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COMPRESSIBLE BOUNDARY LAYER FLOW IN THE STAGNATION
REGION OF A ROTATING SPHERE WITH LARGE INJECTION
RATES AND A MAGNETIC FIELD

The effect of large injection rates on the steady laminar compressible boundary
layer in the front stagnation-point region of a rotating sphere with a magnetic field
has been studied. The effect of variable gas properties, non-unity Prandtl number
and viscous dissipation are included in the analysis. The nonlinear coupled ordinary
differential equations governing the flow are first linearized using the
quasilinearization technique, and the resulting system of linear equations are then
solved using an implicit finite-difference scheme with non-uniform step size. For
large injection rates, analytical expressions for the surface shear stresses in the
longitudinal and rotating directions and the surface heat transfer are also obtained
using an approximate method. For large injection rates, the surface heat transfer
tends to zero, but the surface shear stresses in the longitudinal and rotating
directions remain finite but small. The surface shear stresses and the surface heat
transfer decrease with increasing rate of injection, but they increase with the
magnetic field and the rotation parameter. The magnetic field or the rotation
parameter induces an overshoot in the longitudinal velocity profile and the
magnitude of the velocity overshoot increases significantly with the rotation
parameters and the injection parameter. The location of the dividing streamline
moves away from the boundary with increasing injection rate, but it moves towards
the boundary with increasing magnetic and rotation parameters.

Nomenclature

a - velocity gradient at the stagnation point,

B - magnetic field,

Cf-,Cf - skin friction coefficients in x and y directions,
€y - specific heat at a constant pressure,
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step size,

electric field,

electric field components along x-, y- and z-directions,
respectively,

viscous dissipation parameter,

dimensionless velocity component in x-direction,

injection parameter,

magnetic force (Lorentz force) components along x-, y- and
z-directions, respectively,

dimensionless total enthalpy,

specific and total enthalpies, respectively,

Hartmann number,

current density components along x-, y- and z-directions,
respectively,

characteristic length,

magnetic parameter which is the ratio of Hartmann number to
Reynolds number,

Mach number,

index in the power-law variation of the electrical conductivity,
Prandt]l number,

magnetic Prandtl number,

magnetic Reynolds number,

Reynolds number,

dimensionless velocity along y-direction,

Stanton number,

temperature,

velocity components along x-, y- and z-directions, respectively,
characteristic velocity,

longitudinal, rotational and normal directions, respectively,
ratio of specific heats,

transformed independent variable,

rotation parameter,
fluid density,

coefficient of viscosity,

magnetic permeability at the edge of the boundary layer,
kinematic viscosity,

electrical conductivity,

ratio of the density-viscosity product across the boundary layer,
index in the power-law variation of the viscosity,
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Q - angular velocity of the sphere.

Subscripts

e,w - condition at the edge of the boundary layer and on the surface,
respectively,

X,z - partial derivative with respect to x and z, respectively.

Superscripts

"(prime) - derivative with respect to 17 .

1. Introduction

The flow and heat transfer characteristics of spinning bodies of revolution in
a forced flow field are important for projectiles or re-entry missiles as well as
for certain other engineering problems such as fibre coating, rotating machinery
design etc. The increasing use of the blunt bodies in hypersonic flight problems
requires accurate prediction of aerodynamic heating at the forward stagnation
point, because maximum heat transfer occurs there. When a blunt body moves
through the atmosphere at hypersonic speed, the flow field between the body
and the detached shock wave is non-viscous in the outer region and viscous in
the boundary layer region near the wall. The free stream flow is generally
electrically nonconducting, but the flow between the body and the shock wave is
conducting due to the ionization of the gas by large temperature rise across the
shock wave. It is found that the application of a transverse magnetic field
significantly affects the flow field and heat transfer. Also the incorporation of
magnetic field coils in space vehicles has got some interesting applications such
as opening of communication windows, enhanced flexibility of maneuvers by
virtue of flight control, active shielding against radiation etc. [1].

The heat transfer can considerably be reduced by injecting a large amount of
fluid from the surface of the body into the boundary layer. The study of
boundary layers with large surface injection is required in several applications
such as the stagnation region of heat shield protection system for planetary
atmospheric probe [2], [3], [4]. When a large amount of fluid is injected into the
boundary layer, the injected fluid simply fills the region near the wall and
causes significant alteration in the profiles of the flow variables. In such a
situation, the boundary layer is characterized by (I) a thick inner layer close to
the surface, where viscous forces are negligible compared with the pressure and
inertia forces and (II) a relatively thin outer layer in which the transition from
the inner to the inviscid external flow takes place. In the inner region, the
gradients of the velocity components and enthalpy at the wall are very small, but
in the outer region these gradients are large.

In view of the importance of large injection rates on blunt bodies, the steady
compressible laminar boundary layer in the front stagnation-point region of a
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two-dimensional and axisymmetric bodies with large surface injection rates has
been studied by Kubota and Fernandez (5], Kassoy [6], [7], Garett et al. [8], Liu
and Nachtsheim [9] and Liu and Chiu [10]. Libby and Cresci [11] have
experimentally shown that even for large injection rates the inviscid flow in the
stagnation-point region is not affected and therefore the boundary layer concept
can be applied to study the effect of large injection rates on the stagnation-point
flow without introducing any appreciable error in the analysis. Vigdorovich and
Levin [12] have presented an excellent review of literature dealing with large
injection rates [12]. The effect of the magnetic field on two-dimensional and
axisymmetric stagnation-point flows with or without mass transfer has been
investigated by a number of research workers [13], [14], [15], [16], [17], [18],
[19], [20], [21], [22], [23], [24]. The flow and heat transfer for the steady
boundary layer flow on a rotating sphere have also been considered by several
investigators [25], [26], [27], [28], [29], [30], [31]. Also Dorfman [32] and
Kreith [33] have presented an excellent review of work done prior to 1958 and
1968, respectively.

For simplicity, the above authors have made some simplifying assumptions
such as constant fluid properties ( pu = constant, where p and u are the fluid

density and viscosity, respectively), unity Prandtl number (Pr=1) within the
boundary layer, and they have also neglected the viscous dissipation term. The
engineering problems mentioned above are characterized by (I) a large
temperature difference across the boundary layer, (II) a high free stream Mach
number and (III) a large surface injection. These features put constraints on the
simplifying assumptions mentioned above for obtaining solutions of the
governing equations. A large temperature difference implies that the assumption
of a constant density-viscosity product across the boundary layer is not
appropriate and more realistic variation of the gas property should be used. For
the case of high Mach number, the assumption of unit Prandtl number is not
appropriate, because viscous dissipation effects are over simplified. Frictional
heating occurs whenever velocity gradients exist in flow of viscous fluids. The
effect of viscous dissipation is to augment heat transfer when the surface is
cooled and to inhibit heat transfer when the surface is heated. The frictional
heating is particularly important in hypersonic and supersonic flows.

It may be remarked that for large injection rates the structure of the boundary
layer is quite different from that of moderate or zero injection rates. The
structure of the boundary layer for large injection rates is mentioned earlier. For
large injection rates, the velocity and wmperature gradients are very small and
range of integration is large because boundary layer becomes thick. In such a
situation, the usual methods for solving the two-point boundary-value problem
completely break down due to poor converge and instability of the numerical
methods used. Several methods have been used in the past for solving problems
involving large injection rates such as the method of matched asymptotic
expansion [5], [6], [7], matrix method [8], backward shooting method [9] and an
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implicit finite-difference scheme in combination with the quasilinearization
technique [10]. For large injection rates, the matrix method becomes unstable.
The backward shooting method takes long computing time, which increases as
the injection rate increases. The method of matched asymptotic expansion and
the implicit finite-difference scheme in combination with the quasilinearization
technique are found to very efficient for problems with large injection rates.
However, the method of matched asymptotic expansion is an approximate
method and to test its accuracy the results have to be compared with the
numerical results.

In this investigation, we consider the effect of large injection rates on the
steady laminar compressible boundary layer flow of an electrically conducting
fluid in the forward stagnation-point region of a rotating sphere with a magnetic
field. We have included variable gas properties, non-unity Prandtl number and
viscous dissipation terms in our analysis. The coupled nonlinear partial
differential equations governing the flow have been reduced to a system of
nonlinear coupled ordinary differential equations by similarity transformations.
These equations have been solved numerically wusing an implicit
finite-diffrence scheme in combination with the quasilin earization technique.
For large injection rates, analytical expressions for surface shear stresses in the
longitudinal and rotating directions and the surface heat transfer are found using
an approximate method. Particular cases of the present results are compared
with those of Sparrow et al. [16], Bush [14], Muthanna and Nath [21], Kubota
and Fernandez [S5], Liu and Nachtsheim [9], Liu and Chiu [10] and
Krishnaswamy and Nath [22].

It may be mentioned that the boundary layer analysis is not strictly applicable
to the high energy viscous shock layer type of flow field because there is no
asymptotic approach of the velocity profile to some edge value due to the
occurrence of strong shock (i.e., u = u, instead of u —u, ). However, there is a
shear layer edge within the shock layer where the specific enthalpy h — 1/,
[14], [19]. In spite of this short coming, the present study will exhibit most of
the characteristics of flow and enthalpy fields and can form the basis for further
analysis with more realistic models.

2. Problem formulation

To fix the problem mathematically, an orthogonal curvilinear coordinate
system is considered in which x measures the distance along the meridian from
the forward stagnation point, y represents the distance in the direction of
rotation, z is the distance normal to the body, and r(x) is the normal distance of
a point on the body from the axis of rotation and it is nearly equal to x in the
vicinity of the stagnation point (Fig. 1). We consider the steady laminar
compressible boundary layer flow of an electrically conducting fluid in the
forward stagnation point region of a rotating sphere with a magnetic field B
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applied in z-direction and fixed relative to the fluid. We take the gas with
variable properties ( pal'~!, uod'@, cal™). It is assumed that the magnetic

Reynolds number Re,, = u;0,VL<<1. Under this condition it is possible to
neglect the effect of the induced magnetic field. It is also assumed that there is
no applied or polarization voltage which implies that the electric field E =0
[34]. Rathbun [35] has also discussed this aspect in detail and has shown that
the assumption E=0 is valid provided the magnetic Prandtl number
Pr, =u;o,v, <10-5. This condition is met in most applications. Hence the

electric field E is not included in the relevant equations. This corresponds to
the case where no energy is added to or extracted from the fluid by electrical
means.

Forward
stagnation-point

Fig. 1. Physical model and co-ordinate system

The electrical current flowing in the fluid will give rise to induced magnetic
field which would exist if the fluid were an electrical insulator. Here we have
taken the fluid to be electrically conducting. Since Pr, <<1, the magnetic

boundary layer is much thicker than the viscous boundary layer. This provides
further justification for ignoring the induced electric and magnetic fields within
the viscous boundary layer [16]. Under these assumptions it is possible to show
that only the applied magnetic field contributes to the magnetic force (Lorentz
force). The magnetic force components in x-, y- and z-directions are given by

F,=J,B=0(E,-B%), F =-JB=-0(E +B%), F,=0, where
J,=0(E . +Bv), J,=0(E,—Bu), J,=0E,. As mentioned earlier, the
electric field can be neglected. Hence E,=FE,=E,=0. Consequently
Fy=-0oB2u, F,=-0B%v, F,=0. The Hall effect is neglected. The wall and

free stream total enthalpies are taken as constants. Under the above mentioned
assumptions, the boundary layer equations governing the steady compressible
flow in the vicinity of a forward stagnation point of a rotating sphere with an
applied magnetic field are given by [14], [16], [21], [26], [36]
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(pxu) +(pxw), =0, (1
plutty +wit, —v2 [ X) = poit, (). +(Hit,), — B2(Ou — 0, ®)
pluv, +wv, +uv/x)=(uv,), ~ 0By, 3)
pwH +wH )=[Pr™ uH ] —[uPr™'=1)(uu, +w.)].. (4)
The boundary conditions are
7z=0, x20 : u=0, v=Qx, w=w,,, H=H,,,

72—, x20  u=u.(x), v=0, H=H,,

x=0,2z>0 : u=u.,(x), v=0, H=H,. (5)

In order to reduce the partial differential equations (1)-(4) to ordinary
differential equations in dimensionless form, we apply the following
transformations

n :(ZCI/V(,)UZJ.():(P/,O(,)dz, u=u,f'(m), v=Quxs(1n),
H=H.,gn), H=h+2-"(u2+v2),h/h,=(1—Ec)-'[g—Ec(f "2+ As2)], Ec <1,
A= a)2, P/ Pp=T ITy=hilhy, Ui, =T ITp)0 = (bl b ) ,
DO =(pu)/(p)e =(hlh)0= ,0/0, =(T/T)"=(h/h)",
M =6.B2x! pu, = Hat [Rey, wy =0, (6)

HC!% = CTCBZ)C2 /;U'L’v Re,v :axz/vé’ ¥
Ec=u [(2H,) =[(y =1)MaZ /1 2)/[1 +(y =1)Ma2 /2],
w=—av)"2(p./p)fn),

Pr=uc,/k, g >Ec(f’2+As2)  fornonl integral @ and n,
to these equations and we find that Eq. (1) is identically satisfied and Eqgs.
(2)-(4) reduce to
(F )+ ff"+271Upe/ p) = 2+ As2)+ 27 M (p. I p)l1 = (o /0,) f1=0, (T)
(@Y + fs'— fs=2"M(c/o,)p,/p)s=0, (8)
(Pr-1 ®g’) + fg' = 2Ec[®(Pr-'=)(ff "+ Ass)] =0, 9)

where @, p./p,and ¢/0, are given by (6) and are functions of g, f” and s .

The boundary conditions are given by
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fO) = fu, f/(0)=0, s(0)=1, g(0)=g,, (10)
f(e0) =1, s()=0, g(e0) =1, '
where

= =2-12(Re )12 (pw), [(pu)., Re, =u,x/v,. (11)

If the normal velocity at the surface (w), is selected in such a manner
that (pw),. /(pu),. 1s a constant, then f,, will be a constant provided Re,, is
fixed. For injection f, <0, it is assumed that the injected gas possesses the
same physical properties as the boundary layer gas and has a temperature equal
to the wall temperature. Both gases are assumed to have same physical
properties.

It may be noted that the parameter w=0.7 corresponds closely to low
temperature flows and w =0.5 represents conditions encountered in hypersonic
flight. The value w=1(®=1) represents the simplification of constant
density-viscosity product across the boundary layer [37]. The variation of the
Prandtl number Pr in the boundary layer for most atmospheric flight is less than
5 per cent [38]. Hence as a first approximation Pr is taken as a constant across
the boundary layer. This assumption is not expected to introduce appreciable
error in the solution and at the same time the governing equations are simpler to
handle. In the vicinity of the stagnation point Ec can be taken as locally
constant for a prescribed Mach number Ma, .

It may be remarked that Egs. (7) and (9) for A=f =FEc=0,
w=®=Pr=1 reduce to those of Bush [14], for A=FEc=0, to those of
Muthanna and Nath [21] and Krishnaswamy and Nath [22], for A=Ec=M =0,
w=®=Pr=1 to those of Kubota and Fernandez [5], Liu and Nachtsheim [9]
and Liu and Chiu [10], and for A=Ec=0, o=®=0/0,=p,/p=1 to those
of Sparrow et al. [16].

The skin friction coefficients in the longitudinal direction (x-direction) and

rotating direction (y-direction) and the heat transfer coefficient in terms of
Stanton number are given by

C,=2(u oul/dz),/pu;=2""Re)"® f,
C; =2(1dv/dz),./ pou? =232 (Re, )12 012D,.s), (12)

St=(WoH /9z2). /[ p.u.(H, —H,)]=Re,/2)712D, (1-g,)" g,

3. Numerical method

Egs. (7)-(9) under boundary conditions (10) are first linearized using the
quasilinearization technique [37], [38] and the resulting system of linear
ordinary differential equations is solved numerically using an implicit
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finite-difference scheme with variable grid size. The method is essentially
similar to that of Liu and Chiu [10]. Hence the method is not described here.

4. Approximate solution

It is possible to obtain analytical expressions for surface shear stresses and
surface heat transfer when the injection rate is large (f. — <°). It is convenient
to change both the independent and dependent variables in Egs. (7)-(9) and they
are given by

E=n/-f), fM)=f)fi)., sm)=s1(S),

13
8(77)=8|(f), e=1/(—=fu)? fu<O. W
Using (13), Egs. (7)-(9) are transformed to
E df' f,df 1| Pe_[ G +As] [+27' M| = 1—3@:0
df dij d&’ p | d& o, |d&
(14)
el @B |y g B G g T Py =0, (15)
dé d& dé /5 o, P
d dg, dg, d dfy d2fi ds
% Pr Ec—| 2®(1—Pr + Asy =0, (16
gcz«:[ dgj g " dé{ ( {dé dE /gﬂ e
where
O =(1—Ec)- “[ Ec{(df] /dEY? + As }]ﬂ !
p.lp=(-Ecy" | g - Ec{(df, 1d&) +1s7}] (17)
/0, =(1-Ec)[g - Ec{dfi /d&)2 + Ast )"
The boundary conditions (10) can be written as
fl:_l, dfl/dgy:O’ SIZL 81 = 8w at 520’ (1821)
dfi 1dé =1, 5,—0, g —1 as & —oe. (18b)

It may be remarked that the highest derivative in Eqgs. (14)-(16) is multiplied by
a small parameter €. Hence the order of these equations are reduced as
€ = 0 (f.. > ). Such a problem is obviously a singular perturbation problem.

As € =0, Eqs. (14)-(16) reduce to

]G o
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ds, df i o | P,
S SN | SR ¢ = Lo
ag g M(o(, ][ p ] " =
dg)
l—df =0. 20

The boundary conditions for Egs. (19)-(21) are given by (18a). As Egs.
(19)-(21) are valid only near the wall, the conditions at infinity given by (18b)
are discarded. It may be noted that Egs. (19)-(21) are independent of the
parameter @ characterising the variation of the density-viscosity product across
the boundary layer and the Prandtl number Pr. This is expected as these
parameters are associated with the viscosity of the fluid. For large injection rates
normal to the surface, the fluid near the wall, as a first approximation, may be
regarded as inviscid and rotational [5], [7]. In Egs. (19)-(21) fi=—1 on the

surface (i.e., at £ =0) and it increases monotonically with & and becomes zero
at £ =&, (ie., f1(&)=0). It may be noted that £ =&, represents the location of
the dividing streamline separating the inviscid flow from the oncoming flow [9].
Hence Egs. (19)-(21) become singular at £ =¢&,. Since Eqs. (19)-(21) are valid
near the wall (i.e., near £ =0), they could be solved numerically. However, we

are interested in surface shear stresses in x and y directions and surface heat
transfer and they can be obtained from Egs. (19)-(21). From Eq. (21),

dg,/dé =0 forall &, (22a)

and using the condition on g, in (18a), we get
g1=g, forall &. (22b)
Using (22b), and the conditions on f; and s in Eq. (18a), we get the velocity

gradients in the x and y directions on the surface

(c]zz;f' (0) =21 (14+M)(1 - Ec)~ (g = AEc) + 2714, o)
%(O) =21 M (1 Ec)-0+0) (g, — AEc)'+ )
G

The surface shear stresses in the x and y directions and the surface heat transfer
are expressed as

v <[ 241
f (O)_[déz

(0) ]/(— fu)=22{1+ M)A = Ec)-1 (g, = AEc) + 2]/~ £.),
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’ d ‘1 -1 —(I+n I+n
5(0) :(ZAE(O) j/(—f.\.) ==2""M(1-Ecy"" (g, —AES)" (=f,), (24)

g (0)= [(:1%(0) )/(—fw), g, > Ec where n is non-integral.

It is evident from the above equations that for large injection rates, the surface
heat transfer g’(0) vanishes, but the surface shear stresses in the longitudinal

and rotational directions ( £”(0),~s’(0)) remain finite. The surface shear stresses
(£7(0),—s'(0)) vary inversely as (—f,) and directly as M and g, . They also
dependon A, Ec and n.

5.Results and discussion

Egs. (7)-(9) under boundary conditions (10) were solved numerically using
an implicit finite-difference with variable step size in combination with the
quasilinearization technique [10], [39], [40]. The computations were carried out
for various values of the parameters M (0<M <20), — f, (01, <30),
AO<ALI0), w(@0S5<w<l), 2.,(02<g,<0.6), Ec(0<Ec<038),
n(0.5<n<1.5) and Pr=0.72. However, for the sake of brevity, only some
representative results are presented.

In order to validate our results we have compared our surface shear stress in
x-direction (£”(0)) and the surface heat transfer (g’(0)) for f,=Ec=2=0,
w=Pr=1, g, =0.05 with those of Bush [14], for f,=Ec=A=0, w=0.5,
Pr=0.72, g, =0.2,0.6 with those of Muthanna and Nath [21], for Ec=4=0,
w=0.5,Pr=0.72, g,. =0.6 with those of Krishnaswamy and Nath [22] and for
Ec=2=0, p./p=w=1, Pr=0.7 with those of Sparrow et al. [16] and found
them in excellent agreement. The maximum difference is found to be less than
0.2 per cent. Since the results are tabulated in [14], [16], [21], [22], for the sake
of brevity, the comparison is not presented here. Also for moderate injection
rate, we have compared the velocity profile in x-direction (f") and the total
enthalpy profile (g) for A=Ec=M =0, f,=-2, g,=0.5, o=Pr=1 with
those of Kubota and Fernandez [5]. For large injection rate, we have compared
the velocity profile in x-direction (f’) and the total enthalpy profile (1—g) for
M=A=Ec=0, f,=-10, g,=05, w=Pr=1 with those of Liu and
Nachtsheim [9] and for M =A=Ec=0, f,=-30, g, =025, w=Pr=1 with
those of Liu and Chiu [10]. In all the cases the results were found to be in very
good agreement. The comparison is shown in Figs. 2-4.
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0.0 . :

Fig. 2. Comparison of the velocity profile (f’) and the total enthalpy profile (g) for
A=M=Ec=0, fi==2, ¢=05 wo=Pr=1, , Present results;

® Kubota and Fernandez

32

0 A s ; 1
0.0 0.2 0.4 0.6 0.8 1.0
f1-g
Fig. 3. Comparison of the velocity profile (f”) and the total enthalpy profile (1 —g) for
A=M=Ec=0, fi,=-10, o=Pr=1, gw=0.5, _
o, Liu and Nachtsheim

, Present results;

We have compared the surface shear stresses in the longitudinal and rotating
directions (f7(0),-10s°(0)) for M =5, 10, A=w=n=1, g,=0.6, Ec=0.5,
Pr=0.72, 3<—f, <60 obtained by the asymptotic and numerical methods and

we find that they agree very well for — f,, 25. The comparison is shown in
Fig. 5.
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Fig. 4. Comparison of the velocity profile (f’) and the total enthalpy profile (1 —g) for

A=M=Ec=0, f,.=-30, o=Pr=1, g, =0.5, , Present results; o, Liu and Chiu
0.8
“’ — £7(0)
0.6t - - - -10s7(0)

0.4

£°(0), -10 °(0)

02}

0.0 *
0 20 40 60

Fig. 5. Comparison of the surface shear stress in the longitudinal and rotating directions
(f7(0),=5'(0)) for M =510, A=n=w=1, g, =0.6, Pr=072, Ec=05, 3<~f, <00,

, Numerical; o, Asymptotic

The effect of the magnetic parameter (M) on the velocity profiles in x- and
y-directions (f’,s) and the total enthalpy profiles (g) with variable electrical
conductivity (o/c,=(T/T,)") for f,=-10, A=5, Ec=0, g,.=0.06,
w=0.5, Pr=0.72, n=1 is presented in Fig. 6. It can be seen from the figure
that for variable electrical conductivity the magnetic parameter (M) induces an

overshoot in the velocity profile in x-direction (f’) near the wall and the
magnitude of the overshoot increases with M. The physical explanation for the
velocity overshoot is as follows. For cool walls (g, <1), the enthalpy profile
(g) corresponding to the case of variable electrical conductivity will lie above
that calculated for a constant value. In this case the mass density is lowered.



























