. 16. As can be seen from the figure, the DC-side
voltage fluctuates greatly at a given value of 3 600 V, in the range of 3 519 V–3 684 V.

Fig. 16. DC side voltage waveform without LC resonant circuit

3. Simulation results of notch filter + PR controller
The notch filter has the function of filtering out harmonic components of a specific frequency,

and its transfer function is shown in Eq. (31):

𝐺 (𝑠) = 𝐴0
𝑠2 + 𝜔2

𝑛

𝑠2 + 𝜔𝑛𝑠

𝑄
+ 𝜔2

𝑛

, (31)

where 𝐴0 represents the gain of the notch filter, and 𝐴0 = 1 is taken in this paper. 𝑄 is the quality
factor, 𝜔𝑛 is the characteristic angular frequency.

Therefore, notch filters with 200𝜋 (rad/s), 400𝜋 (rad/s) and 600𝜋 (rad/s) characteristic angular
frequencies in series were used to eliminate the voltage ripple components of 2, 4 and 6 times
grid frequency in the output DC voltage and indirectly suppress the low-order current harmonics.

Figure 17 shows the grid-side current waveform and FFT analysis results obtained by adding
a notch filter to the voltage outer loop to eliminate the beat frequency voltage in the DC voltage
after the LC resonant circuit was disconnected on the DC side of the four-quadrant pulse rectifier,
and PR controller was adopted in the current inner loop. It can be seen from Fig. 17(b) that the

(a) (b)

Fig. 17. Current waveform and FFT analysis results of grid side after using notch filter + PR controller:
current waveform at the grid side (a); FFT analysis results of grid side current (b)
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current harmonic distortion rate under this control method is 4.19%, in which the 3rd harmonic of
the current at the grid side is 3.03%, the 5th harmonic is 0.27%, and the 7th harmonic is 0.04%.

Figure 18 shows the DC voltage waveform of the rectifier after the notch filter +PR controller
is adopted. As can be seen from the figure, the DC side voltage fluctuates around a given value
of 3 600V after about 0.3 s, and its fluctuation range is 3570–3631 V.

Fig. 18. DC side voltage waveform after using notch filter + PR controller

4. Simulation results of Butterworth filter and quasi-PR controller
Figure 19 respectively shows the current waveform on the grid side and the FFT analysis

results when the Butterworth filter designed in this paper and the quasi-PR controller with 3rd,
5th and 7th harmonic compensation are used in the voltage outer loop and the current inner loop
respectively after the LC resonant circuit is cancelled on the DC side of the rectifier. It can be
seen from Fig. 19(b) that by using the optimization control method proposed in this paper, the
harmonic distortion rate of grid-side current is reduced to 2.48%, in which the 3rd harmonic
accounts for 0.22%, the 5th harmonic for 0.05%, and the 7th harmonic for 0.01%.

(a) (b)

Fig. 19. Current waveform and FFT analysis results of using Butterworth filter and quasi-PR controller:
current waveform at the grid side (a); FFT analysis results of grid side current (b)

The DC side voltage waveform of the rectifier after using the Butterworth filter and quasi-PR
controller is shown in Fig. 20. As can be seen from the figure, after 0.2 s, the DC side voltage can
well track the given value and stabilize at about 3 600 V, with the minimum fluctuation range of
3582–3621 V. Compared with Fig. 18, the time of voltage reaching steady state is shortened by
about 1s, indicating that the dynamic performance of the system is significantly improved under
the optimized control method.
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Fig. 20. DC voltage waveform of Butterworth filter and quasi-PR controller

According to the simulation results, the corresponding low-order current harmonic contents
of the above four cases are summarized as shown in Table 3.

Table 3. Comparison of harmonic content of low-order current under different methods

The control method 3rd (%) 5th (%) 7th (%) Total harmonic
distortion rate (%)

Cancel the LC circuit 5.43 0.43 0.04 6.12

Notch filter + PR controller 3.03 0.27 0.04 4.19

Retain the LC circuit 0.81 0.06 0.03 2.57

Butterworth filter + quasi-PR
controller 0.22 0.05 0.01 2.48

6. Conclusions

In this paper, aiming at the problem that a large number of low-order current harmonics occur
on the grid side after the LC resonance circuit is disconnected on the DC side of the four-quadrant
pulse rectifier in the traction drive system of some EMUs, the optimal control strategy of the
four-quadrant pulse rectifier is proposed to effectively suppress the low-order current harmonics,
and the simulation verification is carried out on the Matlab/Simulink platform. According to the
simulation results, the following conclusions are drawn:
1. The optimized control strategy of the Butterworth filter and quasi-PR controller with harmonic

compensation can effectively improve the dynamic performance of the control system, so that
the four-quadrant pulse rectifier can quickly switch between traction and regenerative braking
conditions, and realize the operation of unit power factor.

2. Since the notch filter can only filter the beat frequency voltage component at a specific
frequency, and the Butterworth filter designed in this paper can filter the beat frequency
voltage at 80 Hz and above, this means that the Butterworth filter has a better beat frequency
voltage suppression effect on the DC side voltage than notch filter. It can reduce the influence
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of DC side beat frequency voltage on the low-order harmonic current and indirectly suppress
the low-order harmonic current of the grid side.

3. As can be seen from the data in Table 3, compared with the method of the notch filter + PR
controller, the optimal control strategy based on the Butterworth filter and quasi-PR controller
with harmonic compensation is more effective in suppressing the low-order current harmonics
at the grid side, and the effect is similar to that when the LC resonant circuit is retained at
the DC side of the rectifier. Therefore, the proposed optimal control strategy can completely
replace the LC resonance circuit to meet the lightweight requirements of high-speed trains.
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