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Abstract. In the presented paper, two different meshing strategies are compared to show the accuracy advantage of properly constructed mesh.
For this purpose, it was necessary to automatize simulation process, in order to perform a number of calculations without the necessity of user
interaction. Later, a method of results extrapolation as well as a way of judging mesh quality are introduced for more throughout comparison of
presented discretization strategies. The latter method, called grid convergence index, is also used to calculate probability range of accurate result.
To conclude, outcomes of this study are in agreement with general opinon on pracitces for an accurate CFD result. Structured O-type mesh with
refinement at wall boundaries (often referred to as “inflation layers”) performs better than simple free mesh.
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1. INTRODUCTION

Axial compressor consists of discs with rotor blades and rings
with vanes of stator. In contrast with radial-flow compressors it
has lower pressure ratio per single stage but higher efficiency.
The next advantage of axial-flow compressors is their small
frontal area at higher mass flow rates [1]. Axial compressors
rotor and stator blades are created with a set of airfoils that are
constructed radially on top of each other. A way to quantify
performance of designed blading is testing of the airfoil cascade
in a wind tunnel, as in [2] or [3]. Due to lower time and financial
requirements computational fluid dynamics (CFD), especially
applied on planar 2D problems, looks like a faster and cheaper
way to investigate performance of designed airfoil profiles.

Accuracy of simulation results from CFD is an important
and often discussed topic. Simulation of turbulent, compress-
ible and viscous flow is a very common situation in engineering
applications. Step one of every simulation is the computational
domain discretization, which plays an essential role in achiev-
ing accurate results. Due to this, methods for mesh suitability
investigation were developed and many of those are mentioned
in [4]. One of the methods for judging mesh quality is the
Richardson’s extrapolation followed by calculation of the grid
convergence index (GCI). Consequently, a range with reliable
chance of containing accurate solution is set. This procedure
was applied in many different applications [5–8].

In this paper, automatized computational CFD tool based on
Navier-Stokes equations for predicting airfoil cascade losses is
presented. Several simulations are performed on hybrid and free
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meshes. Mesh suitability is investigated using Richardson ex-
trapolation. Discretization errors resulting from using different
mesh sizes and reliability of results are estimated via GCI. Last
paragraph should outline the paper organization, with the con-
tents of sections and conclusions.

2. GOVERNING EQUATIONS

This section discusses the governing equations used in conse-
quent CFD simulations.

2.1. Navier-Stokes equations

The most general system of equations modeling turbulent, com-
pressible and viscous flow are the Navier-Stokes equations, de-
fined in [9]. They are composed of mass, momentum and energy
conservation laws respectively written as

𝜕𝜌

𝜕𝑡
+∇ · (𝜌𝒖) = 0 , (1)

𝜕𝜌𝒖

𝜕𝑡
+∇ · (𝜌𝒖 ⊗ 𝒖) +∇𝑝 = 𝜌 𝒇 +∇ · 𝝉 , (2)

𝜕𝑒

𝜕𝑡
+∇ · ((𝑒 + 𝑝)𝒖) = ∇ · (𝝉 ·𝒖) −∇ · 𝒒 +𝑄 , (3)

where 𝝉 is the shear stress tensor, 𝒇 is the force per unit of mass
vector, 𝑄 is transferred heat per unit of volume. 𝑒 is the total
energy per unit volume, defined as 𝑒 = 𝜌𝐸 , where 𝐸 is the sum
of internal and kinetic energy.

Solving Navier-Stokes equations in aforementioned form
leads to direct numerical simulation (DNS). For DNS the com-
putation mesh has to resolve scales from the characteristic length
of airfoil up to Kolmogorov’s microscales [10]. This is unsatis-
fying for engineering purposes, because number of operations
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required to complete such simulation grows rapidly (proportion-
ally to ≈ Re9/4). Fortunately, there are models, described in [11]
and [12], based on decomposition of instantaneous variables to
averaged part and fluctuating part.

2.2. Favre averaged Navier-Stokes equations

There are two types of averaging, Reynolds averaging for density
and pressure

𝜙 = lim
𝑇→∞

1
𝑇

𝑡+𝑇∫
𝑡

𝜙(𝜏) d𝜏 , (4)

𝜙 = 𝜙+𝜙′ , (5)

and Favre averaging for remaining variables

𝜙 =
1
�̄�

lim
𝑇→∞

1
𝑇

𝑡+𝑇∫
𝑡

𝜌(𝜏)𝜙(𝜏) d𝜏, (6)

𝜙 = 𝜙+𝜙′′, (7)

where 𝜙 is instantaneous variable and 𝜙′, 𝜙′′ are fluctuating
parts. By substituting these decomposed variables into equa-
tions (1), (2) and (3), we obtain Favre averaged Navier-Stokes
equations. Conservation laws can be then rewritten using Ein-
stein notation as

𝜕𝜌

𝜕𝑡
+ 𝜕 (𝜌�̃�𝑖)

𝜕𝑥𝑖
= 0 , (8)

𝜕 (𝜌�̃�𝑖)
𝜕𝑡

+
𝜕 (𝜌�̃�𝑖 �̃� 𝑗 )

𝜕𝑥 𝑗

+ 𝜕𝑝

𝜕𝑥𝑖
=

𝜕

𝜕𝑥 𝑗

(
𝜏𝑖 𝑗 − 𝜌𝑢′′

𝑖
𝑢′′
𝑗

)
, (9)

𝜕𝑒

𝜕𝑡
+
𝜕 (𝑒 + 𝑝)�̃� 𝑗

𝜕𝑥 𝑗

= − 𝜕

𝜕𝑥 𝑗

(
𝑞 𝑗 + 𝜌𝑢′′

𝑗
ℎ′′ − 𝜏′′

𝑖 𝑗
𝑢′′
𝑖

+1
2
𝜌𝑢′′

𝑗
𝑢′′
𝑖
𝑢′′
𝑖

)
+ 𝜕

𝜕𝑥 𝑗

(
�̃�𝑖 (𝜏𝑖 𝑗 − 𝜌𝑢′′

𝑖
𝑢′′
𝑗
)
)
, (10)

where 𝜏𝑖 𝑗 is given by

𝜏𝑖 𝑗 = 2𝜇𝑆𝑖 𝑗 , 𝜇 = 𝜇ref

(
𝜌ref 𝑝

𝑝ref𝜌

) 3
4

,

𝑆𝑖 𝑗 =
1
2

(
𝜕𝑢𝑖

𝜕𝑥 𝑗

+
𝜕𝑢 𝑗

𝜕𝑥𝑖
− 2

3
𝛿𝑖 𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘

)
,

(11)

and 𝑞 𝑗 is given by

𝑞 𝑗 = − 𝜅𝜇

(𝜅−1)Pr

(
𝑝

𝜌

)
, (12)

where Pr is Prandtl’s number. In order to close this system of
equations, calorically perfect gas model is assumed. By averag-
ing the state equation we obtain

𝑝 = (𝜅−1)
(
𝑒− 1

2
𝜌𝑢 𝑗𝑢 𝑗 − 𝜌𝑘

)
, 𝑘 =

1
2
𝑢′′
𝑖
𝑢′′
𝑖
, (13)

where 𝑘 is turbulent kinetic energy.

2.3. Transition SST turbulence model

In order to achieve the best results possible, 4-equation Transi-
tion SST turbulence model, sometimes known as 𝛾-Re𝜃 model
first published in [13], was chosen. This model couples SST 𝑘-
𝜔 model equations, published in [14], with two other equations
and tries to distinguish between laminar and turbulent regions of
flow. The first added transport equation (18) is for intermittency
𝛾 and the second equation (19) is for the transition onset criteria,
in terms of fictive momentum-thickness Reynolds number R̃e𝜃𝑡 .

The transition model interacts with the SST 𝑘-𝜔 model by
modification of the 𝑘-equation as follows

𝜕 (𝜌𝑘)
𝜕𝑡

+ 𝜕 (𝜌𝑘𝑢𝑖)
𝜕𝑥𝑖

=
𝜕

𝜕𝑥 𝑗

(
Γ𝑘

𝜕𝑘

𝜕𝑥 𝑗

)
+𝐺★

𝑘 −𝑌
★
𝑘 , (14)

𝑌★
𝑘 = min

(
max(𝛾eff ,0.1),1

)
𝑌𝑘 , (15)

𝐺★
𝑘 = 𝛾eff𝐺𝑘 , (16)

where 𝐺𝑘 and 𝑌𝑘 are the original production and destruction
terms from SST 𝑘-𝜔 model and 𝛾eff can by found in [13]. The
𝜔-equation remains unchanged as

𝜕 (𝜌𝜔)
𝜕𝑡

+ 𝜕 (𝜌𝜔𝑢𝑖)
𝜕𝑥𝑖

=
𝜕

𝜕𝑥 𝑗

(
Γ𝜔

𝜕𝜔

𝜕𝑥 𝑗

)
+𝐺𝜔 −𝑌𝜔 +𝐷𝜔 . (17)

First equation defining the Transition model is the 𝛾-equation,
where 𝛾 determines percentage of time the flow is turbulent or
laminar, and is defined as

𝜕 (𝜌𝛾)
𝜕𝑡

+ 𝜕 (𝜌𝛾𝑢𝑖)
𝜕𝑥𝑖

=
𝜕

𝜕𝑥 𝑗

((
𝜇+ 𝜇𝑡

𝜎𝛾

)
𝜕𝛾

𝜕𝑥 𝑗

)
+𝑃𝛾1 −𝐸𝛾1 +𝑃𝛾2 −𝐸𝛾2 , (18)

and the last equation forming the Transition SST model is R̃e𝜃𝑡 -
equation, where R̃e𝜃𝑡 is transition onset criteria expanded to the
whole domain, and is defined as

𝜕 (𝜌R̃e𝜃𝑡 )
𝜕𝑡

+ 𝜕 (𝜌R̃e𝜃𝑡𝑢𝑖)
𝜕𝑥𝑖

=
𝜕

𝜕𝑥 𝑗

(
𝜎𝜃𝑡

(
𝜇+ 𝜇𝑡

) 𝜕R̃e𝜃𝑡
𝜕𝑥 𝑗

)
+𝑃𝜃𝑡 .

(19)
All source terms in 𝛾-equation and R̃e𝜃𝑡 -equation can be found
in [13].

3. METHODOLOGY

This section discusses the methodology used in this paper.

3.1. Simulation process

In order to make a series of parametric calculations, in terms of
changing airfoil geometry and using different boundary condi-
tions, it is necessary to connect various applications and mod-
ules. The chosen approach is using a bash script to sequentially
run different operations. Such script can be easily interpreted in
Linux OS, which usually runs on servers, as well as in commonly
used MS Windows (e.g. using MinGW console). For application
in Section 4, following steps were automated and computational
cycle with its vital components is visualized in Fig. 1.
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1) run a Matlab script
• generate a set of airfoils and write coordinates into .csv

files
• create series of journal files for CFD simulation with

required boundary conditions
2) run ANSYS ICEM procedure

• generate mesh from previously created .csv files
3) run ANSYS FLUENT procedure

• do CFD simulations and write .dat files
4) run another Matlab script

• process the .dat files
Alternatively, open-source software can be used to replace all

these steps. C++ program instead of Matlab can be written to
generate .csv and journal files in the first step. The same goes
for post-processing part, where ParaView script can replace
Matlab. Mesh can be created in Gmsh and CFD simulation can
be performed by OpenFoam.

Fig. 1. Flowchart of the simulation process

3.2. Computational domain

The computational domain, shown in Fig. 2, consists of five
curve segments and the volume limited by them. Upper and bot-
tom boundaries are two equidistant lines, which are constructed
from three segments. Those curves preserve their vertical dis-
tance on value 𝑇 , which is a cascade parameter and says how far
airfoils are from each other. The front segment is a line under
the leading edge angle, followed by camber line of given profile.
The back segment is then a line under the trailing edge angle.
Left and right boundaries are vertical lines connecting upper
and bottom edges, and finally the fifth curve is the airfoil placed
in the middle.

3.3. Domain boundaries

During computational process the aforementioned curves are
each assigned a boundary condition (BC). Upper and bot-
tom boundaries are the periodic boundaries with translation

Fig. 2. Sketch of the computational domain with named boundaries

periodicity in vertical direction. Left boundary is the inlet, right
boundary is the outlet and the airfoil is the only wall boundary
in this domain. This setup is sketched in Fig. 2.

3.4. Mesh

Meshing airfoil cascades can prove to be much trickier task than
meshing airfoils for external aerodynamics simulation, where C-
type meshes are often the obvious choice as in [15]. Tight spac-
ing in airfoil cascades does not give enough freedom for con-
structing structured mesh with low skewness. Meshing whole
domain with structured grid can thus prove difficult, but is nec-
essary only in most demanding cases. However, hybrid meshing
strategy should surpass free mesh greatly for our purpose. When
meshing an airfoil cascade, we work with coordinates of the pro-
file itself as well as of profile camber line. Camberline proves
useful, when creating curved part of periodic boundaries, as it is
naturally in good agreement with resulting streamlines (at least
for design inlet stream angle). Profile curve is used firstly to
create the airfoil itself (wall boundary) and secondly to create
an equidistant curve. This curve is then used to align structured
part of the mesh, often referred to as O-mesh. The rest of the
domain is then meshed freely, resulting in a hybrid mesh as al-
ready mentioned. The difference between simple free mesh and
hybrid mesh can be seen in Fig. 3 and 4.

Fig. 3. Snapshot of the free mesh with zoom on the leading edge of the
profile
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Fig. 4. Snapshot of the hybrid mesh with zoom on the leading edge of
the profile

3.5. CFD simulation

Boundary conditions correspond to domain boundaries as de-
scribed in subsection 3.3. Specifically, inlet is set as “pressure
inlet”, outlet as “pressure outlet” and wall is set as “no-slip
wall”. Simulated fluid is air with ideal gas material model. Ef-
fects of turbulence are modeled using Transition SST with inlet
intermittency of 1, turbulent intensity 5% and turbulent viscosity
ratio 100. Considered atmospheric values are 𝑝atm = 101325 Pa,
𝑇atm = 293.15 K and the specific heat ratio 𝜅 = 1.4. Three vari-
ables are prescribed at inlet (total pressure 𝑝tot,1, total tempera-
ture𝑇tot,1 and angle of attack 𝛼) and one at outlet (static pressure
𝑝stat,2). Total pressure at inlet 𝑝tot,1 and total temperature at in-
let 𝑇tot,1 are calculated as a function of Mach number 𝑀 using
equations of gas dynamics, described in [9], for isentropic flow

𝑝tot = 𝑝stat

(
1+ (𝜅−1)

2
𝑀2

) 𝜅
𝜅−1

, (20)

𝑇tot = 𝑇stat

(
1+ (𝜅−1)

2
𝑀2

)
. (21)

All simulations are planar and performed using finite volume
method with theoretical second-order overall accuracy. Due to
large differences in Mach numbers during various simulations,
two different types of solvers are considered. For higher Mach
numbers, implicit density-based solver with Roe-flux difference
splitting is used, those methods are in general described in [16].
For lower Mach numbers, coupled pressure-based solver is used.
Pressure-based solvers are in general described in [17], the cou-
pled solver explicitly in [18].

4. RESULTS

In order to make the results trustworthy, this section is focused
on comparison of numerical results with real measured data [2].
After that, mesh analysis is performed on different mesh types
(free and hybrid) and length scales (coarse, medium and fine) in
order to show hybrid mesh behaves better than free mesh.

4.1. Observed quantity

Quality of the mesh will be judged based on how well it predicts
the total pressure loss coefficient Π, which is an important value

used in compressor theory. It is defined in [2] as

Π =
𝑝tot,1 − 𝑝tot,2

𝑝tot,1 − 𝑝stat,1
. (22)

Scalar values 𝑝tot,1, 𝑝stat,1 and 𝑝tot,2 are obtained as follows

𝑝tot,1 =

∫
inlet

𝑝tot (𝑥, 𝑦) ¤𝑚(𝑥, 𝑦) d𝑠 , (23)

𝑝stat,1 =

∫
inlet

𝑝stat (𝑥, 𝑦) ¤𝑚(𝑥, 𝑦) d𝑠 , (24)

𝑝tot,2 =

∫
outlet

𝑝tot (𝑥, 𝑦) ¤𝑚(𝑥, 𝑦) d𝑠 , (25)

where 𝑝tot, 𝑝stat and mass flow ¤𝑚 are scalar fields.

4.2. Validation task

The best validation of CFD calculation is comparison to exper-
imental measurements. In this part a well-known case of MAN
GHH 1-S1 airfoil cascade is computed and the results are con-
fronted with measurements published in [2]. Total pressure loss
coefficient Π depending on Mach number and angle of attack
is shown in Fig. 5a. Hereafter the simulation results for design
conditions are displayed via Mach number isocurves throughout
the cascade in Fig. 5b.

4.3. Richardson extrapolation

In order to possibly achieve more accurate results, Richardson
extrapolation defined in [19] is used. It requires performing the
same simulation on meshes of different scales ℎ and for this
reason three meshes of each type were created by refining their
scales by factor of two

𝑟 =
ℎ2
ℎ1

=
ℎ3
ℎ2

= 2 , (26)

where 𝑟 is mesh refinement ratio and numbers 3, 2 and 1 rep-
resent coarse, medium and fine scales respectively. Information
on number of cells forming each mesh can be found in Ta-
ble 1. Richardson extrapolation can be then used to extrapolate
towards the exact solution.

Table 1
Number of cells forming different meshes

Mesh Density Coarse Medium Fine

Number
of cells

Free mesh 105547 419356 1667689

Hybrid mesh 107002 426826 1717147

Considering total pressure loss coefficient Π as a dependent
variable (i.e. a continuous and differentiable function of scale
ℎ) the numerical error can be expressed as

𝑒ℎ = Πexact −Πℎ = 𝐶1ℎ+𝐶2ℎ
2 + . . . , (27)
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(a)

(b)

Fig. 5. Validation task. (a) Total pressure loss coefficient develop-
ment depending on the angle of incidence; (b) Mach number isocurves

through the cascade during design conditions

and for small values of ℎ, terms with higher powers of ℎ can
be omitted. After that, exact is replaced with ext to denote an
extrapolated value and following equations are obtained

Πext −Π𝑖 = 𝐶ℎ𝑛𝑖 , 𝑖 = ⟨1,3⟩ ∈ N , (28)

where 𝐶 represents a coefficient that can be a function of the
coordinates, but not of the mesh size and 𝑛 is the apparent
order of the method. According to [19], the solution of the three
previous equations for the three unknowns is

𝑛 =

ln
(
Π2 −Π3
Π1 −Π2

)
ln(𝑟) , Πext =

2𝑛Π1 −Π2
2𝑛 −1

, 𝐶 =
Πext −Π1

ℎ𝑛
. (29)

Table 2 shows results of these simulations, namely the values
of total pressure loss coefficient for different scales ℎ and from
Richardson extrapolation Πext, and then the apparent order of
the method 𝑛 as a function of Mach number at the inlet 𝑀1.

From values of Π in Table 2, it is apparent, that apart from
cases of 𝑀1 = 0.48 and 𝑀1 = 0.53, asymptotic convergence ofΠ,
which is a necessary prerequisite for Richardson extrapolation,
is not reached, therefore values of Πext could not be computed
for free mesh. Extrapolated values of Π, corresponding to ℎ = 0
(the theoretically infinitesimal mesh scale), are then plotted in
Fig. 6.

(a)

(b)

Fig. 6. Development of the total pressure loss coefficient depending on
different meshes. (a) Free mesh; (b) Hybrid mesh
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Table 2
Numerical results and Richardson extrapolation using different meshes

Mesh type Free

𝑀1 0.48 0.53 0.60 0.66 0.69
Π3 0.0445 0.0459 0.0492 0.0536 0.0578
Π2 0.0561 0.0591 0.0648 0.0706 0.0750
Π1 0.0596 0.0642 0.0437 0.0182 0.1078
𝑛 1.73 1.36 × × ×

Πext 0.0611 0.0674 × × ×

Mesh type Hybrid

𝑀1 0.52 0.58 0.68 0.75 0.79
Π3 0.0308 0.0313 0.0344 0.0413 0.0459
Π2 0.0271 0.0280 0.0307 0.0360 0.0428
Π1 0.0253 0.0265 0.0298 0.0345 0.0386
𝑛 0.99 1.22 1.92 1.86 0.71

Πext 0.0234 0.0254 0.0294 0.0340 0.0320

4.4. Grid convergence index

Suitable method to determine and report discretization errors
estimates during simulations, which is firmly connected to
Richardson extrapolation, is the grid convergence index. It al-
lows the quantification of the uncertainty present due to mesh
discretization by using two different meshes, original and re-
fined. A band of probability around said solution can then be
determined and although it is not explicitly an error bound,
it gives a range of reliable chance of containing the accurate
solution. [4] gives following equations

𝐺𝐶𝐼32 = 𝐹𝑆
|𝜖32 |
𝑟𝑛 −1

, 𝜖32 =
Π3 −Π2

Π2
, (30)

𝐺𝐶𝐼21 = 𝐹𝑆
|𝜖21 |
𝑟𝑛 −1

, 𝜖21 =
Π2 −Π1

Π1
, (31)

where 𝐹𝑆 is the factor of safety, 𝑟 is mesh refinement ratio and
𝑛 is the order of accuracy of the method. In our case, 𝐹𝑆 = 1.25
is a recommended value for three meshes applied to a known
problem according to [4]. Data obtained from simulations are
stated in Table 3. Lastly, data from hybrid meshes are visu-

Table 3
Grid convergence index depending on different 𝑀1 using different

meshes

Mesh type Free

𝑀1 0.48 0.53 0.60 0.66 0.69
𝐺𝐶𝐼32 0.111 0.177 × × ×
𝐺𝐶𝐼21 0.031 0.063 × × ×

Mesh type Hybrid

𝑀1 0.52 0.58 0.68 0.75 0.79
𝐺𝐶𝐼32 0.172 0.113 0.054 0.069 0.315
𝐺𝐶𝐼21 0.093 0.051 0.015 0.020 0.213

alised in Fig. 7a, with confidence intervals determined by GCI
method as

𝐼 = ⟨Π1 (1−𝐺𝐶𝐼21), Π1 (1+𝐺𝐶𝐼21)⟩.

GCI itself studied on medium and fine mesh (𝐺𝐶𝐼21) is shown
in Fig. 7b, where rapid growth of the result uncertainty while

(a)

(b)

Fig. 7. GCI results. (a) Development of Π1 with intervals 𝐼; (b) Devel-
opment of 𝐺𝐶𝐼21
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approaching the cascade choking point can be seen, as well as
light increase of uncertainty when decreasing the Mach number
from the design point.

5. CONCLUSIONS

The CFD automation algorithm was presented and tested on
well-known airfoil geometry described and investigated in [2].
This validation turned out quite well for negative and design
angles of incidence. For positive angles, choking of the cascade
occurs much later as Mach number rises. This phenomena is
likely caused by axial velocity density ratio discussed in [20].

Thereafter, several simulations with test case geometry and
design angle of incidence were performed and the results are
listed in Table 2. Most of the free mesh results could not be
interpreted in terms of the Richardson extrapolation and even if
they could, there was a great deal of disagreement with results
measured in [2]. This is considered to be due to poor capturing
of the boundary layer.

The apparent order of the method approached the theoretical
during hybrid mesh simulations as the inlet Mach number was
close to the design one. Using data from Richardson extrapo-
lation, investigation of GCI was performed. Accuracy decrease
was observed as Mach number decreased from the design condi-
tions, but more importantly rapid increase in inaccuracy occurs
while getting closer to choking point, which could in turn be con-
nected with increasing Reynolds number and could be solved
by further refinement of mesh at wall boundaries. Results from
Richardson extrapolation and GCI investigation performed on
hybrid meshes were visualized in the last section.

In conclusion, free mesh failed this suitability test greatly,
gives untrustworthy results and therefore should not be used for
this kind of problem. On the other hand, hybrid mesh confirmed
itself as a sufficient meshing strategy which gives accurate re-
sults around design conditions.

Further work will concern the analysis of fully structured
meshes. Thereafter, this automation tool will be merged with
optimization algorithm and airfoil generator, resulting in power-
ful design tool for ideal airfoil shapes. Finally, this optimization
tool will be paired with simple axial compressor design algo-
rithm from [21] and with a program that composes compressor
blading introduced in [22].
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