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Analytical study on dynamic response of cantilever flexible
retaining wall

Xiuzhu Yang1, Xinyuan Liu2, Shuang Zhao3, Jun Yu4

Abstract: Based on wave mechanics theory, the dynamic response characteristics of cantilever flexible
wall in two-dimensional site are analyzed. The partial derivative of the vibration equation of soil layer is
obtained, and the general solution of the volume strain is obtained by the separation of variables method.
The obtained solution is substituted back to the soil layer vibration equation to obtain the displacement
vibration general solution. Combined with the soil-wall boundary condition and the orthogonality of
the trigonometric function, the definite solution of the vibration equation is obtained. The correctness of
the solution is verified by comparing the obtained solution with the existing simplified solution and the
solution of rigid retaining wall, and the applicable conditions of each simplified solution are pointed out.
Through parameter analysis, it is shown that when the excitation frequency is low, the earth pressure on
the wall is greatly affected by the soil near the wall. When the excitation frequency is high, the influence
of the far-field soil on the earth pressure of the wall gradually increases. The relative stiffness of the
wall, the excitation frequency and the soil layer damping factor have a significant effect on the dynamic
response of the flexible retaining wall.
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1. Introduction

The dynamic response analysis of retaining wall is the basis of its seismic design.
According to the wall stiffness, retaining wall is mainly divided into rigid wall and flexible
wall. Under the action of earthquake, the rigid wall mainly depends on its own material
strength and embedded depth of foundation to resist the impact of earthquake on thewall [1],
and the flexible wall can rely on its deformation energy consumption to reduce the impact of
earthquake on the wall [2]. In recent years, many scholars have put forward some practical
simplified analysis methods for retaining wall design [3–5], such as response displacement
method [6, 7], response acceleration method [8], static elastoplastic analysis method [9]
and numerical simulation analysis method [10]. These methods have been widely used in
engineering practice.
The wave method is a practical method to study the dynamic response of structures

under earthquake. Based on the theory of wave mechanics, the dynamic response charac-
teristics of structures are obtained by studying the propagation characteristics of vibration
waves. Veletsos et al. [11, 12] established two two-dimensional semi-infinite site models
of soil-flexible wall bonded on rigid bedrock. One model has elastic rotation constraint
at the bottom of the wall, and the other model has the bottom of the wall rigidly con-
nected to the rigid bedrock. Both models assume that there is no vertical stress in the
soil medium. On this basis, the analytical solution of the dynamic response of the flexible
wall under earthquake is derived. Based on the same assumption, Theodorakopoulos et
al. [13] and Lanzoni et al. [14] presented the analytical solutions of dynamic response
of cantilevered rigid wall and flexible wall in two-dimensional saturated site under earth-
quake. Based on the assumption of ignoring vertical displacement, Liu et al. [15, 16]
obtained the analytical solution of dynamic response of flexible retaining wall under hor-
izontal earthquake by semi-analytical method. Brandenberg et al. [17] gave the dynamic
response analysis of rigid wall in non-uniform fill under earthquake. Ke et al. [18] pro-
posed a simplified analytical solution of dynamic response of retaining wall considering
the influence of soil shear stiffness. Based on the wave equation, Zhao et al. [19] studied
the dynamic response of two-dimensional cantilever rigid wall under earthquake action,
and gave a more rigorous analytical solution considering both vertical stress and vertical
displacement.
The above analytical studies usually ignore the vertical stress or vertical displacement

of the soil layer. Since the vibration equation of soil layer based on Biot theory is a coupling
equation, it cannot be solved directly. Based on the two-dimensional soil layer vibration
equation, this paper achieves the purpose of decoupling through differential transformation.
Combined with the interaction conditions between the wall and the soil layer, a more
rigorous analytical solution of the dynamic response of the cantilever flexible retaining
wall is derived. The solution of this paper is reduced to rigidity and compared with the
existing analytical solution of the rigid wall, which verifies the correctness of the analytical
solution of this paper. At the same time, it is comparedwith the existing simplified analytical
solution of the flexible retaining wall, and the difference between the simplified solutions
and their application scope are pointed out.
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2. Methodology
2.1. System considered

The system considered is shown in Fig. 1. The flexible retaining wall is embedded in the
rigid foundation. The bottom of the wall is rigidly connected with the foundation. The upper
surface of the soil layer is free, and the lower surface is full bound; The flexible retaining
wall is homogeneous and elastic material, and the soil is homogeneous and isotropic semi-
infinite linear body; Between thewall and soil fully bond; Thewall and the bottom of the soil
layer are subjected to a simple harmonic excitation of constant magnitude and the material
damping is constant hysteretic damping. The wall height and soil thickness are 𝐻, the wall
density is 𝜌𝑤 , the elasticmodulus of thewall is 𝐸𝑤 , and thewall thickness is 𝑡𝑤 . The relative
flexibility coefficient 𝑑𝑤 proposed by Veletsos and Younan [11] is defined as follows:

(2.1) 𝑑𝑤 =
𝐺𝐻3

𝐷𝑤

= 12(1 − 𝑣2𝑤 )
𝐺

𝐸𝑤

(
𝐻

𝑡𝑤

)
where 𝐺 is the soil shear modulus; 𝐷𝑤 is the bending stiffness of the unit length wall; 𝑣𝑤
is the poisson’ s ratio of the wall.

Fig. 1. Mechanical model of soil-flexible wall

The process of analytical solution is shown in Fig. 2.

Fig. 2. The process of analytical solution
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2.2. Governing equation

2.2.1. Governing equation of soil

According to Biot dynamic consolidation equation, the motion of the total system is
expressed as [19]:

𝜕𝜎𝑥

𝜕𝑥
+ 𝜕𝜏𝑥𝑧

𝜕𝑧
= 𝜌

𝜕2𝑢𝑥

𝜕𝑡2
+ 𝜌 ¥𝑥𝑔 (𝑡)(2.2)

𝜕𝜎𝑧

𝜕𝑧
+ 𝜕𝜏𝑥𝑧

𝜕𝑥
= 𝜌

𝜕2𝑢𝑧

𝜕𝑡2
(2.3)

where 𝜎𝑥 , 𝜏𝑥𝑧 and 𝜎𝑧 and are the horizontal normal stress, shear stress and vertical normal
stress of the soil layer respectively; and 𝑢𝑥 are 𝑢𝑧 the 𝑥 directional and 𝑧 directional
displacement of soil layer relative to rigid foundation respectively; 𝜌 is the mass density
of the soil; 𝑡 is the time; ¥𝑥𝑔 (𝑡) is the simple harmonic vibration acceleration. The signs
of stress and displacement are positive along the positive direction of the coordinate axis
and negative along the negative direction of the coordinate axis according to the elastic
mechanics.

2.2.2. Governing equation of wall

TheEuler–Bernoulli beam theory [20] is used to simulate thewall. The bending stiffness
of the wall is 𝐸𝑤 𝐼𝑤 , 𝐸𝑤 is the elastic modulus of the wall, 𝐼𝑤 is the section moment of
inertia per unit length of the wall. Considering the horizontal force balance of the wall, the
vibration equation of the wall is:

(2.4) 𝑚
𝜕2𝑢𝑤 (𝑧, 𝑡)

𝜕𝑡2
+ 𝐸𝑤 𝐼𝑤

𝜕4𝑢𝑤 (𝑧, 𝑡)
𝜕𝑧4

= 𝜎𝑤 (𝑧, 𝑡) + 𝑚 ¥𝑥𝑔 (𝑡)

where 𝑢𝑤 (𝑧, 𝑡) is the horizontal displacement of the wall relative to the rigid foundation;
𝜎𝑤 (𝑧, 𝑡) is the soil pressure on the wall; 𝑚 is the mass per unit length of the wall.
For the two-dimensional plane strain element, the relationship between stress and

displacement is expressed as [19]:

𝜎𝑥 = _∗\ + 2𝐺∗ 𝜕𝑢𝑥
𝜕𝑥

(2.5a)

𝜏𝑥𝑧 = 𝐺∗
(
𝜕𝑢𝑥

𝜕𝑧
+ 𝜕𝑢𝑧

𝜕𝑥

)
(2.5b)

𝜎𝑧 = _∗\ + 2𝐺∗ 𝜕𝑢𝑧
𝜕𝑧

(2.5c)

where 𝐺∗ and _∗ is the complex Lame constant, 𝐺∗ = 𝐺 (1 + 𝑖𝛿), _∗ = 2𝑣𝐺∗/(1− 2𝑣). 𝛿 is
the soil material damping factor; 𝑣 is the soil Poisson’s ratio, 𝑒 is the soil volumetric strain,
𝑒 = 𝜕𝑢𝑥/𝜕𝑥 + 𝜕𝑢𝑧/𝜕𝑧.
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2.3. Boundary conditions

1. The free surface shear stress is zero.

(2.6) 𝜏𝑥𝑧 |𝑧=𝐻 = 0

2. The displacement of relative rigid foundation at infinity is finite.

(2.7) 𝑢𝑥 |𝑥→∞ → finite value, 𝑢𝑧 |𝑥→∞ → finite value

3. The bottom is in full bond with the rigid foundation, and the contact surface has no slip
and detachment.

(2.8) 𝑢𝑥 |𝑧=0 = 0, 𝑢𝑧 |𝑧=0 = 0

4. The interface between soil and wall is full bond, it means that the contact interface has
no slip and separation.

(2.9) 𝑢𝑥 |𝑥=0 = 𝑢𝑤 (𝑧), 𝑢𝑧 |𝑥=0 = 0

5. The bottom of the wall does not produce displacement and rotation relative to the rigid
foundation.

(2.10) 𝑢𝑤 (𝑧) |𝑧=0 = 0,
𝑑𝑢𝑤 (𝑧)

𝑑𝑧

����
𝑧=0

= 0

6. The wall top bending moment, shear force is zero.

(2.11)
𝑑2𝑢𝑤 (𝑧)

𝑑𝑧2

����
𝑧=𝐻

= 0,
𝑑3𝑢𝑤 (𝑧)

𝑑𝑧3

����
𝑧=𝐻

= 0

3. Solution of the equation

3.1. Solution of the governing equation of soil

For harmonic vibration, harmonic vibration acceleration, soil horizontal relative dis-
placement, soil vertical relative displacement, soil volume strain, soil horizontal normal
stress, soil horizontal shear stress and soil vertical normal stress can be written as follows:

(3.1)
¥𝑥𝑔 (𝑡) = ¥𝑋𝑔𝑒

𝑖𝜔𝑡 ; 𝑢𝑥 = 𝑢𝑥 (𝑥, 𝑧)𝑒𝑖𝜔𝑡 ; 𝑢𝑧 = 𝑢𝑧 (𝑥, 𝑧)𝑒𝑖𝜔𝑡 ; 𝑒 = 𝑒(𝑥, 𝑧)𝑒𝑖𝜔𝑡 ;
𝜎𝑥 = 𝜎𝑥 (𝑥, 𝑧)𝑒𝑖𝜔𝑡 ; 𝜏𝑥𝑧 = 𝜏𝑥𝑧 (𝑥, 𝑧)𝑒𝑖𝜔𝑡 ; 𝑠𝑖𝑔𝑚𝑎𝑧 = 𝜎𝑧 (𝑥, 𝑧)𝑒𝑖𝜔𝑡

where ¥𝑋𝑔 is the amplitude of the input harmonic vibration acceleration; 𝑢𝑥 (𝑥, 𝑧) is the
horizontal displacement amplitude of the soil layer relative to the rigid foundation; 𝑢𝑧 (𝑥, 𝑧)
is the vertical displacement amplitude of the soil layer relative to the rigid foundation; 𝑒
is the volumetric strain of soil. 𝜎𝑥 (𝑥, 𝑧) is the horizontal normal stress amplitude of the
soil layer; 𝜏𝑥 (𝑥, 𝑧) is the soil shear stress amplitude; 𝜎𝑧 (𝑥, 𝑧) is the vertical normal stress
amplitude of the soil layer.
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Because thewhole system is a steady-state harmonic vibrationwith a circular frequency,
the partial derivatives of both sides of Eq. 2.2 are solved, and the partial derivatives of both
sides of Eq. 2.3 are solved, and then the two equations after operation are added.

(3.2) (_∗ + 𝐺∗)∇2𝑒 + 𝜌𝜔2𝑒 = 0

where ∇2 is the Laplace operator, denote as ∇2 = 𝜕2/𝜕𝑥2 + 𝜕2/𝜕𝑧2.
The equation is solved by the separation of variables method. Suppose that 𝑒 =

𝑈 (𝑥)𝑊 (𝑧)𝑒𝑖𝜔𝑡 , Eq. 3.2 can be rewritten as:

(3.3)
1

𝑈 (𝑥)
𝑑2𝑈 (𝑥)
dx2

+ 1
𝑊 (𝑧)

d2W(z)
dz2

+ 𝛽21 = 0

where 𝛽21 =
𝜌𝜔2

_∗ + 2𝐺∗ .
According to the theory of differential equations, the solution of Eq. 3.2 can be writ-

ten as:

𝑈 (𝑥) = 𝐴1𝑒
𝑔1𝑥 + 𝐵1𝑒

−𝑔1𝑥(3.4)
𝑊 (𝑧) = 𝐶1 sin(𝑔2𝑧) + 𝐷1 cos(𝑔2𝑧)(3.5)

where 𝐴1, 𝐵1, 𝐶1, 𝐷1, 𝑔1 and 𝑔2 are undetermined constants; 𝑔22 − 𝑔21 = 𝛽21.
Therefore:

(3.6) 𝑒 = 𝑒i𝜔t (𝐴1𝑒𝑔1𝑥 + 𝐵1𝑒
−𝑔1𝑥) [𝐶1 sin(𝑔2𝑧) + 𝐷1 cos(𝑔2𝑧)]

According to the boundary condition (2.7), when 𝑥 → ∞, the dynamic response of soil
layer is finite, so it will not increase infinitely. Reintegrating the constant coefficient term
of Eq. (3.6), it can be simplified as:

(3.7) 𝑒 = 𝑒𝑖𝜔𝑡𝑒−𝑔1𝑥 [𝐴2 sin(𝑔2𝑧) + 𝐵2 cos(𝑔2𝑧)]

where 𝐴2 and 𝐵2 are undetermined constants.
Therefore, the solution of soil volumetric strain containing undetermined constants has

been obtained, and then it is substituted back to the soil motion equation to solve the soil
displacement.
Eqs. (2.2) and (2.3) are rewritten as:

𝐺∗∇2𝑢𝑧 + 𝜌𝜔2𝑢𝑧 = −(_∗ + 𝐺∗) 𝜕\
𝜕𝑧

+ 𝜌 ¥𝑥𝑔 (𝑡)(3.8)

𝐺∗∇2𝑢𝑧 + 𝜌𝜔2𝑢𝑧 = −(_∗ + 𝐺∗) 𝜕\
𝜕𝑧

(3.9)

Observing Eqs. (3.8) and (3.9), it can be seen that the two equations are non-homo-
geneous equations about 𝑥 and 𝑧, respectively. The solution of the equation can be obtained
by solving the general solution of the corresponding homogeneous equation and adding
the particular solution.
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The homogeneous equation corresponding to Eq. (3.8) is as follows:

(3.10) 𝐺∗∇2𝑢ℎ𝑥 + 𝜌𝜔2𝑢ℎ𝑥 = 0

where 𝑢ℎ𝑥 is the general solution.

Assume that 𝛽22 =
𝜌𝜔2

𝐺∗ , we can obtained:

(3.11) 𝑢ℎ𝑥 = 𝑒i𝜔t (𝐴3𝑒𝑔3𝑥 + 𝐵3𝑒
−𝑔3𝑥) [𝐶3 sin(𝑔4𝑧) + 𝐷3 cos(𝑔4𝑧)]

where 𝐴3,𝐵3, 𝐶3, 𝐷3, 𝑔3, 𝑔4 and are undetermined constants; 𝑔24 − 𝑔23 = 𝛽22.
Combined with the boundary condition (2.2), the constant coefficient term in the

integrated Eq. (2.2) can be simplified to:

(3.12) 𝑢ℎ𝑥 = 𝑒i𝜔t𝑒−𝑔3𝑥 [𝐴4 sin(𝑔4𝑧) + 𝐵4 cos(𝑔4𝑧)]

where 𝐴4 and 𝐵4 are undetermined constants.
Observing the inhomogeneous Eq. (3.8), its particular solution can be set as

(3.13) 𝑢
𝑝
𝑥 = 𝑒i𝜔t{𝑒−𝑔1𝑥 [𝐴5 sin(𝑔2𝑧) + 𝐵5 cos(𝑔2𝑧)] + 𝐶4}

where 𝐴5, 𝐵5 and 𝐶4 are undetermined constants.

(3.14)
𝑢𝑥 = 𝑒i𝜔t

{
𝑒−𝑔3𝑥 [𝐴4 sin(𝑔4𝑧) + 𝐵4 cos(𝑔4𝑧)]

+ 𝑒−𝑔1𝑥 [𝐴5 sin(𝑔2𝑧) + 𝐵5 cos(𝑔2𝑧)] + 𝐶4
}

Similarly, the solution of Eq. (3.9) is expressed as:

(3.15) 𝑢𝑧 = 𝑒i𝜔t{𝑒−𝑔3𝑥 [𝐴6 sin(𝑔4𝑧) + 𝐵6 cos(𝑔4𝑧)] + 𝑒−𝑔1𝑥 [𝐴7 sin(𝑔2𝑧) + 𝐵7 cos(𝑔2𝑧)]}

where 𝐴6, 𝐴7, 𝐵6 and 𝐵7 are undetermined constants.
Since the soil layer is dominated by horizontal vibration, combined with the boundary

conditions (2.6) and (2.8), the eigenvalue of the vibration equation can be taken as:

(3.16) 𝑔4 = 𝑔2 = 𝑔𝑛 =
𝑛𝜋

2𝐻
, 𝑛 = 1, 3, 5...

Combined with superposition principle, the solution of soil horizontal displacement,
soil vertical displacement and soil bulk modulus amplitude can be written in the form of
the following series sum:

𝑢𝑥 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3
(𝐸1𝑒−𝑔3𝑥 + 𝐸2𝑒

−𝑔1𝑥 + 𝐸3) sin(𝑔𝑛𝑧)(3.17)

𝑢𝑧 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3
(𝐸4𝑒−𝑔3𝑥 + 𝐸5𝑒

−𝑔1𝑥) cos(𝑔𝑛𝑧)(3.18)

𝑒(𝑥, 𝑧) =
∞∑︁

𝑛=1,3
𝐴2𝑒

−𝑔1𝑥 sin(𝑔𝑛𝑧)(3.19)

where 𝐸1, 𝐸2, 𝐸3, 𝐸4 and 𝐸5 are all undetermined constants.
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Substituting Eqs. (3.17), (3.18) and (3.19) to Eqs. (3.8) and (3.9), combine with 𝑒 =
𝜕𝑢𝑥

𝜕𝑥
+ 𝜕𝑢𝑧

𝜕𝑧
, and extend ¥𝑋g to the sum of series:

(3.20) ¥𝑋g =
∞∑︁

𝑛=1,3

4
𝑛𝜋

¥𝑋g sin(𝑔𝑛𝑧)

Thus

𝑢𝑥 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3

©«𝐴4𝑒−𝑔3𝑥 + _1𝐴2𝑒
−𝑔1𝑥 +

𝜌 ¥𝑋𝑔

4
𝑛𝜋

𝜌𝜔2 − 𝐺∗
( 𝑛𝜋
2𝐻

)2 ª®®¬ sin(𝑔𝑛𝑧)(3.21)

𝑢𝑧 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3

(
−𝑔3
𝑔4

𝐴4𝑒
−𝑔3𝑥 − _2𝐴2𝑒

−𝑔1𝑥
)
cos(𝑔𝑛𝑧)(3.22)

𝑒 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3
𝐴2𝑒

−𝑔1𝑥 sin(𝑔𝑛𝑧)(3.23)

Substituting Eqs. (3.21) and (3.23) into Eq. ( 2.5a), the horizontal normal stress ampli-
tude of soil layer is

(3.24) 𝜎𝑥 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3
[(_∗ − 2𝐺∗𝑔1_1)𝐴2e−g1x − 2G∗g3A4e−g3x] sin(𝑔𝑛𝑧)

In order to solve the dynamic response of flexible wall, the boundary condition (2.4)2
is substituted into Eq. (3.22):

(3.25)
𝑔3
𝑔4

𝐴4 − _2𝐴2 = 0

Assume that 𝐴𝑛 =
𝑔3
𝑔4

𝐴4, we can obtain 𝐴4 =
𝑔4
𝑔3

𝐴𝑛, 𝐴2 = − 1
_2

𝐴𝑛 where 𝐴𝑛 is the

undetermined constant.
Substituting Eq. (3.25) into Eqs. (3.21) and (3.24) and sorting, the amplitude of earth

pressure on the wall and the displacement amplitude of the wall can be obtained:

𝜎𝑥 (0, 𝑧) = 𝜎𝑤 (𝑧) =
∞∑︁

𝑛=1,3
𝐹1𝑛𝐴𝑛 sin(𝑔𝑛𝑧)(3.26)

𝑢𝑥 (0, 𝑧) = 𝑢𝑤 (𝑧) =
∞∑︁

𝑛=1,3
(𝐹2𝑛𝐴𝑛 + 𝐹3𝑛) sin(𝑔𝑛𝑧)(3.27)

where 𝐹1𝑛 =
2𝐺∗𝑔1_1 − _∗ − 2_2𝐺∗𝑔4

_2
, 𝐹2𝑛 =

𝑔4
𝑔3

− _1
_2
, 𝐹3𝑛 =

𝜌 ¥𝑋𝑔

4
𝑛𝜋

𝜌𝜔2 − 𝐺∗
( 𝑛𝜋
2𝐻

)2 .
Therefore, the undetermined constant is only 𝐴𝑛 and it can be determined by the

coupling relationship with the wall.
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3.2. Solution of the governing equation of wall

Substitute Eqs. (3.1), (3.26) and (3.27) into Eq. (2.4):

(3.28)
𝑑4𝑢𝑤 (𝑧)

𝜕𝑧4
− 𝛽4𝑢𝑤 (𝑧) = 1

𝐸𝑤 𝐼𝑤

∞∑︁
𝑛=1,3

(
𝐹1𝑛𝐴𝑛 +

4𝑚 ¥𝑋𝑔

𝑛𝜋

)
sin(𝑔𝑛𝑧)

where 𝛽4 =
𝑚𝜔2

𝐸𝑤 𝐼𝑤
.

The general solution of the homogeneous equation corresponding to Eq. (3.28) is
expressed as:

(3.29) 𝑢ℎ𝑤 (𝑧) = 𝐵1 sin(𝛽𝑧) + 𝐵2 cos(𝛽𝑧) + 𝐵3 sinh(𝛽𝑧) + 𝐵4 cosh(𝛽𝑧)

where 𝐵1, 𝐵2, 𝐵3 and 𝐵4 are undetermined constants.
Assume the particular solution of Eq. (3.28) that:

(3.30) 𝑢
𝑝
𝑤 (𝑧) =

∞∑︁
𝑛=1,3

𝐵𝑛 sin(𝑔𝑛𝑧)

Substituting the particular solution back to Eq. (3.23), we get:

(3.31) 𝐵𝑛 =

𝐹1𝑛𝐴𝑛 +
4𝑚 ¥𝑋𝑔

𝑛𝜋

𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4)

The solution of the system of Eq. (3.28) is expressed as:

(3.32) 𝑢𝑤 (𝑧) = 𝐵1 sin(𝛽𝑧) + 𝐵2 cos(𝛽𝑧) + 𝐵3 sinh(𝛽𝑧) + 𝐵4 cosh(𝛽𝑧)

+
∞∑︁

𝑛=1,3

𝐹1𝑛𝐴𝑛 +
4𝑚 ¥𝑋𝑔

𝑛𝜋

𝐸𝑤 𝐼𝑤
(
𝑔4𝑛 − 𝛽4

) sin(𝑔𝑛𝑧)
By the boundary condition (2.9)1, there is no slip between the contact surface of the

wall and the soil, there are:

(3.33) 𝐵1 sin(𝛽𝑧) + 𝐵2 cos(𝛽𝑧) + 𝐵3 sinh(𝛽𝑧)

+ 𝐵4 cosh(𝛽𝑧) +
∞∑︁

𝑛=1,3

𝐹1𝑛𝐴𝑛 +
4𝑚 ¥𝑋𝑔

𝑛𝜋

𝐸𝑤 𝐼𝑤
(
𝑔4𝑛 − 𝛽4

) sin (𝑔𝑛𝑧)
=

∞∑︁
𝑛=1,3

(𝐹2𝑛𝐴𝑛 + 𝐹3𝑛) sin (𝑔𝑛𝑧)
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Using the orthogonality of the sine function on the interval, the two ends of the equal
sign of Eq. (3.33) are multiplied, and then integrated on the interval to obtain:

(3.34) 𝐴𝑛 =

2𝑁𝑛𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4) +
4𝑚𝐻 ¥𝑋𝑔

𝑛𝜋
− 𝐻𝐹3𝑛𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4)

𝐻𝐹2𝑛𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4) − 𝐻𝐹1𝑛

where

𝑁𝑛 = 𝑁1𝐵1 + 𝑁2𝐵2 + 𝑁3𝐵3 + 𝑁4𝐵4; 𝑁1 =
−𝛽 cos(𝛽𝐻) (−1) (𝑛−1)/2

𝛽2 − 𝑔2𝑛
;

𝑁2 =
𝛽 sin(𝛽𝐻) (−1) (𝑛−1)/2 − 𝑔𝑛

𝛽2 − 𝑔2𝑛
; 𝑁3 =

−𝛽 cosh(𝛽𝐻) (−1) (𝑛−1)/2

𝛽2 + 𝑔2𝑛
;

𝑁4 =
−𝛽 sinh(𝛽𝐻) (−1) (𝑛−1)/2 + 𝑔𝑛

𝛽2 + 𝑔2𝑛

The solution of Eq. (3.28) is expressed as:

(3.35) 𝑢𝑤 (𝑧) = 𝐵1 𝑓1 (𝑧) + 𝐵2 𝑓2 (𝑧) + 𝐵3 𝑓3 (𝑧) + 𝐵4 𝑓4 (𝑧) + 𝑓𝑝 (𝑧)

where

𝑓1 (𝑧) = sin(𝛽𝑧) +
∞∑︁

𝑛=1,3
Z𝑁1 sin(𝑔𝑛𝑧); 𝑓2 (𝑧) = sin(𝛽𝑧) +

∞∑︁
𝑛=1,3

Z𝑁2 sin(𝑔𝑛𝑧);

𝑓3 (𝑧) = sin(𝛽𝑧) +
∞∑︁

𝑛=1,3
Z𝑁3 sin(𝑔𝑛𝑧); 𝑓4 (𝑧) = sin(𝛽𝑧) +

∞∑︁
𝑛=1,3

Z𝑁4 sin(𝑔𝑛𝑧);

𝑓𝑝 (𝑧) =
∞∑︁

𝑛=1,3
𝐹4𝑛 sin(𝑔𝑛𝑧)

In which

𝐹4𝑛 =

4𝑚𝐹1𝑛 ¥𝑋𝑔

𝑛𝜋𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4)
− 𝐹1𝑛𝐹3𝑛

𝐹2𝑛𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4) − 𝐹1𝑛
+

4𝑚 ¥𝑋𝑔

𝑛𝜋𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4)
;

Z =
2𝐹1𝑛

𝐻𝐹2𝑛𝐸𝑤 𝐼𝑤 (𝑔4𝑛 − 𝛽4) − 𝐻𝐹1𝑛

Therefore, combined with boundary conditions (2.10) and (2.11), the following matrix
can be obtained:

(3.36)


𝑓1 (𝑧) 𝑓2 (𝑧) 𝑓3 (𝑧) 𝑓4 (𝑧)
𝑓 ′1 (𝑧) 𝑓 ′2 (𝑧) 𝑓 ′3 (𝑧) 𝑓 ′4 (𝑧)
𝑓 ′′1 (𝑧) 𝑓 ′′2 (𝑧) 𝑓 ′′3 (𝑧) 𝑓 ′′4 (𝑧)
𝑓 ′′′1 (𝑧) 𝑓 ′′′2 (𝑧) 𝑓 ′′′3 (𝑧) 𝑓 ′′′4 (𝑧)



𝐵1

𝐵2

𝐵3

𝐵4


+


𝑓𝑝 (𝑧)
𝑓 ′𝑝 (𝑧)
𝑓 ′′𝑝 (𝑧)
𝑓 ′′′𝑝 (𝑧)


=


0
0
0
0


where the superscript represents the partial derivative.
By calculating the above matrix, all unknown constants (𝐵1, 𝐵2, 𝐵3 and 𝐵4) can be

determined.
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3.3. Soil normal stress and shear stress

Substituting Eq. (3.26) into Eq. (3.34), the horizontal normal stress amplitude of soil
layer is

(3.37) 𝜎𝑥 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3

[
(2𝐺∗𝑔1_1 − _∗)

_2
𝐴𝑛𝑒

−𝑔1𝑥 − 2𝐺∗𝑔4𝐴𝑛𝑒
−𝑔3𝑥

]
sin

𝑛𝜋

2𝐻
𝑧

Substituting Eqs. (3.21), (3.22) and (3.26) into Eq. (2.5b), the shear stress amplitude of
the soil layer is written that:

(3.38) 𝜏𝑥𝑧 (𝑥, 𝑧) =
∞∑︁

𝑛=1,3
𝐺∗

[
𝑛𝜋

2𝐻

(
𝑔4
𝑔3

𝐴𝑛𝑒
−𝑔3𝑥 − _1

_2
𝐴𝑛𝑒

−𝑔1𝑥 +
𝜌 ¥𝑋𝑔

4
𝑛𝜋

𝜌𝜔2 − 𝐺∗
( 𝑛𝜋
2𝐻

)2 )

+ 𝑔3𝐴𝑛𝑒
−𝑔3𝑥 − 𝑔1𝐴𝑛𝑒

−𝑔1𝑥

]
cos

𝑛𝜋

2𝐻
𝑧

3.4. Wall bottom bending moment and shear force

The expression of the shear force amplitude and the corresponding bending moment
amplitude per unit length of thewall bottom can be determined by integrating the expression
(3.37) of the wall-side earth pressure amplitude:

𝑄𝑏 =

∞∑︁
𝑛=1,3

2𝐻
𝑛𝜋

(
2𝐺∗𝑔1_1 − _∗

_2
𝐴𝑛 − 2𝐺∗𝑔4𝐴𝑛

)
(3.39)

𝑀𝑏 =

∞∑︁
𝑛=1,3

(−1) (𝑛−1)/2 4𝐻
2

𝑛2𝜋2

(
2𝐺∗𝑔1_1 − _∗

_2
𝐴𝑛 − 2𝐺∗𝑔4𝐴𝑛

)
(3.40)

4. Results and analysis
In the following analysis, 𝜔1 = 𝜋𝑣𝑠/(2𝐻) is the natural frequency of the soil layer,

where 𝑣𝑠 =
√︁
𝐺/𝜌. For the convenience of comparison, except for special instructions, the

parameter values in this paper refer to Reference [11], Poisson’s ratio 𝑣 is 0.3, material
damping is 0.1, soil density is 2300 kg/m3, soil shear modulus is 3×107 Pa, base accelera-
tion amplitude is 3 m/s2, wall height is 5 m, the Poisson’s ratio of wall is 0.2, the thickness
of wall is 0.125 m.

4.1. Comparative validation of results

In order to verify the rationality of the solution in this paper, the dynamic response
analysis of the flexible wall in this paper is degenerated into the dynamic response analysis
of the rigid wall. And compared with the rigid wall analytical solution proposed by Zhao et
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al. [19], as shown in Fig. 3. It can be seen from Fig. 3 that when the solution of this present
degenerates into the solution of rigid wall, which is completely consistent with the solution
of the earth pressure on the top of rigid wall proposed by Zhao et al., which verifies the
accuracy of the calculation result of the dynamic earth pressure on the top of flexible wall.
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Fig. 3. Comparison and verification of the inverse present solution with the solution
proposed by Zhao et al. (2022)

The present solution is comparedwith the solution that ignoring vertical stress proposed
byVeletsos et al. [11], as shown in Fig. 4.When the excitation frequency is low, ignoring the
vertical stress solution is slightly larger than the present solution. The friction between the
soil walls is considered in the process of solving, and the relative motion between the soil
walls is allowed in the model ignoring the vertical stress solution. This difference makes the
dynamic response that assume no vertical stress solution develop in soil medium slightly
larger than that of present solution. When the excitation frequency is high, the solution
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Fig. 4. Comparison and verification of the present solutions with the solution
proposed by Veletsos and Younan (2000)
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proposed by Veletsos et al is slightly smaller than the present solution. The reason for this
phenomenon is that the solution proposed by Veletsos et al that ignore the vertical stress
and the vibration superposition effect caused by it. In addition, it can be seen from Fig. 4
that when the relative flexibility coefficient is large, the two solutions are very close except
for the first-order resonance point, indicating that the dynamic response of the flexible wall
can be approximately considered by ignoring the vertical stress solution when the relative
flexibility coefficient is large.
The variation of wall top earth pressure with Poisson’s ratio is compared with the

solution that ignoring vertical stress and the solution that ignoring vertical displacement,
as shown in Fig. 5.
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Fig. 5. Variation of earth pressure on top of wall with Poisson’s ratio of soil

Take frequency, relative flexibility coefficient. It can be seen from Fig. 5 that the
solution that ignoring vertical displacement and the solution that ignoring vertical stress
are basically consistent and close to the present solution. At that time, the solution that
ignoring vertical displacement increases rapidly. When it is close to 0.5, this solution has
lost its meaning.

4.2. Size and distribution of earth pressure on the wall

Figure 6a shows the distribution of earth pressure along the height of flexible wall
under different excitation frequencies. As can be seen from the figure, when 𝜔/𝜔1 < 1,
the wall earth pressure increases with the excitation frequency increases; when 𝜔/𝜔1 = 1,
the earth pressure on the wall takes the maximum value at any position; when 𝜔/𝜔1 > 1,
the amplitude of earth pressure on the wall decreases with the increase of frequency. It
can be seen from Fig. 6b that when the excitation frequency is high, namely 𝜔/𝜔1 = 3,
the real and imaginary parts of the earth pressure on the wall are large, indicating that the
influence of the damping part corresponding to the imaginary part cannot be ignored when
the excitation frequency is high.
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Fig. 6. Distribution ofwall pressures and displacements along thewall height for different frequencies:
(a) different frequencies; (b) 𝜔/𝜔1 = 3

4.3. Horizontal distribution of soil stress and displacement

Figure 7 shows the horizontal distribution of stress and displacement of soil-flexible
wall system under different excitation frequencies. The results show that:
1. The distribution law of horizontal normal stress of soil layer: when𝜔/𝜔1 is 1 or less, the
maximum value of horizontal normal stress of soil layer appears near the wall, and only
a turning point occurs near the wall. After the turning point, it decreases monotonously
with the increase of distance from the wall, and tends to 0 in the far field. When 𝜔/𝜔1
is 2 or greater, with the increase of the distance from the wall, the horizontal normal
stress of the soil layer shows a wavy change with the increase of the distance from the
wall and gradually decreases, and tends to 0 in the far field.

2. The distribution law of horizontal displacement of soil layer: when𝜔/𝜔1 is 1 or smaller,
the horizontal displacement of soil layer increases monotonically from the wall to the
far field, and the far field tends to a constant. When 𝜔/𝜔1 is 2 or greater, the horizontal
displacement of the soil layer shows a wavy change with the increase of the distance
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Fig. 7. Variation of horizontal normal stress of the top layer with excitation frequencies along the
horizontal axis
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from the wall. In the far field, it also tends to a smaller constant, and the radiation
damping effect is obvious.

3. Distribution law of soil shear stress: when the excitation frequency is low, that is, 0.1
or greater, the minimum value of soil shear stress amplitude appears near the wall, and
then increases monotonically with the distance from the wall. When 𝜔/𝜔1 is 2 or more,
the soil shear stress changes with the distance from the wall.
The above rules show that when the excitation frequency is low, the amplitude of the

earth pressure on the wall and the displacement of the wall are mainly controlled by the soil
near the wall. When the excitation frequency is high, the far-field soil has a non-negligible
influence on the amplitude of the earth pressure on thewall and the displacement of thewall.

4.4. Bottom shear and bending moment

Figure 8 show the distribution of shear force and bending moment at the bottom of unit
length wall with different frequencies. It can be seen from Fig. 8 that with the increase of
the relative flexibility coefficient of the wall, the shear force and bending moment at the
bottom of the wall generally decrease. This may be because the flexible wall can reduce the
shear force and bending moment at the bottom of the wall by adjusting its shape. However,
at the first order resonance frequency, when the frequency ratio is 1, the amplitude of the
base shear force increases slightly with the increase of the relative elastic coefficient of the
wall. The shear force at the bottom of the wall decreases with the increase of the relative
flexibility coefficient of the wall, but the range is not large. For the bending moment at the
bottom of the wall, the reduction at the resonance frequency is greater than the reduction
of the shear force. It can be seen from the figure that when the relative flexibility coefficient
of the wall is 5 or smaller, the shear force and bending moment amplitude at the bottom
of the wall are greatly affected by the relative flexibility coefficient of the wall, especially
when it is 2 or larger.
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Fig. 8. Variation of shear force at the bottom of the wall with relative elasticity

Figure 9 give the magnification factors of the shear force and bending moment at the
bottom of the wall under dynamic excitation relative to static excitation.
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Fig. 9. The dynamic amplification factor of the wall bottom shear force

It can be seen that whether it is the shear force or the bending moment at the bottom
of the wall, the peak value of the amplification factor appears at the natural frequency of
the soil layer, and the amplification factor here is much larger than that at other excitation
frequencies, especially at high excitation frequencies, indicating that the basic vibration
mode is the main contributor to the dynamic response of the wall and plays a controlling
role. At that time, the dynamic amplification factor of shear force and bending moment
at the bottom of the wall decreased rapidly to less than 1, indicating that the radiation
damping effect was obvious and the radiation energy dissipation of the wave was more. In
addition, it can be seen from the Fig. 9 that the peak value of the amplification factor is
quite sensitive to the relative flexibility coefficient of the wall, and the larger, the greater
the peak value of the amplification factor. Therefore, in the seismic design of underground
engineering, for walls with low stiffness, special attention should be paid to the shear force
and bending moment at the bottom of the wall under the first resonance frequency.
The convergence characteristics of the shear force and bending moment at the bottom

of the flexible wall are given in Fig. 10. As the calculation results converge when the order
of modes is greater than 50, the first 50 modes are approximately considered as all modes.
It can be seen from Fig. 10 that if only the first-order vibration mode is considered, there is
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Fig. 10. The change of wall shear force with frequency considering different modal numbers
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still a large error in the accurate value of the shear force at the bottom of the wall compared
with the bending moment, especially at low excitation frequencies. If the first two vibration
modes are considered, the solution at this time is very close to the exact value, and the error
is negligible.

5. Conclusions
Based on Biot theory and Euler–Bernoulli beam theory, a more rigorous analytical

solution for the dynamic response of vertical flexible retaining wall in homogeneous soil
is derived. The following main conclusions can be obtained through analysis:
1. The solution of this paper is degenerated and compared with the existing solution.
It shows that the degenerate solution is in good agreement with the existing solution,
which proves that the solution of this paper is reasonable. When the Poisson’s ratio of
soil is less than 0.3, ignoring the vertical displacement and vertical stress are close to
the more rigorous solution in this paper. When the Poisson’s ratio of soil is greater than
0.3, the solution of ignoring vertical displacement increases rapidly. When the Poisson’s
ratio of the soil tends to 0.5, ignoring the vertical displacement solution cannot be used
as a reference.

2. When the excitation frequency is low, the earth pressure on thewall and the displacement
amplitude of the wall are mainly controlled by the soil near the wall. When the excitation
frequency is high, the influence of the far-field soil on the earth pressure and the
displacement of the wall gradually increases, and its influence cannot be ignored.

3. Wall displacement, wall soil pressure, wall bottom internal force and its amplification
coefficient are highly correlated with the relative flexibility coefficient of the wall. With
the increase of the relative flexibility coefficient of the wall, the wall displacement and
the amplification coefficient of the internal force of the wall bottom increase, the earth
pressure on the wall decreases, and the shear force of the wall bottom decreases with the
increase of the relative flexibility coefficient of the wall except the first order resonance
frequency.

4. The shear force and bending moment at the bottom of the wall can be approximately
expressed by the first two vibration modes.
At present, the research on the dynamic response of retaining walls under earthquake

mainly focuses on analytical research, and the main contribution of this study is to obtain
a more rigorous analytical solution. However, the actual seismic waves are not simple
harmonics, so the research in this study cannot be directly used in engineering practice. In
the future, a variety of seismic waves will be considered as input waves to carry out a more
intuitive study on dynamic response of retaining wall which can directly reflect seismic
wave.
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