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for parameters identification of two-mass drive system

Kacper ŚLESZYCKI1 ∗∗∗ , Karol WRÓBEL1 , Krzysztof SZABAT1 , and Seiichiro KATSURA2

1 Wrocław University of Science and Technology, Institute of Electrical Machines, Drives and Measurements, Wrocław, Poland
2 Keio University, Department of System Design Engineering, Tokyo, Japan

Abstract. The paper describes a novel online identification algorithm for a two-mass drive system. The multi-layer extended Kalman Filter
(MKF) is proposed in the paper. The proposed estimator has two layers. In the first one, three single extended Kalman filters (EKF) are placed.
In the second layer, based on the incoming signals from the first layer, the final states and parameters of the two-mass system are calculated. In
the considered drive system, the stiffness coefficient of the elastic shaft and the time constant of the load machine is estimated. To improve the
quality of estimated states, an additional system based on II types of fuzzy sets is proposed. The application of fuzzy MKF allows for a shorter
identification time, as well as improves the accuracy of estimated parameters. The identified parameters of the two-mass system are used to
calculate the coefficients of the implemented control structure. Theoretical considerations are supported by simulations and experimental tests.
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1. INTRODUCTION
Electrical motors are becoming increasingly popular in differ-
ent industrial applications. They replace other types of actua-
tors, such as pneumatic or hydraulic systems. This is due to
their very favorable properties, such as high energy density, re-
sistance to working conditions, ease of supply, and the ability
to shape their characteristics (with the help of modern control
methods) [1–7]. Industrial drives consist of several basic el-
ements: a driving motor (with supply and control elements),
a working machine, and a torque transmission part (e.g. belts,
gearboxes, long shafts, chains). This complicated connection of
the several parts generates torsional vibrations in the mechan-
ical system [1–7]. To implement high-performance control of
such mechanisms one of the advanced frameworks should be
implemented [1–7]. To perform it, knowledge of the system pa-
rameters is necessary. The parameters of the driving motors can
be obtained from the data sheets provided by the manufacturer.
However, the parameters of the mechanical parts are often not
accessible. Therefore, one of the identification methods should
be implemented before the operation.

In the literature, there are plenty of different identification
schemes that can be used for this task. In general, they can be
divided into two main groups. The first one relay on the pro-
cedure running before normal operation [8–11]. In this case,
the mechanical system is excited by special signals. Then the
parameters of the plant are determined and the coefficients of
the implemented control structure are computed. Methodolo-
gies evident in this group can be further divided into paramet-
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ric [8] and non-parametric [9–14] methods. The first approach
is based on the transfer function polynomial, and the second
one is based on frequency characteristics. Because the identi-
fication procedure is performed before the normal operation of
the drive, these frameworks are sometimes called also off-line
identification methodologies.

The second group is based on the algorithms implemented
online [15, 16]. It means that the algorithm is running all the
time and provides the current values of the identified parame-
ters. This can be treated as an advantage of this system. The
estimated parameters can be used to implement an adaptive
control structure or for condition monitoring purposes. The
methodologies based on EKF are especially popular in this
group [15, 16]. As drawbacks, the following features can be
pointed out. Firstly, the complicated algorithm of EKF. Sec-
ondly, the difficulties of setting the covariance matrices Q and R
in an industrial application (where the assumption about char-
acters of noises is usually not fulfilled). Thirdly, the limited con-
vergence speed of states in the EKF in the presence of unknown
initial conditions of the systems or rapid (step) changes of plant
states. This is especially important for the adaptive control sys-
tem based on the identified parameters.

There are a lot of different control algorithms reported in the
literature designated for damping mechanical oscillations. Be-
cause a simple PI controller cannot suppress torsional vibra-
tions effectively [17], other frameworks have been proposed in
the literature. One of the most popular is based on the inser-
tion of additional feedback from selected state variables [18].
The next concepts are based on the implementation of distur-
bance observers [18–20]. The state controller, sliding mode,
neural networks, or adaptive control structure should be also
mentioned here [21–23]. One of the latest approaches, which
has gained a lot of attention from the control community, relies
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on model predictive control [24–27]. It should be underlined,
that to implement the majority of advanced control strategies,
knowledge of the plant parameters is obligatory.

Fuzzy logic systems are often used in modern control appli-
cations. They can replace the classical algorithm completely,
or be used as an additional support system. In general, they are
implemented in cases where the available knowledge of the sys-
tem is limited and can be represented in the form of linguistic
rules rather than algebraic equations. The firstly proposed fuzzy
systems were based on type I fuzzy sets. In this approach, the
shapes and locations of membership functions are exactly spec-
ified. Those requirements are hard to fulfill in some applications
with a high level of uncertainty. Therefore, the system based on
type II sets was introduced in the literature. In this approach,
the boundary of membership functions is also fuzzed. The more
complicated form of fuzzy sets ensures obtaining higher preci-
sion in the presence of uncertainty and limitation of available
knowledge [28, 29].

In this paper, the issues related to the online identification
procedure for a two-mass system are presented. The multi-layer
EKF concept is used in the work [30–32]. The proposed estima-
tor has two layers. In the first one, three single EKFs are placed
to estimate values of the mechanical part of the drive (mechan-
ical time constant of the load machines as well as stiffness time
constant). In the second layer, an aggregation mechanism is im-
plemented to calculate the states of the system. Contrary to [30],
where basic results have been introduced, in the present work
additional system is used to improve the quality of estimated
states. It is based on fuzzy type II sets. The main role of this
system is to detect the dynamic states of the plant, according to
it, the estimation process is switched on or off. This allows for
improving the quality of the estimation of all states. In addition,
preliminary results showing the work of the adaptive control
structure are presented in the paper. Moreover, results showing
the advantage of multi-layer structure for the cases of improper
values of EKF are presented. The theoretical consideration is
supported by simulation and experimental results.

2. MATHEMATICAL MODEL OF THE PLANT
AND CONTROL STRUCTURE

2.1. Mathematical model of the two-mass drive system

The mathematical model of the drive system with flexibility is
given by the state equation [17]:

d
dt

ω1(t)

ω2(t)

ms(t)

=


0 0

−1
T1

0 0
1
T2

1
Tc

−1
Tc

0


ω1(t)

ω2(t)

ms(t)



+


1
T1
0

0

[me
]
+


0
−1
T2
0

[mL
]
, (1)

where: ω1, ω2 – the speeds of the motor and load side, respec-
tively, me, ms, mL – the electromagnetic, coupling (shaft), and
load torques, T1, T2 – the mechanical time constant of the motor
and load side, Tc – the parameter which represents the elasticity
of the coupling.

Figure 1 shows a diagram of the drive system with flexibil-
ity. The first mass represents the time constant of the driving
motor T1. The time constant of the load machine is presented
analogously on the other side and is denoted as T2. A flexible
shaft with the main parameter stiffness time constant Tc con-
nects both masses.

ω ω

Fig. 1. Schematic diagram of two-mass mechanical system

2.2. Control structure
Due to the elasticity of the mechanical connection, the speed of
the driving motor is different from the speed of the load ma-
chine during transients. It results in torsional vibrations that are
undesirable from the point of view of control quality and dura-
bility of the system. To minimize this effect and preserve the
high dynamic of the drive, one of the advanced control struc-
tures should be implemented [1,2,4–8]. The considered control
structure is presented in Fig. 2.

Fig. 2. Block diagram of the considered control system

It consists of two main control loops. In the inner loop, a suit-
able control method is implemented to ensure fast torque con-
trol (e.g., current controller for DC motor or DTC for induc-
tion machine). Therefore, the dynamic of this loop is usually
neglected for further analysis. In the outer loop, the state con-
troller is considered in the present studies. The parameters of
the state controller are set with the use of the pole-placement
method, according to the following formulas equations (2)–(5):

KI = T1 T2 Tc ω
4
r , (2)

k1 = 4T1ξrωr , (3)
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k3 = k1
(
ω

2
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)
, (5)

where: ωr, ξr – the desired frequency and damping coefficient
of the system poles (close-loop).
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The presented formulas allow for locating the system closed-
loop poles into the desired position in the plane. Therefore, in
a linear range of work, different shapes of controlled states can
be obtained.

This control structure requires knowledge of the two-mass
system parameters (T1, T2, and Tc). Time constant T1 can be
calculated based on motor datasheets. The other two parame-
ters depend on the type of coupling and load machine and can
vary during system operation. Therefore, an application of the
special identification scheme is required. In the work, a solution
based on fuzzy MKF is proposed.

3. MULTI-LAYER EKF-BASED ESTIMATOR
3.1. Extended Kalman filter
To estimate the unknown value of T2 and Tc, the original state
vector of the system has to be extended to [15]:

xR(t) =
[

ω1(t) ω2(t) ms(t)
1
T2

(t)
1
Tc
(t)
]T

. (6)

It should be emphasized that (6) cannot be further extended by
load torque due to observability conditions.

The state equations are taking following forms:

ẋR(t) = AR

(
1
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1
Tc
(t)
)

xR(t)+BRu(t)+w(t)

= fR (xR(t),u(t))+w(t), (7)

yR(t) = CRxR(t)+v(t), (8)

where: w(t) – process error, v(t) – measurement error.
The state, and output matrices are defined as equation (9):
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Parameters T2 and Tc evident in matrix AR can be change-
able during the estimation process. It means that this matrix
must be updated in every calculation step. To compute these
calculations, the linearization process must be performed. The
discretized state equations can be formulated as equation (10):

x̂R(k+1|k+1) = x̂R(k+1|k)
+K(k+1) [yR(k+1)−CRx̂R(k+1|k)] . (10)

The gain matrix K is obtained using the following numerical
procedure. First, the state vector predictor is calculated:

P(k+1|k) = FR(k)P(k)FT
R(k)+Q(k), (11)

where:

FR(k) =
∂ fR (xR(k|k), u(k|k), k))
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. (12)

FR is the linearized state matrix of the system equation (11),
which is updated in every calculation step according to the sam-
pling period Tp:
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The gain matrix K and predictor P are calculated according to
equations (14)–(15):

K(k+1) = P(k+1|k)CT
R
[
CRP(k+1|k)CT

R +aR(k)
]−1

, (14)

P(k+1|k+1) = [I−K(k+1)CR]P(k+1|k). (15)

This section shows the standard algorithm of EKF used for
the simultaneous estimation of two-mass system parameters T2
and Tc. The convergence of estimated states depends on the pa-
rameters of the covariance matrices. To ensure the stable oper-
ation of the estimator, these values are limited. To speed up the
estimation process and improve the accuracy of the estimated
states, the fuzzy MKF is proposed in the paper.

3.2. Multi-layer EKF
In the paper, a multi-layer estimator is considered. In the
first one, some numbers (here three) of the single EKF are
placed. They are supplied with identical signals: electromag-
netic torque and motor speed. The filters have identical param-
eters (Q, R), yet they are working separately. The difference
lies in the initial conditions of the states. Different initial values
of the estimated parameters are placed here (T2 and Tc). These
conditions can be further extended by setting initial values of
other states: e.g. shaft torque resulting from an initial twist of
the joint. In the second layer, an aggregation mechanism based
on historical samples of the estimation error of driving speed
is implemented. It connects the incoming states from a single
EKF and generates the final output of the system. The follow-
ing formula is implemented for this purpose:

x = α1x1 +α2x2 +α3x3 , (16)

where: x – final state vector of MKF, x1−x3 – state vectors of
particular EKF, α1−α3 are normalized coefficients.

As can be concluded from the above equation, the larger the
coefficient, the greater the impact of a given estimator on the
output signal. The α coefficients are calculated in the two-step
procedure, shown in Fig. 3. Firstly based on the estimation error
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Fig. 3. Block diagram of MKF

of each EKF in the first layer, absolute values αn (Fig. 3) are
determined:

α
n =

1

γ

∫
|ω1m− ω̂1n|dt

, (17)

where: ω1m – measured motor speed, ω̂1n – motor speed esti-
mated by n-th EKF, γ – learning coefficient.

Then the normalization procedure is applied to determine the
coefficient αn (Fig. 3) values for each EKF:

αn =
αn

n

∑
i=1

α
i
. (18)

In order to meet the following condition:

α1 +α2 +α3 = 1. (19)

In the following procedure, values α are influenced by all sam-
ples from starting point of the algorithm.

It should be emphasized that the multi-layer concept does
not depend on guessing the initial condition of the system. The
main idea relies on the implementation of a special aggrega-
tion mechanism based on historical samples laying inside a past
window with the length depending on the forgetting factor. The
block diagram of MKF is presented in Fig. 3.

3.3. Fuzzy type II system
Preliminary studies of such an algorithm are presented in the
conference paper [30] (some results will also be placed in the
results section). The main drawback is disruptions evident in es-
timated transients. They result from the non-zero friction torque
evident in a real system. The load (friction) torque cannot be
included in the algorithm due to the observability condition of
the plant. To improve the performance of the estimator, an ad-
ditional solution is proposed here. The estimation of the system
parameters is only possible during the dynamic state of the plant
(changeable value of the motor speed and driving torque) [15].
The disruption is significant when the motor speed has a con-
stant value. Therefore, in this paper, an additional system (de-
tection system) that switches on and off the updating of the
states in the estimation mechanism is proposed.

The detection system is based on three signals: motor speed,
driving torque, and the difference between the driving and shaft
torques – those signals create an input vector of the fuzzy sys-

tem. Then the incoming signals are fuzzed with the help of tri-
angular II types sets. The output of membership functions has
two values, determined by the upper and lower boundaries. It
further creates two groups of premises, the t-norm min is used
to determine firing levels of rules according to expressions like
equation (20):

R3
max = min

[
µ

1
Pmax(me(k)),

µ
2
Pmax (me(k)−mse(k)) , µ

3
N max (∆ω1(k))

]
. (20)

Each rule firing level is multiplied by an adequate gain coef-
ficient corresponding with the number of positive membership
functions involved in a given rule. In the end, the reduction type
block is applied. The system has 16 rules. The schematic block
of the fuzzy detection system is shown in Fig. 4.

a

Fig. 4. Schematic block diagram of the fuzzy detection

4. RESULTS
The proposed fuzzy MKF is tested under a variety of simula-
tion and experimental tests. The transients from the following
system are additionally presented: single EKFs and MKF [30],
which will facilitate the evaluation of the effectiveness of the
proposed approach. The difference between MKF and fuzzy
MKF relies on the implementation of a detection system. The
other parameters in both structures remain identical.

The tested system works under reverse conditions. The ref-
erence value of the system speed is set to 0.5 with a frequency
of 0.5 Hz. The values of Q and R matrices in a single KF are
chosen experimentally. Initial states of each EKF system and
each T2, Tc estimation signal filter was chosen experimentally
from the range of values 0.01–1 for T2 and 0.0001–0.01 for Tc,
assuming that two are close to the set borders. The parameters
of the state recognition system are selected experimentally. The
system with unknown values of T2 and Tc is tested. Then at the
time t = 10 s an increase of 50% for T2 is considered.

The results of the simulation studies are shown in Fig. 5. The
input signals for multi-observer are – motor speed (Fig. 5a)
and driving torque (Fig. 5b). The transients of estimated val-
ues of T2 and Tc are shown in Fig. 5c–d, and their enlargement
in Fig. 5e, f. The variations of weights coefficients α1–α3 are
demonstrated in Fig. 5g and the output of the fuzzy detection
system is in Fig. 5h.

The following remarks can be formulated based on the pre-
sented results. The accuracy of the single EKF depends strictly
on the set initial values. The nearer those values are, the smaller
estimation errors are evident. However, it also has a drawback
which is visible in Fig. 5c–f. The estimation of T2 and Tc is pos-
sible only dynamic states of the plant. Under different condi-
tions, due to the non-zero friction torque, the triangular-shaped
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a) b)

c) d)

e) f)

g) h)

Fig. 5. Transients of the motor speed ω1 (a); and driving torque me (b); estimated values of the time constant of load machine T2 (c),(e); elasticity
time constant Tc (d),(f); weight coefficients (g), and output detection system (h)

disruption is visible in estimated T2 transients. To eliminate it,
the fuzzy MKF is proposed. The detection system identifies the
present state in a plant – its output is shown in Fig. 5h. During
dynamic state, the updating in system states is switched on, oth-
erwise off. The transients of the estimated parameters provided
by fuzzy MKF are presented (black lines) in Fig. 5c–f (only out-
put of the system –not single EKF). Moreover, Fig. 5c–f shows
that the fuzzy MKF system responds most quickly to the change
of parameters. The improvement of estimated states is visible.
The estimated values converge around the real values evident in
the plant.

The variation of coefficients is shown in Fig. 5g. The times,
when the system is switched off, are visible in its transients. To
evaluate the properties of considered systems, the estimation
errors are computed using the following equations:

∆E =

N

∑
i=1
|v− ve|

N
, (21)

where: N – total number of samples, v – real variable, ve – esti-
mated variable.

∆E =
∆E

∆ f MKF
×100%, (22)

where: ∆ f MKF errors for fuzzy MKF.
In Table 1 the estimation errors calculated from the simu-

lation test are presented. Three systems are compared in Ta-
ble 1: the classical EKF (system with three different parame-
ters indicated: EKF 1, EKF 2, and EKF 3), the MKF algorithm
described in [30], and the fuzzy MKF proposed in this paper.
When comparing the two most advanced algorithms, the esti-
mation errors in the MKF algorithm are larger by 67 percentage
points for T2 and 5 percentage points for Tc. It is visible that the
implementation of the fuzzy detection system reduces the es-
timation error in T2 significantly. It should be also stated that
single EKFs have much bigger errors in all estimated variables.

Then, experimental studies are performed. The considered
estimators are tested on a stand built of two 500 W DC motors
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Table 1
Simulation test – estimation errors of the single EKF algorithms, pre-
viously presented MKF algorithm and its extension presented in this

paper – fuzzy MKF

EKF 1
∆ [–]

EKF 2
∆ [–]

EKF 3
∆ [–]

MKF
∆ [–]

fuzzy
MKF
∆ [–]

ω1 4.015e–4 3.12e–4 3.755e–4 3.041e–4 3.041e–4

ω2 5e–3 2.9e–3 3.7e–3 3e–3 3e–3

ms 1.11e–2 8.8e–3 1.18e–2 8e–3 8e–3

T2 2.13e–2 2.02e–2 1.98e–2 1.76e–2 1.05e–2

Tc 4.933e–4 1.934e–4 3.294e–4 1.47e–4 1.401e–4

δ [%] δ [%] δ [%] δ [%] δ [%]

ω1 132 103 123 100 100

ω2 168 98 126 100 100

ms 138 110 147 100 100

T2 202 191 187 167 100

Tc 352 138 235 105 100

connected by a flexible shaft. It is shown in Fig. 6. The driving
motor is operated by a power converter which is controlled by
the dSPACE controller board. The laboratory equipment facili-
tates the measurement of both motor speeds and driving motor
currents.

Fig. 6. Photo of the laboratory set-up

Firstly, the observer is working in an open-loop system.
That means that the motor speed (Fig. 7a) and driving torque
(Fig. 7b) are collected and then supplied MKF. The transients
of the estimated variables are presented in Fig. 7c–d.

In Figure 7c–d transients taken from a single EKF are pre-
sented. It is visible that during steady-state the values of T2
are increasing significantly, due to the existence of the friction
torque. To clarify of presentation, the transients of MKF are not
included in the picture. After a few periods, it will cover the
green line exactly. The only output of fuzzy MKF is included
in the figures. It is seen that the presented transients possessed
small estimation errors.

Next, the properties of the adaptive system working with sin-
gle EKF and fuzzy MKF are evaluated. It means that the control
structure coefficients (Fig. 2) are returned according to identi-
fied values of estimated parameters provided by fuzzy MKF.
The feedback in the state controller comes also from the esti-

a)

b)

c)

d)

e)

f)

Fig. 7. Experimental results: a), b) – the transients of the driving motor
speed ω1 and electromagnetic torque me, c), d), – the transients of the
T2, Tc parameters identification with close-ups, e) – the transients of
weight coefficients, f) – the transient of the state recognition system

output signal

mator. The initial values of the system parameters for EKF are
selected as: T2 = 0.892 [s] and Tc = 0.0096 [s]. In the case of
fuzzy MKF, the initial parameters for the next two single ob-
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servers are: T22 = 0.5517 [s]; Tc2 = 0.0043 [s]; T23 = 0.106 [s];
Tc3 = 0.0013 [s]. Firstly, the system working with a single EKF
is tested. The motor and load speeds are presented in Fig. 8a as
well as motor and shaft torques in Fig. 8b. Since initial system
mechanical parameters are not set properly, the system closed-
loop poles are far away from the desired position. It results in
large oscillations in speeds and torques. The driving torque is
limited to the value of 3 [p.u.] to protect the shaft. Also, the
shaft torque exceeded the value of 3. Both speeds had large
overshoots more than 150%. After one period of work, those
oscillations are drastically reduced. Still, some disruptions are
visible in system states. The transients for a system with fuzzy
MKF are presented in Fig. 8a,b. In the driving torques, oscil-
lations are also visible, yet they are much smaller than in the
previously considered case. The maximum value of this vari-
able is 1.8 [p.u.] The shaft torque has smooth transients. The
overshoot in system speed is about 50%. After one period of
work shape, all transients are smooth, and no oscillations are
visible.

a)

b)

c)

d)

Fig. 8. Transients from the adaptive control system: the motor ω1 and
load ω2 speeds a), c) driving me, and shaft torque ms in the system
working with single EKF a)–b) and working with fuzzy MKF c)–d)

5. CONCLUSIONS

In the paper, issues related to the application of the online iden-
tification scheme for a two-mass drive system are presented.
As an identification algorithm, a fuzzy MKF is selected. It is
based on the multi-layer concept consisting of two parts and
an additional fuzzy II type system. In the first part, three sin-
gle EKFs are placed, and in the second, an aggregation mech-
anism is implemented. The fuzzy system is used to detect the
current state of the plant and switch on or off the identification
algorithm. Based on the theoretical consideration and tests, the
following remarks can be formulated. To calculate the gains of
an advanced control structure, knowledge of the plant param-
eters is necessary. The solution based on EKF can be used to
determine the values of the stiffness and load machine time con-
stants. However, the accuracy of EKF is greatly influenced by
the initial values of those parameters that can be unknown. To
shorten the convergence time of system states the multi-layer
concept can be used. However, in the considered case, due to
the observability conditions, the existing load torque (friction
torque) cannot be included in the state matrix.

This factor causes slowly increasing errors in the estimated
values of the plant parameters during steady-state. To eliminate
this effect, an additional fuzzy system is proposed. It determines
the present state of the plant: dynamic or static and switches
the estimation algorithm on or off. The use of type II member-
ship functions in fuzzy state detection blocks ensures the high
reliability of this system. The fuzzy MKF is also tested in a
closed-loop system where the present values of the estimated
T2 and Tc retune the control structure gains. This system en-
sures better properties of the plant as compared to the classical
EKF. The overshoots and oscillations possess a smaller value in
this system.
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