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Abstract

The purpose of this paper is to introduce and study a new generated family
of distributions based on the type II transformation which is called the type
IT exponentiated half-logistic-Gompertz-Topp-Leone-G (TIIEHL-Gom-TL-G)
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including, hazard rate function, quantile function, moments, moment generating
function, Rényi entropy and order statistics. Parameter estimates of the
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1 Introduction

Statistical distributions available in the literature often do not adequately describe
and model most of the interesting data sets. This motivated researchers to
introduce generated families of distributions as an improvement to the usual standard
distributions. Several generated families of distributions developed include: the odd
power generalized Weibull-G family of distributions by Moakofi et al. (2021b), sine
Topp-Leone-G family of distributions by Al-Babtain et al. (2020), the Marshall-
Olkin Topp-Leone-G family of distributions by Khaleel et al. (2020), the Zubair-G
family of distributions by Ahmad (2020), Topp-Leone odd Fréchet generated family of
distributions by Al-Marzouki et al. (2020), a new modified Lehmann type II-G class
of distributions by Balogun et al. (2021), the alpha power Marshall-Olkin-G family
of distributions by Eghwerido et al. (2021), and a new Kumaraswamy generalized
family of distributions by Tahir et al. (2020).

The type II transformations have been applied to several distributions, leading to
generalized families of distributions, including type II exponentiated half-logistic-
Topp-Leone-G power series class of distributions by Moakofi et al. (2021a), type II
Kumaraswamy half-logistic-G family of distributions by El-Sherpieny and Elsehetry
(2019), type II general exponential class of distributions by Hamedani et al. (2019),
type II Topp-Leone generated family of distributions by Elgarhy et al. (2018) and
type II half logistic-G family of distributions by Soliman et al. (2017).

The basic motivations for developing the TIIEHL-Gom-TL-G family of distributions
in practice include the following:

i) to produce skewness for symmetrical models;

iii) to construct heavy-tailed distributions for modeling real data;

)
ii) to define special models with different shapes of hazard rate function;
)
iv)

to provide consistently better fits than other generalized distributions with the
same underlying model;

v) to generalize some existing models in the literature.

The rest of the paper is organized as follows. Section [2] contains the new proposed
TIEHL-Gom-TL-G family of distributions and its hazard rate function, sub-families,
quantile function and series representation of the density function. In Section
probability weighted moments, moments and generating function are derived. In
Section [l Rényi entropy and the distribution of order statistics are presented. In
Section [B] the maximum likelihood procedure is used for estimation of the parameters
of the TITEHL-Gom-TL-G family of distributions followed by some special cases. A
Monte Carlo simulation study is used to examine the bias and mean square error of
the maximum likelihood estimators in Section [} Four applications to real data sets
are given in Section [7] followed by some concluding remarks in Section
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2 The model, sub-families, hazard Rate and

quantile functions

In this section, we derive the new type II exponentiated half-logistic-Gompertz-Topp-
Leone-G (TIIEHL-Gom-TL-G) family of distributions and some of the statistical
properties including sub-families, expansion of the density, hazard rate function, and
quantile function.

2.1 The model

Al-Shomrani et al. (2016) proposed the Topp-Leone-G (TL-G) family of distributions
with the cumulative distribution function (cdf) and probability density function (pdf)
given by
—_9 b
Pri-g(a:b,€) = [1-G@:€)] .

and
1

fro-ole:b, € =2 [1 - T8 Cleo(r:8),

respectively, for b > 0 and baseline parameter vector &.
Alizadeh et al. (2017) constructed the Gompertz-G family of distributions with the
cdf and pdf given by

Faou-o(@i6:2:6) =1 - e (£ (1= 11 Gm:g)7) ).

and
e 0 _
Foon-ol@:6.7,6) =01~ Gl ] " oxp (£ (1- 1~ G 7)) aloi).
respectively, for v > 0 and baseline parameter vector £. In this paper, we let = 1.

Al-Mofleh et al. (2020) introduced the type II exponentiated half-logistic-G
(TIHEHL-G) family of distributions with the cdf given by

. B 1—GMx;6)1"
FTUEHL—G('I’ a, /\’é) =1- |:1+G>\(x»€):| 7

for a, A\ > 0 and baseline parameter vector £. In this paper the parameter X is taken
to be equal to 1.

Using the above families of distributions, the cdf and pdf of the proposed TIIEHL-
Gom-TL-G family of distributions are given by

exp (; <1 — {1 _ (1 — G2(z;£)>b} w)_) )
1+ <1 — exp <§ <1 - [1 - (1 —Gz(x;€)>b] v)))
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and

b—1

—2
x[1-C@e)]  Cligglw:e), (2)
respectively, for «,y,b > 0 and baseline parameter vector &.

2.2 Hazard rate and quantile functions

In this section, we present the hazard rate function and quantile function of the
TIHEHL-Gom-TL-G family of distributions. The hazard rate function of the TIIEHL-
Gom-TL-G family of distributions is given by

hr(x;a,v,b,§) = 4ab <1 ! (exp <'17 (1 - [1 - (1 GQ(x;E))b] )))) -

-7-1 b—1

1-(1-Fwe)| -] Bwoswe.

The quantile function of the TITEHL-Gom-TL-G family of distributions is obtained
by solving the non-linear equation:

ol -t
SEIEEEN)

—1/\ /° 12

«

F(x;a,'y,b,é) =1-

:u7

for 0 < u <1, that is,

Gz;€)=1—-|1—-[1- [l—fylog <2(1_ua>
1+ (1—u)

Q=

Consequently, the quantile function for the TIIEHL-Gom-TL-G family of distributions

B. Oluyede and T. Moakofi 418
CEJEME 14: 415-461 (2022)



www.czasopisma.pan.pl P N www.journals.pan.pl
TN

Type IT Exponentiated ...

is given by
1 =1/~
2(1—wu)®
Qaluse,7,b,6) =G~ |1 |1 1_[1_710(%((“)1

It follows therefore that random numbers can be generated from the TITEHL-Gom-
TL-G family of distributions based on Equation , for specified baseline cdf G.

2.3 Sub-families

In this subsection, some sub-families of the TITEHL-Gom-TL-G family of distributions
are presented.

i) When a = 1, we obtain the type II half-logistic-Gompertz-Topp-Leone-G
(TITHL-Gom-TL-G) family of distributions with the cdf

e 1 exp (i (1 _ [1 _ (1 GQ(x;E))b] 7)_)
RE IR

(5)

for ,b > 0, and baseline parameter vector &.

ii) If b =1, we obtain a new family of distributions with the cdf

Fz;o,7,€) =1— - (i <1 _ {52(%5)} _W>) a (6)
1+ (1 — exp <; (1 - [@w:9) ﬂ)))

for o,y > 0, and baseline parameter vector &.

iii) If v = 1, we obtain a new family of distributions with the cdf

exp ((1 — [1 — (1 —GQ(x;§)>b] _1>> )
F(a;o,b,€) = 1- (7)

NS (EEEIR)

for a;,b > 0, and baseline parameter vector &.
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iv) If @« = b =1, we obtain a new family of distributions with the cdf

exp < (1 - [02(93;6)} ﬂ)) 5
1+<1_@m< (1_[ o) )))

for v > 0, and baseline parameter vector .

F((E,’%ﬁ) =1-

v) When o = v = 1, we obtain a new family of distributions with the cdf

wp((“‘b‘(l_ (w@)]1>2 o)
(e (o[-0 )

for b > 0, and baseline parameter vector &.

F(x;b,6) =1~

vi) If @ =y =b =1, we obtain a new family of distributions with the cdf

w(Ee) |
1+ (1 —exp <<1 - {52(:1:;5)]_ )))

for baseline parameter vector &.

Fla;6)=1-

2.4 Series representation

In this section, we present the series expansion of the TIIEHL-Gom-TL-G density
function. Using the generalized binomial and Taylor series expansions given by

_ > B+k—1 . o i
(1+2) B:Z(_l)k< . ZF for |2l <1, and e :ZT!’

k=0 =0

we have
X -, ~(at1)
f(x;a,’y,b,{):4ab<1+<1—exp<’y( 1— 1— (33 ﬁ))} )))) X
(e @ED][—-(%@}l(%O(%QX
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=02

xexp< (1[1(1 G (; 5))]_7»
_ 4ab§::O (azk> (i)(_nkﬂ {1 (1 — G (x; 5)) }_H x
X exp (3:0‘ (1— {1 (1— ® (a3 5)) }_7>>G(az;§) x

b—1

X [1 —éz(év;ﬁ)} g(x;€) =

oo

w35 (e (452) -
(1— {1— (1-C@:9) }_W>Z

- G(x;€)g(x; €) x

x [1 - (1-C g))b] o [1-C g)r*1 _
.S (a O “”“‘jf E) )

k,i,s,p=0

)]
0<a+k><i><>< ).

(— 1)k+s+p+q( t )

il

X

y(p+1)— 1

)g(x;€) =

X

T

G(z;6)g(x;6) =

oo

o LN )

(—1)ktstpratw (k+a '

~

g )¢ G (@i €)g(w:€) =

X
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VS <azk> (i;) (;) C(p +q1> +q) <b(q +1)- 1) )

kyi,s,p,q,w,u=0

—1)kt+stptatwtu ((kta !
x <2wu+ 1>( ) - () G"(2:€)g(x:€) =
= Z bu+1gu+1(x;£)7 (11)
u=0

where g, (z;8) = (u+ 1)[G(x;§)]"g(x; §) is the exponentiated-G (exp-G) pdf with
the power parameter (u 4 1) and baseline parameter vector &, and

e BP0 )

k,i,s,p,q,w=0

%
s wtu [ kt+a
(1)k++p+q++ (-’iy-) dab
w+1)°

X

7! (12)

Consequently, the mathematical and statistical properties of the TITEHL-Gom-TL-
G family of distributions follow directly from those of the exponentiated-G (exp-G)
family of distributions.

3 Probability weighted moments and generating
function

In this section, probability weighted moments (PWMs), moments and moment
generating function for the TITEHL-Gom-TL-G family of distributions are presented.

3.1 Probability weighted moments (PWMs)

The primary use of probability weighted moments is in the estimation of parameters
for a probability distribution. They are sometimes used when maximum likelihood
estimates are unavailable or difficult to compute. The PWMs of a random variable
X is defined by

o0

n, = B (X" (F(X)")) = / 2 (Fa))" f(x)dr.

— 00
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We note that

x [1 - (1 G%;g))b] _’Y_elxp (‘;‘ (1 - {1 - (1 - Gz(x;g))b} ﬂ)) x

-1

X [1 —éz(a:;ﬁ)r G(x;6)g(w; §) =

5 <Z>(_1>Z4abexp (04(2;1) (1 _ [1 (1 ))b] 7)) «

z

(N o ) )
x [1 - (1 —Gz(x;g))b] o "

72 J—
[1-C@o| Ca:eg:e).
Now following the same steps leading to Equation , we have

F(J))Tf(l‘) = Zcu+1g'u+1(x;€)a

u=0

where g, ., (2;§) = (u+1)[G(x;§)]"g(x; §) is the exp-G pdf with the power parameter
(u+ 1) and baseline parameter vector &, and

e 50N )

z,k,1,8,p,q,w=0

x (2w+1> (—yFrerprae (HTQ) ( Aab ) (13)

u 7! w+ 1

Thus, the PWMs of TIIEHL-Gom-TL-G family of distributions is given by
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N = BE(XTF(X ZCuH/ 2" gy (x; €)dx

3.2 Moments and generating function

Let Y, 11 ~ Exponentiated—G(u+1,€), then the n** raw moment, fi, of the TIIEHL-
Gom-TL-G family of distributions is given by:

= B = [ (e

o0
§ u+1 u+1

where E(Y,, ) is the ' moment of Y, and b,,, is given by Equation (12)). The
moment generating function (MGF), for |¢t| < 1, is given by:

oo

Mx (t) = Z bu+1Mu+1(t)7

u=0

where M, (t) is the mgf of ;11 and b, ,, is given by Equation (12).

4 Rényi entropy and order statistics

Order statistics and entropy play important roles in probability and statistics,
particularly in reliability, lifetime data analysis and information theory. In this
section, we present Rényi entropy and the distribution of the r** order statistic for
the TIIEHL-Gom-TL-G family of distributions.

4.1 Rényi entropy

Rényi entropy (Rényi (1960)) is an extension of Shannon entropy. Its importance is
seen in ecology and statistics as indices of diversity, uncertainty or randomness of a
system. Rényi entropy of the TIIEHL-Gom-TL-G family of distributions is defined
to be

Ir(v) =

1_Ulog (/o [f(a:;a,’y,b,{)]”dx),v;«él,v>0. (14)

Let the TIIEHL-Gom-TL-G pdf f(z;a,v,b, &) be written as f(x), then

—vy—v

@) = (4ab)" [1 -G WO}UP—@—§@@Y] G (2:€)g" (2:€) x

X exp (“7 (1_{ (1_ (z; g))b}ﬂ)) x
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(o (e (o[- T))) -

—vy—v

i (a+1) +k—1) <I;)(1)k+s(4ab)v|: (17 (o g)ﬂ )

( - GQ(w;g))b} W)) x

~Twe)]" T o) =

X exp

("
<s+m

k,s,i=0

(]

i <v(a+ 13€+ k— 1) (i)(—l)k+8(4ab)v [ (1 e E)) ]-m—;

oo

>

k,s,i,p=0

X {1(1(;2

o0

k,s,i,p,q,w=0

(

k,s,1,p,q,w,u=0

(

b(v+q)—v
w

>
bv+gq)—v

S (v(a

w:6)']

+1)+k

> (—1)kFPratw(gap)?G

¢

)

k

k

2w+ v
u

U(a—l—l;f-i-k—l)(l;)(;

—v(v+p)—v (M) ’
v

)( D2 (40b) G (25 €)g” (a3 €)

L -Fwe] =

SO0

2w—+v

v(a+1)+k—1>(

k
s

i!

p

)

stva ‘
(I;&)g”(r;£)< Z! )

7(v+p)+v+q—1> "
q

7(v+p)+v+q—1> 8
q

) (_1)k+s+;v+q+w+u(4ab)v %
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X G"(x;é)g“(x;é)(ﬁia)-

Now,

[rore- 5 ()00

k;s,i,p,q,w,u=0

(b(v +q) — v) <2w + v) (_1)k+s+p+q+w+u(4ab)vw X

u il
/ G(; €)g" (33 €)da

Consequently, Rényi entropy for the TIIEHL-Gom-TL-G family of distributions is
given by

Ine) = livlog[ i (v(a+13€+k—1><;><ls~:>x

k,s,t,p,q,w,u=0

(’y v+p) +v+q—1) (b(v+q)—v>(2w+v>(_1)k+s+p+q+w+u "

NG

) iy o) ([ ] Gl (atwien)a| -

il 1+

Lo [i_oj exp (1= 0)Tage) | (15)

K3
v

for v > 0, v # 1, where I, =

{fooo ([1+2] (G:€) (g(:v;é))fdx} is

the Rényi entropy of exp-G distribution with power parameter 1 + + and

O Lt (016 G

k,s,i,p,q,w=0

x <b(v + uc}]) - 11) <2wu—|— v) (ipererptatete (+Z'a) [i‘*j‘f’;i’u

Therefore, Rényi entropy of the TIIEHL-Gom-TL-G family of distributions can be
obtained from those of the exp-G family of distributions.
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4.2 Order statistics

In this subsection, the pdf of the r*" order statistic is presented. Let X1, Xo, ...., X,, be
independent and identically distributed TIIEHL-Gom-TL-G random variables. The
pdf of the 7" order statistic from the TIIEHL-Gom-TL-G pdf f(x;«,v,b,€) = f(z)
can be written as

frnli) = S P - F@ =
= (T_Ti')u((?_r)' > =n” (ng T) [F ()] (16)
: " m=0

Using Equations and , and letting
exp (i <1 - [1 — (1 _ G2(x;5))1 7))
1+<1—exp (; (1— {1—(1_6;2(95;6))1—7))) :

F@IF (@)™t =

a, m4r—1

H=|1-

we have

it b—1

— Hiab [1 - (1 - G2(x;£))b] [1 — Gz g)} X

X (1 + (1 — exp (i (1 - {1 - (1 —G2(x;§))b} _7>>>>(a+1) x
X exp <: (1 - [1 . (1 —Gz(x;g))b] ﬂ)) Cla: &) g(z; €) =

X exp (a(?‘;‘ 1) <1 - [1 — (1 _§2(33; ))b] 7)) G(z;€)g(x;€) x

x (1 n (1 —exp (} (1 - {1 - (1 G ))b} ‘V>>>><a<z+1>+1> )

427 B. Oluyede and T. Moakofi
CEJEME 14: 415-461 (2022)




www.czasopisma.pan.pl P N www.journals.pan.pl
TN

Broderick Oluyede and Thatayaone Moakofi

Now following the same steps leading to Equation , we obtain
f@)[F ()™t Zau+1gu+1 z;€), (17)
u=0

where g, ., (2;€) = (u+1)[G(x;€)]"g(x; §) is the exp-G pdf with the power parameter
(u 4+ 1) and baseline parameter vector &, and

N i <m —|—Z7' - 1) <a(z +k1) + k> (1:) <;> (7(}? +q1) + q) y

z,k,1,8,p,q,w=0

y (b(q Jruf) - 1> <2wu+ 1> (1)k+s+p+q;w+“ (kTa)z (Ujlj—bl) ' a8)

Thus, by substituting Equation into Equation , the pdf of the r*" order
statistic for the TIIEHL-Gom-TL-G family of distributions can be written as

9= i (1 e i)

5 Maximum likelihood estimation

Let X ~ TIIEHL — Gom — TL — G(a,~,b,&) and A = (a,~,b,&)T be the vector
of model parameters. The log-likelihood function ¢, = ¢,(A) based on a random
sample of size n from the TIIEHL-Gom-TL-G family of distributions is given by

lo(A) =nln(4ad) + (—y — 1) Zln {1 B (1 B (ﬂﬂi;ﬁ))b} N

_(a—|—1);1n <1+ (1—eXp <i <1— {1— (1_G2(xi;£))b}—v>>>> +

+ gf: (1 — {1 - (1 —Gz(xi;§)>b} V) +§n:lné(mi;£) +
i i=1
+ Zln g(xi;€))+(b—1) iln {1 752(5014;6)} .

By equating the score vector given in the appendix to the zero vector, we obtain a non-
linear sytem of equations that are solved using a numerical method such as Newton-
Raphson procedure to obtain the MLEs of the parameters. Under standard regularity

B. Oluyede and T. Moakofi 428
CEJEME 14: 415-461 (2022)



www.czasopisma.pan.pl P N www.journals.pan.pl
TN

Type IT Exponentiated ...

conditions, we have (A —A)~ N, (O,K(A)*l), where ~ means approximately
distributed and K (A) is the expected information matrix. The asymptotic behavior
remains valid if K (A) is replaced by the observed information matrix J(A) evaluated

at A, i.e., J(A). The multivariate normal N,,, (0, J(A)’l) distribution can be used
to construct approximate confidence intervals for the model parameters.

5.1 Some special cases

In this section, we consider some special cases of the TIIEHL-Gom-TL-G family
of distributions, specifically when the baseline distribution function G(x;&) are log-
logistic, exponential and Weibull distributions, respectively.

TIIEHL-Gom-TL-Log-Logistic (TIIEHL-Gom-TL-LLoG) Distribution
Suppose the cdf and pdf of the baseline distribution are given by
G(z;e)=1—(1+2°7 ! and g(z;¢) = ca® (1 + 2¢)72 for ¢ > 0 and = > 0.
The new TIIEHL-Gom-TL-LLoG distribution has cdf and pdf given by

oo (3 (1= 1= 009 7))
(e (3 (- [-0-0s9] 7))

«

F(z;a,7v,b,c) =1—

and

f(z;0,7,b,¢) =

— 4ab (1 + (1 — exp (i <1 -1 -] ﬂ))))(aﬂ) x
x 1= (1= (1+2972)] 7 e <j <1 ~l- (- a+a97?)] ”)) x
) [1= (142972 7" (1 4+ 29 ea® (1 4+ 2) 2,

respectively, for «, 7y, b, ¢ > 0. The hazard rate function (hrf) is given by

h,(z) = 4ab (1 + (1 —exp (i <1 - {1 —(1-(+ xC)—Q)b} 7)>>>_(a+1) x

x 1= (1= (1+2972)"] e (j (1 ~- -] 7)) x

b—1

x [1—-(1+ xc)_Q] (142 tea (1 4272 x
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oo (1 (1-[1-t-u+29]7))
e O N R ))

Figure [I] shows the plots of skewness and kurtosis for the TIITEHL-Gom-TL-LLoG
distribution. The plots show the flexibility of the TITEHL-Gom-TL-LLoG distribution
in capturing different levels of skewness and kurtosis by varying the values of the model
parameters.

Figure[2]shows the plots of the pdf and hrf of the TITEHL-Gom-TL-LLoG distribution.
The pdf can take various shapes that include almost symmetric, reverse-J, J, left
or right-skewed. Furthermore, the graphs of the hrf for the TITEHL-Gom-TL-LLoG
distribution exhibit increasing, decreasing, bathtub, upside-down bathtub and upside-
down bathtub followed by bathtub shapes.

—Q

X

TIIEHL-Gom-TL-Weibull (TIIEHL-Gom-TL-W) Distribution

Suppose the cdf and pdf of the Weibull distribution are given by
G(z;M) =1 —exp (—x>‘), and g(z;\) = Az Lexp (—x’\), for A > 0, and « > 0, then,
the cdf and pdf of the TITEHL-Gom-TL-W distribution are respectively, given by

exp (i <1 ~ 1= (1 —exp (~20%))"] _W)

e )

[e3%

F(z;a,v,b,0) =1—

and

f(x;a7 ’Ya b? )\) =

— dab (1 + (1 — exp G (1 —[1- (1—exp (-20Y))'] V>>>>_(&+1) x
1= (1 —exp (-20)] e (j (1 1 (1= exp (—20Y)'] ”)) x
x [1—exp (—22)]" " exp (—2*) AL exp (—2*)

for a;,y,b, A > 0. The hrf is given by

hF (1‘) =

= dab (1 + (1 — exp (i (1 ~ 1= (1= exp (-22%))] 7)>)>_(a+1) x

x 1= (1= exp (-22%))"] T exp (: (1 ~[1- (- e (-20Y)] ﬂ)) x
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Figure 1: Plots of the Skewness and Kurtosis for the TIIEHL-Gom-TL-LLoG
distribution

TIEHL - Gom - TL-LLoG(a, 0.5, 3, ¢) TIEHL -Gom -TL-LLoG(1, 0.8, b, c)

TIEHL -Gom - TL-LLoG(q, 0.5, 3, ¢) TIEHL - Gom—TL - LLoG(1, 0.8, b, ¢)
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Figure 2: Plots of the pdf and hrf for the TITEHL-Gom-TL-LLoG distribution
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x [1 = exp (=22M)]" " exp (—2*) AL exp (—a?) x
exp <i (1 ~ 1= (1 —exp (~20%))'] ﬂ))
1+ (1 — exp <§ <1 - [1 — (1 —exp (foA))b] ﬂ)))

Figure [3] shows the plots of the pdf and hrf of the TIIEHL-Gom-TL-W distribution.
The pdf can take various shapes that include almost symmetric, reverse-J, J,
left or right-skewed. Furthermore, plots of the hrf for the TIIEHL-Gom-TL-W
distribution exhibit increasing, decreasing, bathtub, upside-down bathtub and upside-
down bathtub followed by bathtub shapes.

Figure [] shows the plots of skewness and kurtosis for the TIIEHL-Gom-TL-W
distribution. We can see that the TIITEHL-Gom-TL-W distribution can exhibit various
levels of skewness and kurtosis by varying the values of the model parameters. This
illustrates the flexibility and ability of the distribution to model data sets with varying
degrees of skewness and kurtosis.

—Q

X

TIIEHL-Gom-TL-Exponential (TIIEHL-Gom-TL-E) Distribution

Suppose the cdf and pdf of the baseline distribution are given by G(z;\) = 1 — e™2%,
x > 0 and g(x;\) = Ae ™, z > 0,A > 0. Then, the new TIIEHL-Gom-TL-E
distribution has cdf and pdf given by

Flosonb) -1 exp (i (1 - [1 -(1- e*2>\m)b:| _7>> “

1+ (1 — exp (i (1 - [1 - e_m)b] W)))
f(@50,79,b,0) =

= dab <1 + <1 —exp (i (1 ~[- ey ﬂ))))(aﬂ) x
x 1= (1—e )] T exp <3 <1 —fi- (- e’ ﬂ)) x

X [1 _ €—2>\m] b—1 e—)\z/\e—)\z7

and

respectively, for «,~y,b, A > 0. The hrf is given by

h,(z) = dab (1 + (1 — exp (i (1 - [1 —(1- e—m)b] _7)>)>(a+1) X
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Figure 4: Plots of Skewness and Kurtosis for the TITEHL-Gom-TL-W distribution

TIEHL-Gom-TL-W(a,1.3,b,1)

TIEHL - Gom -TL-W(0.01, 6.3, b, \)

THEHL - Gom - TL - W(a, 1.3, b, 1) TIEHL - Gom -TL-W(0.01, 6.3, b, A)
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x 1= (1- )] T e (i‘ (1 ~[1- (-] ﬂ)) x

x [1— ef”ﬂﬂ]b*l oAy AT 5
wo(i(-f-0-ey)) 17
1+ (1—exp (i (1— [1_(1_6_%9:)1,} —7))) .

Figure [5] shows the plots of skewness and kurtosis for the TIIEHL-Gom-TL-E
distribution. We can see that the skewness becomes right-skewed and kurtosis
becomes leptokurtic with increasing values of a and b, and also with increasing values
of v and b.

Figure [6] shows the plots of the pdf and hrf of the TIIEHL-Gom-TL-E distribution.
The pdf can take various shapes that include almost symmetric, reverse-J, J, left
or right-skewed. Furthermore, the plots of the hrf for the TIIEHL-Gom-TL-E
distribution exhibit increasing, decreasing, bathtub, upside-down bathtub and upside-
down bathtub followed by bathtub shapes.

X

6 Simulation study

In this section, we present some simulation results for the TIIEHL-Gom-TL-W
distribution to assess the reliability of the maximum likelihood estimates (MLEs).
For different values of «, =, b and A, samples of sizes n = 25, 50,100, 200, 400,
800 and 1600 were generated from the TITEHL-Gom-TL-W disttribution via the R
package. We repeated the simulation N= 3000 times and calculated the mean MLEs,
average bias (ABias) and the root mean square errors (RMSEs). The average bias
and RMSE for the estimated parameter, say, 9, are given by:

N ) N
6 . N
ABias(0) = % —0, and RMSE(§) = 2izi(0i = 0)?

respectively.
It can be observed in Tables[[]and [2] that the mean MLEs get close to the true values
of the parameters and the RMSEs decay towards zero as the sample size increases.

This indicates that the maximum likelihood method works well for obtaining estimate
of the parameters of the TITEHL-Gom-TL-W distribution.
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Figure 5: Plots of Skewness and Kurtosis for the TIITEHL-Gom-TL-E distribution
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Figure 6: Plots of the pdf and hrf for the TIIEHL-Gom-TL-E distribution
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7 Data analysis

In this section, the importance of the TIIEHL-Gom-TL-G family of distributions
is illustrated by fitting its special case, namely, TIIEHL-Gom-TL-W distribution to
four real data sets. The TIIEHL-Gom-TL-W model is compared to its nested models
and competitive distributions: namely, type II general inverse exponential Burr ITT
(TIIGIE-BII) distribution by Jamal et al. (2020) with the pdf

0—1
Nckx=¢7H (1 + afc)_k_l [1 -1+ x’c)_k}

(1 . [1 —(1+ x—c)"“T))Q

[1 il +z*6)"“r

Friteie—pin (x§/\a9acv k) = X

xXexp | —A

9

1— {1 1+ x—c)"“r

for A\,6,¢c,k > 0 and = > 0, type II exponentiated half-logistic-Topp-Leone-Weibull
logarithmic (TIIEHL-TL-WL) distribution by Moakofi et al. (2021a) with the pdf

4abdrz> 1 exp (fx/\) [1 — exp (721:)\)]1;71 exp (fo:)‘) "

fTIIE‘HL—TL—WL (x’ a” b7 97 )\) =

a+1
(1 +[1—exp (—Zx)‘)]b> !
a—1
x (1= [1-exp(-22Y)]") x
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Table 1: Monte Carlo Simulation Results (part 1)

(0.2,1.6,1.6,1.6) (0.2, 0.9, 1.6, 0.9 ) (1.6, 1.2, 0.2, 0.9)

parameter Sample Size | Mean RMSE Bias | Mean RMSE Bias | Mean RMSE Bias
o 25 0.4175 0.5526 0.2175|0.3006 0.3794 0.1006 | 2.4813 3.5132 0.8813
50 0.3486 0.4707 0.1486 | 0.2767 0.3206 0.0767|2.4548 3.4280 0.8548

100 0.2738 0.2016 0.0738|0.2551 0.2308 0.0551|2.3633 3.0459 0.7633

200 0.2406 0.1053 0.0406 | 0.2299 0.0990 0.0299 | 2.2259 2.4937 0.6259

400 0.2224 0.0625 0.0224 |0.2200 0.0508 0.0200|2.0625 1.9169 0.4625

800 0.2100 0.0396 0.0100 |0.2117 0.0309 0.0117|1.8538 1.2574 0.2538

1600 0.2038 0.0248 0.0038 | 0.2066 0.0191 0.0066 | 1.7083 0.7552 0.1083

¥ 25 3.4213 11.0508 1.8213|1.7852 1.6985 0.8852|2.3948 2.3373 1.1948
50 3.1388 6.9203 1.5388|1.6361 1.4543 0.7361|2.2204 1.9942 1.0204

100 2.9510 5.8947 1.3510|1.4430 1.2342 0.5430|1.9054 1.6285 0.7054

200 2.5486 4.0898 0.9486 | 1.2614 0.9926 0.3614| 1.666 1.3074 0.4667

400 2.1108 2.4077 0.5108 |1.1141 0.7578 0.2141|1.4915 1.0191 0.2915

800 1.8842 1.5186 0.2842|0.9862 0.4626 0.0862 |1.3029 0.6070 0.1029

1600 1.6920 0.7107 0.0920|0.9357 0.2641 0.0357 | 1.2479 0.3592 0.0479

b 25 2.6331 3.9481 1.0331(2.5298 3.6353 0.9298|0.3422 0.4780 0.1422
50 2.4397 3.6217 0.8397|2.4278 3.3434 0.8278|0.3097 0.4732 0.1097

100 2.3136 2.9971 0.7136 | 2.4059 3.3229 0.8059 | 0.2591 0.2087 0.0591

200 2.1607 2.3799 0.5607 | 2.2632 2.5273 0.6632|0.2345 0.0932 0.0345

400 1.9599 1.6495 0.3599|2.1548 2.0385 0.5548 |0.2218 0.0520 0.0218

800 1.8236 1.1200 0.2236 | 1.9504 1.4100 0.3504 | 0.2124 0.0351 0.0124

1600 1.6804 0.5932 0.0804 | 1.7547 0.9162 0.1547]0.2062 0.0235 0.0062

A 25 3.1036 2.9479 1.5036|1.2168 0.7183 0.3168 | 1.4228 1.0537 0.5228
50 2.8937 2.5628 1.2937|1.1596 0.6561 0.2596 | 1.3555 0.9537 0.4555

100 2.5209 2.1252 0.9209 | 1.1000 0.6283 0.2000 | 1.2578 0.8570 0.3578

200 2.2223 1.7229 0.6223|1.0771 0.5946 0.1771|1.1807 0.7788 0.2807

400 1.9789 1.3389 0.3789|1.0367 0.5503 0.1367 |1.1169 0.7025 0.2169

800 1.7403 0.8011 0.1403|0.9887 0.4675 0.0887 |1.0239 0.5370 0.1239

1600 1.6622 0.4735 0.0622|0.9758 0.3910 0.0758 | 0.9681 0.3832 0.0681

ax —1
<1 .y |:1—[1—exp(—2x>‘>]::| )
1+[1—exp(—2z*)]
—log(1 —6) ’

X

for a,b, 8, A and = > 0, type II general inverse exponential Lomax (TIIGIE-Lx)
distribution by Hamedani et al. (2019) with the pdf

x\ —(a+1) x\ a(a+1)
) (1+ ) X

a
fTIIGIE—L.—p (:L’; Ao, a, b) = )\OZE (1 + 3 3

can(3(1-(1+2)")
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Table 2: Monte Carlo Simulation Results (part 2)

(0.8, 2.0, 2.0, 2.0 ) (0.8,0.3,2.020) (1.6, 1.0, 0.8, 0.2)

parameter Sample Size | Mean RMSE Bias | Mean RMSE Bias | Mean RMSE Bias
e 25 1.3990 1.6385 0.5990|1.1242 0.8711 0.3242|2.5927 4.2553 0.9927
50 1.3274 1.4677 0.5274|1.0706 0.6886 0.2706 |2.5725 3.8841 0.9725

100 1.1914 1.1317 0.3914|1.0227 0.5692 0.2227|2.4242 3.6283 0.8242

200 1.0661 0.7815 0.2661|0.9656 0.4032 0.1656 |2.2637 2.8957 0.6637

400 0.9538 0.3954 0.1538|0.9061 0.2619 0.1061 |2.1687 2.4090 0.5687

800 0.8884 0.1647 0.0884 |0.8796 0.2035 0.0796|1.9858 1.7200 0.3858

1600 0.8553 0.1135 0.0553|0.8657 0.1664 0.0657|1.6835 0.6189 0.0835

¥ 125 4.7738 10.0610 2.7738|1.0998 2.1064 0.7998 | 2.6340 5.7228 1.6340
50 4.4584 8.0375 2.4584|0.8412 1.2205 0.5412 |2.3847 4.4453 1.3847

100 3.7249 6.0870 1.7249(0.7345 0.9534 0.4345|2.0326 3.2177 1.0326

200 3.1704 4.3931 1.1704|0.6216 0.7064 0.3216|1.7641 2.4845 0.7641

400 2.6298 2.6344 0.6298 | 0.5168 0.5381 0.2168|1.4484 1.6150 0.4484

800 2.3921 1.6026 0.3921|0.4707 0.4475 0.1707|1.2910 1.0267 0.2910

1600 2.1835 1.1046 0.18350.4476 0.3798 0.1476|1.1875 0.7093 0.1875

b 25 3.5067 4.2735 1.5067 |3.7457 3.2952 1.7457|1.2108 1.2958 0.4108
50 3.4328 4.1344 1.4328(3.4799 2.7800 1.4799|1.2033 1.1335 0.4033

100 3.0867 3.5315 1.0867 |3.2566 2.4791 1.2566|1.1027 0.9643 0.3027

200 2.8415 2.8652 0.8415(2.9932 2.0990 0.9932|1.0236 0.7460 0.2230

400 2.5169 2.0491 0.5169 |2.6766 1.6330 0.6766|0.9306 0.4420 0.1306

800 2.3610 1.4796 0.3610|2.5363 1.3930 0.5363|0.8701 0.1706 0.0701

1600 2.1782 1.0664 0.1782|2.4692 1.1994 0.4692 |0.8423 0.0942 0.0423

A 25 3.8007 5.2500 1.8007|3.4604 3.8367 1.4604|0.3170 0.4081 0.1170
50 3.3475 4.1697 1.3475(3.1970 3.2854 1.1970|0.2873 0.3553 0.0873

100 3.1011 3.4993 1.1011 |2.9744 2.7835 0.9744|0.2480 0.1918 0.0480

200 3.0681 3.1840 1.0681 |2.6255 2.0748 0.6255(0.2291 0.1019 0.0291

400 2.8062 2.5545 0.8060 |2.4355 1.4881 0.4355|0.2188 0.0509 0.0188

800 2.6831 2.2006 0.6831 |2.2946 1.0865 0.2946 |0.2114 0.0306 0.0114

1600 2.4630 1.7268 0.4630 |2.1373 0.9658 0.1373|0.2058 0.0185 0.0058

for A\, a,a,b > 0 and = > 0, exponentiated half logistic-power generalized Weibull-log-
logistic (EHL-PGW-LLoG) by Oluyede et al. (2020) with the pdf

fEHL-PeW—-LLoG(T; 0, B,0,¢) =

1—(+29-1\*]?
=205 [1 + <m>a]516<1{1+(<1{+16>>1) } > y
-2

X ((1—1—330)—1)*(0‘*3) 1+e<1_[1+<m>ar) X
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(o))

—e _ _ -1

X S cxt 1 (1_(1+.'13C) 1)04 ,
1+e(1‘[1+(w) ] )

for a, 8,0,¢c > 0, and odd exponentiated half logistic- Burr XII (OEHL-BXII) by
Aldahlan and Afify (2018) with the pdf

0—1

fOEHLBXII (37; a, A, a, b) =
~ 2adabz® texp(A[l — (1+2)?])(1 — exp(A[L — (1 +2)"]))**
i} (L 20) 531+ expT — (L + a0 |

for a, A\, a,b > 0.
Plots of the fitted densities, the histogram of the data and probability plots (Chambers
et al. (1983)) are given in Figure [7] Figure EI, Figure and Figure For the

~ oA — 0.
probability plot, we plotted F(z(;); &,7,b,§) against ”—W’ j=1,2,...,n, where
n

x(jy are the ordered values of the observed data. The measures of closeness are given
by the sum of squares

" j—0.375\1°
S5=2. {F(”j’) B ( n+025 ﬂ '
j=1

The goodness-of-fit statistics:  -2log-likelihood statistic (—21n(L)), Akaike
Information Criterion (AIC = 2p — 2In(L)), Bayesian Information Criterion
(BIC =pln(n) —2In(L)), and Consistent Akaike Information Criterion
(CAIC = AIC + 2228 where L = L(A) is the value of the likelihood function
evaluated at the parameter estimates, n is the number of observations, and p is the
number of estimated parameters are used to assess the performance of the models.
All the results were obtained using R programming language.

Also, the goodness-of-fit statistics W* and A*, described by Chen and Balakrishnan
(1995) and the Kolmogorov-Smirnov (KS) defined below are considered.

Let 6 be an estimate of 6. For a given random sample x1, x2, ..., x, from a continuous
distribution with cdf F(z;0), where the form of F is known but 6 is unknown
parameter vector. Define u; = F(Xi;é),i = 1,2,...,n. Without loss of generality,
suppose x}s and u;s have been arranged in order, then the Cramér-von Mises statistic
and the Anderson-Darling statistic are given by

=3 [ (<2§22>1))]2 * o

i=1
and .
A2=—p-ntY [(2@' — ) In(w;) + (2n + 1 — 2i) In(1 —u,)].
i=1
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We can obtain goodness-of-fit statistics W* and A* by modifying W? into W* and
A? into A* as follows

: : 2.2
W*_W2(1+05>, A*_A2<1+075+25>. (19)
n n n

The Kolmogorov-Smirnov (K-S) statistic denoted D,, and scaled with v/ is given by

Dy, = Sup,v/n | Fu(z) = Fo() |,

where Fj is what may be taken as the null hypothesis or called the evidence and F,, ()
is the empirical distribution function given as F),(z) = (#X/s < x)/n. In general, the
smaller the values of all the goodness-of-fit statistics, the better the fit.

7.1 Turbocharger failure times data

The data represents failure times (103h) of turbocharger of a type of engine. The
data set can be found in Xu et al. (2003) and in Afify et al. (2021). The data is given
below:
1.6,2.0,2.6,3.0,3.5,3.9,4.5,4.6,4.8,5.0,5.1,5.3,5.4,5.6,5.8,6.0,6.0,6.1,6.3, 6.5,
6.5,6.7,7.0,7.1,7.3,7.3,7.3,7.7,7.7,7.8,7.9,8.0,8.1,8.3,8.4,8.4,8.5,8.7,8.8,9.0.

The estimated variance-covariance matrix for TIIEHL-Gom-TL-W model on
turbocharger failure times data is given by

1.4666 x 1079 4.8125 x 1079  —1.7259 x 1077 —2.7790 x 10~ %
4.8125 x 1079 1.2458 x 10792 —1.0267 x 1079 —2.0533 x 1072
—1.7259 x 10797  —1.0267 x 1079  9.8106 x 10799  1.8945 x 109
—2.7790 x 1079%  —2.0533 x 10792 1.8945 x 107%  3.6876 x 10702

and the 95% confidence intervals for the model parameters are given by

a € [7.6797 x 1079 £ 0.0075], v € [2.0480 x 107°1 £ 0.2187], b € [6.1986 + 0.0001]
and A € [1.1218 + 0.3763], respectively.

Maximum likelihood estimates (MLEs) of the parameters of TITEHL-Gom-TL-W
distribution (standard errors in parenthesis), Akaike Information Criterion (AIC),
Consistent Akaike Information Criterion (CAIC), Bayesian Information Criterion
(BIC) are given in Tables [3| and [4] for the turbocharger failure times data. The
goodness—of—fit statistics W* and A* are also given. Plots of histogram and fitted
densities, and observed probability versus predicted probabilty for the turbocharger
failure times data are given in Figure [7]

From Table [4] we find that the TIEHL-Gom-TL-W distribution has the lowest
value of the K — S statistic and the highest p-value. Furthermore, the goodness-
of-fit measures —2Log(L), W* and A* are smallest for the TIIEHL-Gom-TL-W
distribution. This means that the TIITEHL-Gom-TL-W distribution is statistically
superior to the fits by the nested and competitive lifetime models considered.
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Figure 7: Fitted Densities and Probability Plots for the Turbocharger Failure Times
Data
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Figure 8: Fitted TTT and Kaplan-Meier Survival Plots for Turbocharger Failure
Times Data
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Figure [§ shows the TTT scaled plots, observed and the fitted Kaplan-Meier survival
plots. We conclude that the TITEHL-Gom-TL-W distribution performs better since
the observed and fitted Kaplan-Meier survival curves are close to each other.

7.2 Carbon fibres data

The data set consists of 66 observations on breaking stress of carbon fibres (Gba).
The data set was reported by Nichols and Padgett (2006) and also analyzed by Al-
Babtain et al. (2021). The observations are:

3.70,2.74, 2.73,2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.41, 3.19,

3.22,1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 3.75, 2.43, 2.95., 2.97, 3.39, 2.96, 2.53, 2.67,
2.93,3.22,3.39, 2.81,4.20, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 2.35, 2.55,
2.59,2.38,2.81,2.77,2.17,2.83,1.92, 1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.68
1.84,1.59,3.19,1.57,0.81, 5.56,1.73, 1.59, 2.00, 1.22, 1.12, 1.71,2.17,1.17, 5.08,
2.48,1.18,3.51,2.17,1.69, 1.25, 4.38, 1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.70,
2.03,1.80,1.57,1.08,2.03,1.61,2.12,1.89, 2.88, 2.82, 2.05, 3.65.

The estimated variance-covariance matrix for TIIEHL-Gom-TL-W model on carbon
fibres data is given by

0.0251 —0.0107 —0.3450 —0.0015
—0.0107  0.0045  0.1474  0.0006
—0.3450 0.1474  4.7339  0.0213
—-0.0015 0.0006  0.0213  0.0001

and the 95% confidence intervals for the model parameters are given by

a € [103.5515 £ 0.3107], v € [34.4358 £ 0.1328], b € [58.6658 + 4.2645] and A €
[0.1814 £ 0.0216], respectively.

Tables [5] and [6] give the MLEs of the TIIEHL-Gom-TL-W distribution (standard
errors in parenthesis), and the goodness-of-fit measures for the TITEHL-Gom-TL-W
distribution, its nested and non-nested models. The TITEHL-Gom-TL-W distribution
has the smallest AIC, AICC,BIC, K — S, W*, A*, and the largest K-S p-value.
These indicate that the TIIEHL-Gom-TL-W distribution is the best lifetime model
to represent the carbon fibres data compared to the other competitive models.
Figure [10]shows the TTT scaled plots, observed and the fitted Kaplan-Meier survival
plots. We conclude that the TIIEHL-Gom-TL-W distribution performs better since
the observed and fitted Kaplan-Meier survival curves are very close to each other.

7.3 Insurance data

This data set from the insurance field represents monthly metrics on unemployment
insurance from July 2008 to April 2013 from the Department of Labor, Licensing and
Regulation. It consists of 58 observations and 21 variables, we studied the variable
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Figure 9: Fitted Densities and Probability Plots for the Carbon Fibres Data

Fitted Densities

Probability plots

29 —— TIEHL-GOM-TL-
. oo TIFEHL-TL-WL
TIGIE-Lx
THGIE-BIII
<
o
@
o
2
%
f=4
j°
O o
o
=
(=}
o
o

Expected probability

Figure 10: Fitted TTT and Kaplan-Meier
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number 6. It is available at: https://catalog.data.gov/dataset/ unemployment-
insurance-data-july-2008-to-april-2013. The data are:

8.0,18.2,22.7,16.3,11.1,26.9, 26.6, 18.9, 24.3, 20.6,40.7, 56.9, 49.3, 55.0, 49.4, 50.7,
46.6,87.9,79.2,78.9,82.1,63.7,61.7,68.8, 60.8, 69.2, 55.9, 54.8, 65.4, 53.7, 65.5, 52.7,
52.9,50.7,61.3,49.6,47.5,58.9,47.4,56.0,46.9,46.5,57.9,45.7,44.5,53.1,44.1,41.8,
48.2,37.1,32.7,37.6,42.8,47.4,35.6, 32.2, 30.1, 31.2.

The estimated variance-covariance matrix for TIIEHL-Gom-TL-W model on
insurance data is given by

3.1456 x 1079 3.6150 x 10794 1.4184 x 10797  —1.8823 x 1079
3.6150 x 1079%  1.9416 x 10792 7.1434 x 1079  —6.0484 x 1093
1.4184 x 10797 7.1434 x 10796 26315 x 10799  —2.2548 x 10796
—1.8823 x 10794 —6.0484 x 10793  —2.2548 x 1079  2.1369 x 10793

and the 95% confidence intervals for the model parameters are given by

a € [0.0110+£0.0109], v € [0.4609 £ 0.2731], b € [233.1400+0.0001] and X € [0.4796 +
0.0906], respectively.

The MLEs of the parameters of the distributions (standard errors in parenthesis)
and the goodness-of-fit statistics for the insurance data are given in Tables [7]
and [§ respectively. The TIIEHL-Gom-TL-W distribution gives the smallest
AIC,AICC,BIC, K — S, W*, A* and the largest K-S p-value from the results
in Table These goodness-of-fit statistics indicate that the TIIEHL-Gom-TL-W
distribution fits the data better than other competitive distributions for the insurance
data.

Figure [[2] shows the TTT scaled plots, observed and the fitted Kaplan-Meier plots.
From the plots, it is clear that the TITEHL-Gom-TL-W distribution best describes
the insurance data. The TTT scaled plot demonstrates that the shape of the hazard
rate function of the data set is increasing.

7.4 Actual taxes data

The data consists of the monthly actual taxes revenue in Egypt from January 2006 to
November 2010. The data was analyzed by Mead (2016). The actual taxes revenue
data (in 1000 million Egyptian pounds) are:
5.90,20.4,14.9,16.2,17.2,7.80,6.10,9.20, 10.2,9.60, 13.3, 8.50, 21.6, 18.5, 5.10,
6.70,17.0,8.60,9.70, 39.2,35.7,15.7,9.70, 10.0, 4.10, 36.0, 8.50, 8.00, 9.20, 26.2,
21.9,16.7,21.3, 35.4, 14.3,8.50, 10.6, 19.1, 20.5, 7.10, 7.70, 18.1, 16.5, 11.9, 7.0,
8.60,12.5,10.3,11.2,6.10, 8.40, 11.0, 11.6, 11.9, 5.20, 6.80, 8.90, 7.10, 10.8.
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Figure 11: Fitted Densities and Probability Plots for Insurance Data
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Figure 12: Fitted TTT and Kaplan-Meier Survival Plots for Insurance Data
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The estimated variance-covariance matrix for TIIEHL-Gom-TL-W model on actual
taxes data is given by

3.8760 x 10792 —0.0118  6.5452 x 107°°  —5.6791 x 1093
—1.1895 x 10792 0.0107 —1.7238 x 1079  1.0625 x 10793
6.5452 x 1079 —0.00001 1.1173 x 107°7  —9.9543 x 106
—5.6791 x 10792 0.0010 —9.9543 x 10796 1.0474 x 10793

and the 95% confidence intervals for the model parameters are given by

a € [0.4894+0.3858], v € [0.1092 £0.2028], b € [259.0900 + 0.0006] and X € [0.4700 +
0.0634], respectively.

The MLEs of the parameters of the TIIEHL-Gom-TL-W distribution, its nested
models, and the competing models (standard errors in parenthesis) and the goodness-
of-fit statistics for the actual taxes data are given in Tables [J] and [I0] These results
show that the TITEHL-Gom-TL-W distribution provides a significantly better fit than
the nested and non-nested models. This can be confirmed by the smallest values of
goodness-of-fit statistics: AIC, AICC,BIC, K — S, W*, A* and largest p-value for
the TIIEHL-Gom-TL-W distribution as compared to other fitted distributions.
Figure [[4) shows the TTT scaled plots, observed and the fitted Kaplan-Meier curves.
We can see that the TIIEHL-Gom-TL-W distribution follows the Kaplan-Meier
survival curves very closely. The TTT scaled plot shows an increasing hazard rate
function for the actual taxes data.

Figure 13: Fitted Densities and Probability Plots for Actual Taxes Data
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Figure 14: Fitted TTT and Kaplan-Meier Survival Plots for Actual Taxes Data
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7.5 Likelihood ratio test

The likelihood ratio test results for comparing the full and nested models are given
in this section.

Table 11: Likelihood ratio test results (part 1)

Turbocharger Data Carbon Fibres Data

Model df x2(p — value) x2(p — value)
TIHEHL-Gom-TL-W(L, 7, b, A) 1  12.0744(0.0005) 11.0914(0.0008)
THEHL-Gom-TL-W(a, 1, b, \) 1  7.8312(0.0051) 13.0894(0.0003)
TIEHL-Gom-TL-W(1, 1, b, \) 2  19.5848(0.0001) 6.0757(0.0479)

Table 12: Likelihood ratio test results (part 2)

Insurance Data Actual Taxes Data
Model df X2 (p — value) x2(p — value)
TIHEHL-Gom-TL-W(1, v, b, A\) 1 668.6563(<0.00001) 619.0027(<0.00001)
TIHEHL-Gom-TL-W(«, 1, b, \) 1 10.4465(0.0012) 32.4765(<0.00001)
TIIEHL-Gom-TL-W(1, 1, b, A\) 2  18.7605(0.00002) 6.4361(0.0112)
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The likelihood ratio test results in Tables [[T] and [[2] indicate that the TIIEHL-Gom-
TL-W performs better than its nested models at 5% level of significance, since all
p-values are less than 0.05 for all the data sets considered.

8 Concluding remarks

We have proposed and studied a new type II exponentiated half-logistic Gompertz-
Topp-Leone-G (TIIEHL-Gom-TL-G) family of distributions. Some properties of our
proposed TITEHL-Gom-TL-G family of distributions were derived. The estimation
of parameters was obtained by maximum likelihood method and evaluated via a
simulation study. Four applications are provided to assess the flexibility of the
TIIEHL-Gom-TL-G family of distributions, and reveal better fits to real data than
several other well-known models.
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Appendix

The first derivative of the log-likelihood function (¢,,(A)) is given by
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