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Fractional order PI'D¥A controller design based on
Bode’s ideal function
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The fractional order proportional, integral, derivative and acceleration (PI*DH A) controller
is an extension of the classical PIDA controller with real rather than integer integration action
order A and differentiation action order u. Because the orders A and u are real numbers, they will
provide more flexibility in the feedback control design for a large range of control systems. The
Bode’s ideal transfer function is largely adopted function in fractional control systems because
of its iso-damping property which is an essential robustness factor.

In this paper an analytical design technique of a fractional order PI'D”A controller is
presented to achieve a desired closed loop system whose transfer function is the Bode’s ideal
function. In this design method, the values of the six parameters of the fractional order PI'D* A
controllers are calculated using only the measured step response of the process to be controlled.
Some simulation examples for different third order motor models are presented to illustrate
the benefits, the effectiveness and the usefulness of the proposed fractional order PITDHA
controller tuning technique. The simulation results of the closed loop system obtained by the
fractional order PIDHA controller are compared to those obtained by the classical PIDA
controller with different design methods found in the literature. The simulation results also show
a significant improvement in the closed loop system performances and robustness using the
proposed fractional order PI'DX A controller design.

Key words: Bode’s ideal transfer function, fractional order control, classical PIDA con-
troller, fractional order PI'DHA controller, robustness

1. Introduction

A non-intuitive and difficult task to control engineers is the design of an
effective and economic controller. The most commonly used controllers in the
process control industry are the proportional, integral and derivative (PID) con-
trollers [1, 2]. Since Ziegler and Nichols have presented their PID controller
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parameters tuning method [3], a continuous research work is still underway to-
wards system control quality improvement and performance enhancement. In
many control applications, the processes are modeled as third order systems. The
classical PID controllers become unsuitable for the control of these third order
systems; hence a new controller structure becomes necessary for such systems [4].

In 1996, Jung and Dorf have introduced the proportional integral derivative
accelerated (PIDA) controller which is more suitable for feedback control systems
of higher order plants [5]. They have found that the feedback control system with
the PIDA controller has delivered a faster and a smoother response than the
feedback control system with the PID controller for third-order systems. The
idea behind the PIDA controller design is to add an extra zero in classical PID
controller. A New Analytical approach of PIDA design was proposed by Kitti’s
in [6], and extended to discrete system [7]. Some optimal designs of the PIDA
controller were presented using several optimization algorithms [8—11].

The application of PIDA controller was successfully carried out for several
applications, a servo motor driving, a load through a long shaft or transmission
system in [12], an induction motor control in [13, 14], an automatic voltage
regulator system in [15, 16], a power system in [17, 18], a Liquid-Level System
in [19], a Cardiac Pacemaker in [20], and a Temperature Control of Electric
Furnace System in [21].

In recent years, the emergence of new computational techniques for fractional
calculus has made possible the transition from classical models and controllers
to those described mathematically by differential equations of non integer order.
Thus, fractional-order dynamic models and controllers have been introduced.
The interest in fractional order control can be traced back to the late nineteenth
century. The growing tendency towards using fractional order control has been
fueled mainly by the fact that these controllers have additional tuning knobs that
allow coherent adjustment of the dynamics of control systems [22,23].

Different from the classical linear integer order PID controller, fractional
order PI'D¥ controller is nonlinear naturally regarding the fractional order, which
brings the main difficulties in system design and analysis.

Nowadays, various design methods have been proposed for fractional order
PI'D# controller tuning. In [24], the basic ideas are based on already existing
classical PID controllers and the minimum ISE criterion for setting the fractional
integration action order and the fractional differentiation action order. The well—
known Ziegler-Nichols tuning rule has been extended to fractional order PI'D¥
controller with S-shaped step response, but it only works well on some lag
dominant process [25]. For a typical first order plus dead time model, some
tuning rules are developed to minimize integrated absolute error (IAE) subject to
a constraint on the maximum sensitivity [26]. To obtain good control performance,
dominant pole placement for fractional order PI'D¥ controller is developed based
on D-decomposition method [27]. In the last years, the internal model control
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(IMC) tuning method is also introduced in the design of fractional order PI*D
controller [28,29].

Bode shaping is an effective method for control system design in frequency
domain. As a good open loop model, Bode’s ideal transfer function is discussed
in [30], which shows its stronger robustness against loop gain variation. To realize
auto-tuning of fractional order PI*D¥ controller, online optimization technolo-
gies are employed to optimize the Bode’s model and controller parameters [31].
In [32], a model-based analytical method is developed for fractional order PI'D
controller design via internal model control (IMC) principle and Bode’s model.

Various papers have proposed different optimization tuning methods for frac-
tional order PI*D* controller. In [33], a method based on solving a set of nonlinear
equations is proposed. In [34], a tuning rule for fractional order PI*D* controller
suitable for motion systems is given. In [35], Modified Grey Wolf Optimizer is
adopted to design the fractional order PI'D# controller. Another class of frac-
tional order PI'D* controller is proposed in [36], which ensures robustness to the
closed-loop static gain variation of traditional CRONE templates [37].

A multi-objective extremal optimization algorithm is adopted to design frac-
tional order PI'D¥ controller, [38,39]. Besides, there are some effective fractional
order PI'D# tuning settings summarized in [23].

Therefore, this article combines fractional calculus with classical PIDA con-
troller [5,40]. Fractional order PI'D#A controller is a generalization of classical
PID controller considering fractional derivative and integral action and integer ac-
celeration action. The fractional order PI*D¥ controller is proposed by Professor
I. Podlubny [40], and is generally simply expressed as PI*DX.

Compared with classical PIDA controller, fractional order PI*'D#A controller
adds two different parameters to be adjusted: integral order and differential order,
which makes the setting range of the control parameters larger. Therefore, better
robust control effect can be obtained.

At present, many studies have explored the characteristics of fractional order
PI'D*A and compared its performance with classical PIDA controller in different
environments [41-46].

In this paper, a new analytical method of designing the fractional order
PI'DA controller for classical feedback control systems is proposed. This
method uses the step response of the process and requires no approximation of
the process by any model. Inspired from a recent PID and fractional order PI'D
design techniques, the proposed method makes use of the Taylor—Maclaurin se-
ries development [47,48]. The six parameters of the fractional order PI'D*A
controller are tuned such that the closed loop system is equivalent to a desired
fractional order model whose transfer function is Bode’s ideal function, called in
this context the fractional order relaxation or oscillatory system [49]. This type
of fractional order system is widely used in the fractional order control domain
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because it has the iso-damping property which is a very important robustness
feature.

The basic ideas of the design method are presented and the formulae for the
calculation of these tuning parameters are derived analytically. [llustrative exam-
ples were presented to test the effectiveness and the usefulness of the proposed
fractional order PI'D#A controller design method. These results are concluded
in conclusion.

2. Preliminaries

2.1. Brief introduction to fractional order calculus

A commonly used definition of fractional differo-integral is the Riemann-
Liouville definition

PSR N A Ly o T
ath(t)—F(m_a) (dt) /(I_T)l_(m_a)dr. (1)

For m — 1 < a@ < m; where, I'(.) is the well-known Euler’s gamma function.
An alternative definition, based on the concept of fractional differentiation, is
Grunwald-Letnikov definition given by

(1—a)/h
o L IN'a+k) B

One can observe that by introducing the notion of fractional order operator
«D7 f(¢) the differentiator and integrator can be unified.

Another useful tool is the Laplace transform. The Laplace transform of an
n-th derivative (n € R,) of asignal x(¢) relaxed atz = O is givenby: L {D"x(t)} =
s" X (s). So, a fractional order differential equation, provided both the signal u(t)
and y(¢) are relaxed at r = 0, can be expressed in a transfer function form

a1s® + ars® + .+ aypstmA

G(s) = ,
(s) bisPl + bysP2 + ...+ b,,psPma

3)

where (a,,, by) € R?, (@, Bm) € R2, ¥(m € N).
Thorough expositions of these subjects may be found in [22] and [50].
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2.2. Fractional order PI'D“A controller

The parallel form of the fractional order PI*DA controller having an inte-
grator of order A and a differentiator of order y, is defined as follows:
U(s) ki u 2
C(S):m:kp-i's—/l-i'kds + kys”, (/1/.l>0), 4)
where K, is the proportional gain, K; is the integration gain, K is the derivative
gain; K, is the acceleration gain, A and u are the integral and derivative orders,
respectively, satisfying 0 < A4, u < 2, Fig. 1 shows the block diagram of the
parallel form of the fractional order PI'D“A controller. The time domain control
signal is represented by:

u(t) = Kpe(t) + KiD'e(t) + KgD"e(t) + K,D?e(1). (5)

For a classical PIDA controller, K, = proportional gain, K; = integral gain,
K, = derivative gain, K, = acceleration gain, A and u are both equal to 1. The
interest of our proposed fractional order PI'D“A control structure is justified
by a better flexibility, since it has two more parameters which are the fractional
integration action order A and the fractional differentiation action order u. These
parameters can be used to fulfil additional specifications for the design or other
interesting requirements for the controlled system, than in the case of a classical
PIDA control structure (4 =1, u = 1).

E(s) . ‘ —" Ufs)
| =

Kgs*

A4

K.s?

A 4

Figure 1: Block diagram of the fractional order PI'D#A controller

2.3. Bode’s ideal transfer function

An ideal open-loop transfer function is proposed in [30], that is
a
Ls)= (%), aekr, (6)
s

where w, is the gain crossover frequency, thatis |L(s)|=1,and O <a <2 is areal.
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The parameter o determines both the slope of the magnitude curve on Bode
plot and the phase margin of the system. In the Bode diagrams, the amplitude
of L(s) is a straight line of constant slope —20a dB/dec and its phase curve is a

horizontal line at - rad which indicates the Bode’s ideal transfer function L(s)

possesses strong robustness against gain variation. It means that the variation of
the process gain only changes the crossover frequency w, but maintains the phase

. o
margin constant 7 (1 — — | rad.

Figure 2 and Fig. 3 show a feedback system with Bode’s ideal transfer function
in the forward path and Bode diagrams of amplitude and phase of L(s).

RG) | ! Y6

o ”

Figure 2: Feedback system with Bode’s ideal transfer function in the forward path

IL(iw)| a5

—20a dB/dec
0dBf e mm e e e e e e =T -

We Log(w)
arg (L(w))

-n/2 |

—an/2 }t+

a
L PM =m(1-3)

Log(w)

Figure 3: Bode diagrams of amplitude and phase of L(s) for 0 < @ < 2

The choice of L(s) as open loop transfer function also gives an ideal closed
loop transfer function under a unit feedback defined as follow:

1
N 7
I+ (—)

We

F(s) =

with infinite gain margin and constant phase margin.
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2.4. Problem statement

In this work, as shown in Fig. 4, we consider the negative unity feedback
closed loop system of the form

_Y(@) _ CHIGy
T R(s)  1+C(5)Gp(s)’

W(s) 8)

where C(s) is the fractional order PI'DXA controller and G p(s) is the plant under
control.

R(s) E(s) U(s) Y(s)
C@s) | GG

Figure 4: Classical unity feedback control system

A
v

+

The design problem of this feedback control system is to find the fractional
order controller C(s) of Equation (4) to guarantee that the closed loop transfer
function W (s) behaves in a given frequency band as a desired reference model
whose transfer function is the Bode’s ideal transfer function given by

1

S me
1+(—)
Wy

This function is considered as the closed loop transfer function of the unity
feedback control of Fig. 4 whose open loop transfer function is given by

Fa(s) = 9)

Wy \M

La(s) = (T) . (10)

The two parameters m and w,, are chosen such that the above desired F;(s) system
meets the dynamic performance requirements of the projected feedback control
system. If these performance requirements of the projected feedback control
system can be given in terms of the unity gain crossover frequency w, and the
phase margin ¢m, the two parameters m and w,, are obtained as follows:

* w, = w, (the unity gain crossover frequency of the projected feedback
control system),

em = 2[1 - (¢pm/n)] (¢pm is the phase margin of the projected feedback
control system).
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Therefore, the design objective is simply summarized to the tuning of the six
parameters K, K;, K4, K, A and p of the fractional order PI*D*A controller to
satisfy the condition W(s) = F;(s) in a given frequency band around the unity
gain crossover frequency w, = wy,.

The above two functions W(s) and F,(s) can be represented by Taylor—
Maclaurin series expansion in sat the unity gain crossover frequency s = w, as
follows:

W) = W) + 5 - ) WO () + C 2 0, 4
N (s lwu) WD (w,) + ... (11)
(1) (s —wu)? 2
Fy(s) = Fa(wy) + (s —wy) F (wu)+2—!Fd (wy) +...
() 0w+ (12)

i!

where W (w,,) and Fa(l') (wy) are, respectively, the i-th derivatives of the functions
W(s) and F,;(s) with respect to s at w,.

Because our goal is the design of the fractional order PI'D¥A controller to
satisfy the condition W(s) = Fy(s), the truncation of the above series up to the
sixth order term is then sufficient to set up six independent equations to tune the
six parameters K, K;, K4, K,, A and p of the fractional order PI*D*A controller.
Therefore, from Equations (11) and (12) we have

W(wu) = Fd(wu),
W(l)(a)u) = thl) (wu),
W (w,) = Fy? (@),
3) (13)
W(3)(wu) = Fd (wy),

W(4) (wu) = Fa('4) (wu),

W (w,) = Fy” ().

Therefore, the proposed feedback control design sums up to the tuning of the
parameters of the fractional order PI'D¥A controller in order to satisfy all the six
equalities of Equation (13).
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3. The proposed method

3.1. Description of the design method

The description of the proposed fractional order PI'D“A controller design
method is given as following.

Step 1
Let 6; = W9 (w,) = (l)(a)u) for 0 < i < 5, so from Equation (8) and the
desired reference model functlon of Equatlon (9) we have
1
0o = W(wu) - FA(U)M) - z
6 =W (w,) = FP(w,) = -
4a)u
0 =W (W) = FP(wi) = —
w;;
4 (14)
= W) = FP ) = 2=
8wy,
2
WD () = FD () = _omm"=2)
04 =W (wy) = F, (wu) = 4w3 >
—2m* +35m? - 48
05 = W(S)(a)u) — F[gS) (a)u) _ m( m m ) .
8m?>
Hence, the numerical values of the variables 9;, for 0 < i < 5, are calculated from
the given numerical values of the parameters m and w,,.
Let X; = CD(w,), for 0 < i < 5, the i-th derivative of the fractional or-

der PI’ID“A controller transfer functlon C(s) with respect to the variable s at
s = w,. Therefore, from the fractional order PI*'D*A controller transfer function
of Equation (4), we have

X; = CY(wy),
Xo=C(wy) =K +Ka) +Kd(uu+Kw
—/lK K
X = CV(w,) = ot + B2 0l 1 2K
Awau K N DK (1>
+ —_
Xy = €O () = LA DKL o U= DRD e oy,
w; w;
—AA+DA+2K; _y pu - D -2)Kp p

X3 = C(S)(wu) =

u 2
w; w;
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[equation (15) cont.]

Xy = C9(w,) = A (A A+DK; _y  pp=1) (r=2)(u=3)Kp ot

wﬁ ‘ wﬁ
Xs = C(S)(wu) _ —/l(/l+1)(/1+2)g/l+3)(/1+4)K1w;/l
wlxt
p(p=1)(p=2)(u-3)Kp
+ 1 wy
wu

Step 2
Let G (s) the Laplace transform of the step response gs,(¢) of the process,
so G, (s) is given by the following:

(o)

Giils) = / gsi(Nedr, (16)

0

—st

The two functions e~ and G, (s) of Equation (16) can be represented by Taylor—
Maclaurin series expansion in s at s = w, as follows:

Gsi(s) = [ gsiedr+(s—w) ] [ (-tgsire s
/ /
+M / (Pgs (e ds

3
+M /( Pgs(e ) dt b +. (17)
Gii(s) = Gsi(wn) + (5 — ) GV (wy) + MG@% )
(- o)’ _3‘;’”) G (W) +. .. (18)

where G(’) (wy), for 0 < i < 5, is the i-th derivative of the transfer function G, (s)

with respect to s at s = w,. We denote S; = GY )(wu) for 0 < i < 5, so from
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Equations (17) and (18) we have

(o8]

So=Gsi(s) = / gsi(H)e™dz,

0

=GV (w,) = / (ctgsi(e) dr b,
0
2= G (w,) = tgs,(t)e‘““f) dr b,
(19)
(- gsi(nyem) dr

S1=Gw) =1 | (fesie ) dr

S3= G (w) = {

0\38 0\38 0\58

S —G(5)(wu)_ /( t5g5t(t)e“""’) dt
0

Because w, > 0 and the integer n > 0, we have lim; o t"e %« =0, n > 0, then
the integrals S;, for 0 < i < 5, of Equation (19) converge and can be calculated
numerically using the followmg formulas:

N
So=Gsi(s) =T ) gsu(kT)e 7,
k=1

N
S1 =Gy (@) = =T ) (kT)gsi(KT)e T,

k=t (20)

$2 =Gy (@) = TZ(kT)ngt(kT)e ok,
k=1

$3= Gy (w,) = TZ(kTPgSt(kDe ikt
k=1
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[equation (20) cont.]

N
S4=Gy) () =T ) (KT)*gsi(KT)e T,
k=1

N
Ss = Gy, (@) = =T Y (KT gsi(kT)e™ T,
k=1

where T is the sampling period of the step response gs;(¢) of the process and
the number of samples N = integer part of (7 /T), with Ty, being the time of
acquisition of the step response which is usually taken higher than the settling
time of the process. Therefore, the numerical values of the parameters S;, for
0 < i < 5, are calculated from the given numerical values of the step response
gs:(t) of the process and the unity gain crossover frequency w,. If the transfer
function of the process is available, the parameters S; can also be calculated
directly.

Step 3
The feedback control system open loop transfer function Goz(s) can be
obtained from the closed loop transfer function W (s) of Equation (8) as follows:

W(s)

= =~ 21
Go(s) = C(5)Gp(s) = 1~ W)’ 21
We can rewrite the above equation as follows:
G,(s) W(s
Gow(s) = sC(9) 22 = sC(9Gs(s) = D ()
s 1-W(s)

where G, (s)/s = Gs;(s) is the Laplace transform of the step response gs;(¢) of
the process of Equation (16). Taking the i-th derivative, for 0 < i < 5, of both
sides of Equation (22) with respect to s at s = w, and using the results obtained
for the calculations of the terms W (w,), CY(w,) and Gé’l)(wu) in Equations
(14) and (15) from step 1 and Equation (20) from step 2, we then get

o
Gor(wy) = w,XoSo = ——,
1 -6
(1) 01
GOL(wu) = XoSo + w, X150 + w, XpS1 = —,
G(OZZ(wu) =2X1S0 +2X0S| + wu X280 + 2w, X181 + W, X0S2

6, 262
- 2 T 3’
(1-60)° (1-60)
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[equation (23) cont.]

GO) (i) = 3X280 +6X1S1 +3X0S2 + Wi X350 + W, X380 + 30, X281 + 3w, X152
03 66,0, 66°
- 2 T 3t 40
(I=60)" (1-=60)" (1-06p)
ng(wu) = 4X3S0 +12X,81 + 12X,S5, + 4X()S3 + a)uX4S() + a)uXoS4
+ 4(L)MX3S] + 4wuX1 S3 + 6a)quSz
0, 605 + 80103 36076, 2461
= + + + ,
(1-60)>  (1-69)° (1-60)* (1-6p)
ng(wu) =5X480 +20X381 +30X,S5, +20X1S3 + 5XpS4 + w, X550
+ 5w, X481 + 5w, X184 + W, XS5 + 10w, X357 + 10w, X253
__ 05 106165+200,05 +90919§+600f93 +2409§92+ 12063
C(1-60)2 (1-60)° (1-60)*  (1-60)° (1-6p)°

Then, the numerical values of the terms Gg)L(wu) for 0 < i < 5 are calculated
from the obtained numerical values of the variables 6; of Equation (14) from
step 1.

Step 4
Because the numerical values of the terms Gg)L (wy), of the variables S;, for

0 <7 <5, and of the unity gain crossover frequency w, are known, the variables
X;, for 0 <i < 5, can be derived and calculated from Equation (23) as follows:

X, = Go(a)u) ,
wySH
L (~()
X = —(Go (wy) — X0So — wuXosl),
wy,So
1
X = (G§2>(wu) ~2X,S0 — 2X0S) - 2w, X, S) — a)uXoSz),
wy,So
1
X; = _S(Gg3><wu> —3X,80 — 6X1S1 = 3X0S2 — wuX0S3 — 3w XaS; 24
Wyd0
- 3wuX152),
1
X, = _S(Gg‘”(wu) —4X380 — 12X28) — 12X, S — 4X0S3 — w, XoSa
Wyd0

— 4w, X381 — 4w, X153 — 6a)MX252),
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[equation (24) cont.]

1
X5 = —S(G((,S)(a)u) —5X450) —20X381 — 30X25, — 20X1S3 — 5XpS4
Wyd0

- a)uX5So — Sa)uX451 — SwquS4 - a)MX()S5 — IOwquSg — 100),,X253).

Step 5
Let us define the following variables:
-AK
0= Lo t,
Wy
K
0, = U Dw/'j’ (25)
Wy
03 = ZKawlul .
Then, Equation (15) can be rewritten as follows:
Xo = K, + Kiw;* + Kol + Kaw?,
X1=01+02+03,
XZZ_(/I"'D%"'(/J_l)%"'%’
Wy W, Wy
01 0>
X3= A+ DA+ Z + (u- D -2)22, (26)
wl/t wu
B 01 0>
Xp=-(1+D@A+2)(1+ 3)5 +(pu=D(p-2)(u- 3)w— :
3 01 0>
Xs = (ﬂ+1)(ﬁ+2)(ﬁ+3)(ﬂ+4)g + (u—l)(u—Z)(#—3)(u—4)g :
Let us also define the variables Z;, Z,, Z3 and Z4 as follows:
Z1 = Xl + wqu y
ZZ = Xl + 3a)uX2 + a)ng , (27)

Z3 = X + Tw,Xs + 60> X3 + w Xy,
Zys=X1 + ISCL)MXZ + 25(1)5)(3 + 10w3X4 + a)iXs .

The numerical values of the variables Z;, for 1 < i < 4 can be calculated from
the values of the variables X;, for 0 < i < 5, and the unity gain crossover
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frequency w,. Now, combining Equations (26) and (27) we get the following:

Xo = K, + Kjw,* + Kgoly + K02,
X1 =01+02+03,
Zy=-A01 +uQ> + 203,

28
Z = 01 + 1202 + 405, (2%)
Z3 = -2Q1 + 102 + 803,
Zy =201 + 102 + 1605
Let us now define the variables Vi, V5, V5 and V, as follows:
Vi==2X1+Z1=-2+1)01+(u-2)0>,
Vo==2Z1+Z; =42+ )01+ u(u—2)02, 29
V3= 2Zy+7Z3=-22(2+ )0 + > (u—2)0>, 22)
Va=-2Z3+Z4 =2+ )01 + 1 (u—2)05.
With some manipulations of Equation (26) and (29), we can easily get
Xo = K, + Kjw,* + Kgoly + K02,
X1=01+02+03,
AVi+ Vo =(A+u)(p-2)02, (30)

AV + V3 = p(d+p)(u—2)02,
AVs+Vy = 12 (A+ ) (u - 2)Qs.

Step 6
From the last three equalities of Equation (30), we can derive the following

equation:
AV, + V3 _ AV +Vy _

= = 31
WitVa AV,+v; 1 G1)
Then, from the two first terms of Equation (31) we get
(AZpp + Z33)* = (AZ11 + Z22) (AZ33 + Zay) = 0. (32)

This leads to a second-order equation in the parameter A as follows:
2 (Z§2 — 211233)+/1 (2220733 — Z11Z44 — 222233)+(Z§3 - 222244) =0. (33)

By solving this second-order equation a convenient numerical value of the pa-
rameter A can be chosen. Then, the other remaining parameters K, K;, K4, K,
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A and p will be successively obtained. The first to be calculated is the parameter
u from Equation (31) as follows:

Ay + 7233 A3+ Zay
/lle + Z22 B /1222 + Z33 - H

From Equation (29) and (30), the parameters Q, Q> and Q3 are given as follows:

(34)

Q_ AV +V,

RCEITE )

0 Vit (u-2)0» (35)
I (2+2) ’

03=X1-01-0>,

Therefore, from Equations (25) and (35) the three parameters K;, K; and K, are
calculated as follows:

K = _Qlwu ,
Awt
Ky = 29 (36)
Hwy
03
K, = .
T 20,
Finally, the parameter K, can be obtained from Equation (30) as follows:
K, = Xo - Kjw,* + Kol + K, . (37)

3.2. Design procedure of fractional order PI'D“A controller

For the tuning of the parameters K, K;, K4, K, A and u of the fractional order
PI'D*A controller of the feedback control system of Fig. 4 so that its closed loop
transfer function behaves like the transfer function of a desired reference fractional
model of Equation (9) that meets the requirements and the specifications of the
projected feedback control system, we will follow the next steps.

3.2.1. Inputs
We have the following inputs:

* the crossover frequency w, and the fractional order m of the desired refer-
ence model,

* the values of the step response of the process gs;(kT), for 0 < k < N,
where N = integer part of (T /T), with Ty, being the time of acquisition
and T is the sampling period of the step response of the process.
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3.2.2. Design algorithm

Procedures of the proposed fractional order PI'D*A controller design method
are given as following:

Step 1: Calculation of the variables 6i, for 0 < i < 5 from Equation (14);
Step 2: Calculation of the variables Si, for 0 < i < 5 from Equation (19);
Step 3: Calculation of the terms Gg)L (wy), for 0 < i < 5 from Equation (23);
Step 4: Calculation of the variables Xi, for 0 < i < 5 from Equation (24);
Step S: Calculation of the variables Zi, for 1 < i < 4 from Equation (27);
Step 6: Calculation of the variables Vi, for 1 < i < 4 from Equation (29);

Step 7: Calculation of the fractional order PI'D“A controller parameters A, i,
K;, K4, K, and K, as follows:

* As a suitable solution of the second-order equation of Equation (33)
for the parameter A;

* u from Equation (34);

* K; from Equation (36);
* K, from Equation (36);
* K, from Equation (36);
* K, from Equation (37).

4. Simulation results

In this section two illustrative examples will be studied to validate the effec-
tiveness and the usefulness of the proposed fractional order PI*'D#A controller
design method. The controller design will be considered for two real world system
models given in [15].

4.1. DC servo motor
The transfer function of DC servo motor is as follows:

0(s) 2

G(s) = = .
(s) Va(s) 55+ 1252 +20.02s

(38)

Here the Angular displacement 6(s) is considered the output, and the armature
voltage V,(s) is considered the input.

The desired specifications of induction motor are as follows [15]:

— Percentage overshoot (P.O.) < 5%.

— Settling time (¢,;) < 2 sec.
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These performance requirements are satisfied by the reference model whose
transfer function is given as follows:

1 1
() ()
s \—1.0556

whose open loop transfer function is |=— , with unity gain crossover

frequency w, = 3.5 rad/sec and the phase margin ¢m = 85°.

The parameters of fractional order PI*D#A controller using our proposed
design method and the classical PIDA controller using Jung-Dorf design method
are obtained as summarized in Table 1.

Table 1: Comparison of controllers’ parameters

Controller K, K; K, K, A u
PIDA [15] 285.818 299.213 94.493 12.177 1 1
PD'D#A 41.8653 | -31.8591 20.7370 | 31.7936 | -1.9828 1.1281

The designed controller was found to be a fractional order PD*DHA controller.
This type of controller does not have an equivalent one in the regular classical
controllers.

Many methods have been developed to approximate fractional operators in
continuous time domain; among them Matsuda, Carlson, General CFE, Oustaloup
and Charef are most popular [51]. The transfer function of the fractional order
PI'D#A controller have been implemented by rational functions through Charef’s
method [52], in the frequency band [0.01w,, 100w, ] rad/sec.

Figure 5 shows the Bode diagrams of the open loop transfer functions

C(s)G,(s) of the above feedback control system with the open loop transfer
s )—1,0556

function (ﬁ of the desired reference fractional order system of (38).

From Fig. 5, we can see that the open loop transfer function of the feed-
back control system is quite overlapping with the open loop transfer function

~1.0556
(%) of the desired fractional order system of (39) in the frequency band

of interest. It means that the unity gain crossover frequency w,, and the phase mar-
gin ¢m of the feedback control system is w,, = 3.5 rad/sec and ¢m = 85°. We note
also the flatness of the phase around the crossover frequency w, = 3.5 rad/sec.

Figure 6 shows the Bode plots of the closed loop transfer function of the
feedback control system with fractional order PI'D*A controller and the ideal
closed loop transfer function G ;4(s).
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Figure 5: Bode plots of the open loop transfer function C(s)G ,(s) (dashed line) and the
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Figure 6: Bode plots of the closed loop transfer function W(s) (dashed line) and the
desired closed loop transfer function G 4(s) (solid line)

From Fig. 6, we can easily see that around the unity gain crossover frequency
w, = 3.5rad/sec the amplitudes and the phases of the closed loop transfer
function of the feedback control system with fractional order PI'DXA controller
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and the ideal closed loop transfer function G4(s) are quiet overlapping. Then,
this result shows the effectiveness of the proposed controller design method.

Figure 7 shows the step responses of the closed loop transfer function of the
feedback control system with the step response of the desired fractional order
system.

Output

Time (sec)

Figure 7: Step responses of the closed loop systems with the open loop transfer function
C(s)Gp(s) (dashed line) and the desired fractional order system G 4(s) (solid line)

From Fig. 7, we can easily see that the step response of the feedback control
system is equal to the step response of the desired fractional order system.

Figure 8 shows the step response of the closed loop system without controller.

The step responses of the closed loops with fractional order PI'D#A controller
and of classical PIDA controller are shown in Fig. 9.

Transient response parameters of the two controllers such as percentage over-
shoot (O%), settling time (St), peak time (Pt) and rise time (Rt) are listed in
Table 2.

Table 2: The temporal characteristics for the two controllers

Controller Rt(0.1:0.9) St(2%) 0% Pt
PIDA 0.133 1.270 7.550 0.63
PI'D#A 0.574 0.890 1.320 1.630

Figure 10 shows the step responses of the closed system with fractional order
PI'D*A and classical PIDA controllers for different values of the static gain of
the process.
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Figure 8: Step responses of the closed loop system without controller
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Figure 9: Step response comparison of DC servo motor with fractional order PI*'D#A
controller (solid line) and classical PIDA controller using Jung-Dorf method (dashed
line)

From Fig. 10, we can easily see that the step responses of the closed loop
system with fractional order PI'DXA controller for different values of the static
gain have the same overshoot which is the iso-damping property. In contrast, the
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Output

Time(sec)

Figure 10: Step response comparison of DC servo motor with fractional order PI'D#A
controller (solid line) and PIDA controller using Jung-Dorf method (dashed line) for
different values of the process gain

overshoot of the step responses of the closed loop system with classical PIDA
controller increase when the process gain increases.

To test the robustness of the feedback control system of the DC motor with
the proposed fractional order PI'DXA controller and with the classical PIDA
controller, the variations of the overshoot versus the static gain K (1 < K < 2.5)
of the transfer function model G, (s) of (38) is shown in Fig. 11.
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o i i
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Figure 11: Variations of the overshoot of the feedback control versus static gain with
the proposed fractional order PI'D#A controller (solid line) and with classical PIDA
controller (dashed line)
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From Fig. 11, we note that the plot of the overshoot of the feedback control
versus the static gain K with the proposed fractional order PI'DXA controller is
a horizontal line and with the classical PIDA controller is parabolic line. Hence,
we conclude that the feedback control with the proposed fractional order PI'D# A
controller is more robust to the variations of the static gain K than with the
classical PIDA controller.

4.2. Induction motor
The transfer function of the induction motor is as follows:

0(s) 168.0436
04(s) 53 +25.92152 + 168.0436s

The desired specifications of induction motor are as follows:

— Percentage overshoot (P.O.) < 5%.

— Settling time (ts) < 2 sec.

These performance requirements are satisfied by the reference model whose
transfer function is given as follows:

G(s) =

(40)

1 1
1+ (W_u) o)
5\ —1.0556
whose open loop transfer function is E) , with unity gain crossover fre-

quency w, = 2 rad/sec and the phase margin ¢m = 85°.

The parameters of fractional order PI'D#A controller using our proposed
tuning method, classical PIDA controller using Jung-Dorf method and classical
PIDA controller using Kitti’s method are obtained as summarized in Table 3.

Table 3: Comparison of controllers’ parameters

Controller K, K; K4 K, A u
JD-PIDA [15] 12.2384 | 21.8548 | 2.4601 0.1268 1 1
K-PIDA [15] 5.6672 9.3764 0.7027 | 0.0248 1 1
PI'D*A 2.1061 0.0725 0.2461 0.0113 | 0.7610 1.0911

Figure 12 shows the Bode diagrams of the open loop transfer functions

C(s)G,(s) of the above feedback control system with the open loop transfer
~1.0556
function % of the desired reference fractional order system of (41).

From Fig. 12, we can see that the open loop transfer function of the feedback
~1.0556
control system is quite overlapping with the open loop transfer function (%)
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Figure 12: Bode plots of the open loop transfer function C(s)G,(s) (dashed line) and

~1.0556
the desired open loop transfer function (%) (solid line)

of the desired fractional order system of (41). It means that the unity gain crossover
frequency w, and the phase margin ¢m of the feedback control system is w, =
2 rad/sec and ¢m = 85°. We note also the flatness of the phase around the
crossover frequency w,.

Figure 13 shows the Bode plots of the closed loop transfer function of the
feedback control system with fractional order PI'D*A controller and the ideal
closed loop transfer function G ;4(s).

From Fig. 13, we can easily see that around the unity gain crossover frequency
w, = 2 rad/sec the amplitudes and the phases of the closed loop transfer function
of the feedback control system with fractional order PI'D#A controller and the
ideal closed loop transfer function G,4(s) are quiet overlapping. Then, this result
shows the effectiveness of the proposed controller design method.

Figure 14 shows the step responses of the closed loop transfer function of the
feedback control system with the step response of the desired fractional order
system.

From Fig. 14, we can easily see that the step response of the feedback control
system is equal to the step response of the desired fractional order system.
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Figure 13: Bode plots of the closed loop transfer function W(s) (dashed line) and the
desired closed loop transfer function G 4(s) (solid line)
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Figure 14: Step responses of the closed loop systems with the open loop transfer function
C(s)G(s) (dashed line) and the desired fractional order system G 4(s) (solid line)
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The step responses of the closed loops with the proposed fractional order
PI'D*A controller and classical PIDA controllers using Jung-Dorf and Kitti’s
methods are shown in Fig. 15.

Output

Time (sec)

Figure 15: Step response comparison of induction motor without controller (dash-dotted
line), with fractional order PI'D#A (solid line), PIDA Controllers using Jung-Dorf
method (dashed line) and Kitti’s method (dotted)

Transient response parameters of the three controllers such as percentage
overshoot, settling time peak time and rise time are listed in Table 4.

Table 4: The temporal characteristics for the three controllers

Controller Rt(0.1:0.9) St(2%) 0% Pt
JD-PIDA [15] 0.182 1.38 9.48 0.67
K-PIDA [15] 0.278 1.59 21.5 0.73
PI'D*A 0.983 1.520 1.160 2.5

Figure 16 and Fig. 17 show the step responses of the closed system with
fractional order PI*D#A and classical PIDA controllers for different values of the
static gain of the process.

From Fig. 16 and Fig. 17, we can easily see that the step responses of the
closed loop system with fractional order PI'D*A controller for different values
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Figure 16: Step responses of the closed loop systems with fractional order PI'D*A (solid
line) and PIDA using Jung-Dorf method (dashed line) for different values of the process
gain
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Figure 17: Step responses of the closed loop systems with fractional order PI*D A (solid
line) and PIDA using Kitti’s method (dashed line) for different values of the process gain
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of the static gain have the same overshoot which is the iso-damping property.
In contrast, the overshoot of the step responses of the closed loop system with
classical PIDA controller increase when the process gain increases.

To test the robustness of the feedback control system of the induction machine
with the proposed fractional order PI'D#A controller and with the classical PIDA
controllers, the variations of the overshoot versus the static gain K (100 < K <
220) the transfer function model G, (s) of (40) is shown in Fig. 18.
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Figure 18: Variations of the overshoot of the feedback control versus static gain with

the proposed PI'D#A controller (solid line) and with classical PIDA Controllers using
Jung-Dorf method (dashed line) and Kitti’s method (dotted)

From Fig. 18, we note that the plot of the overshoot of the feedback control
versus the static gain K with the proposed fractional order PI'DXA controller is
a horizontal line and with the classical PIDA controller is parabolic line. Hence,
we conclude that the feedback control with the proposed fractional order PI*D* A

controller is more robust to the variations of the static gain K than with the two
classical PIDA controllers.

5. Conclusion

This paper presents a simple yet effective fractional order PI'D#A controller
design method. The proposed design method uses only the step response of the
stable process to be controlled and requires no process model.
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The parameters of the fractional order PI'D#A controller are tuned such that
the closed loop system is equivalent to fractional Bode’s ideal model a widely
used fractional order model in the fractional order control domain because of
its iso-damping property which is an important robustness feature. The main
advantage of the proposed design method is that the useful tuning formulae of the
fractional order PI'DXA controller parameters are derived analytically without
any complicated numerical calculations.

With the proposed methodology we get closed-loop systems robust to gain
variations and step responses exhibiting an iso-damping property.

The benefit of the fractional order PI*'D#A controller design method is so
simple and analytical that one can use the proposed tuning algorithm step-by-
step.

Finally, the effectiveness of the proposed method is illustrated by numerical
simulations and comparisons.

The further work is to investigate the discretization for fractional operator
such that the proposed fractional order PI'D¥ A controller can be applied in a real
control system.
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