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Nonlocal controllability of mild solutions for neutral
evolution equations with state-dependent delay

in Fréchet spaces

Chahrazed BOUDEFLAo and Selma BAGHLI-BENDIMERADo

In this paper, we prove the controllability of mild solutions of neutral functional evolu-
tion equations with state-dependent delay and nonlocal conditions. We establish the non local
controllability of mild solutions under certain conditions by combining Avramescu’s nonlinear
alternative for the sum of compact and contraction operators in Fréchet spaces with semigroup
theory.
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1. Introduction

In this paper, we study the controllability of mild solutions defined on the
semi-infinite real interval 𝐽 := [0, +∞), for a class of first order neutral functional
evolution equations with infinite state-dependent delay and nonlocal conditions
in a real Banach space (𝐸, | · |).

In Section 3, we consider the following nonlocal neutral functional differential
evolution equation

d
d𝑡

[
𝑦(𝑡) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

]
− 𝐴(𝑡)𝑦(𝑡) = 𝐶𝑢(𝑡) + 𝑓 (𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )), 𝑎.𝑒. 𝑡 ∈ 𝐽, (1)
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𝑦(𝑡) = 𝜙(𝑡) − ℎ𝑡 (𝑦), 𝑡 ∈ (−∞, 0], (2)

where B is an abstract phase space which will be defined later; 𝑓 , 𝑔 : 𝐽×B → 𝐸 ,
𝜙 ∈ B, 𝜌 : 𝐽 × B → R and ℎ𝑡 : B → 𝐸 are given functions; the control function
𝑢(·) is given in 𝐿2(𝐽, 𝐸) is the Banach space of admissible control function; 𝐶
is a bounded linear operator from 𝐸 into 𝐸 and {𝐴(𝑡)}𝑡∈𝐽 is a family of linear
closed (not necessarily bounded) operators from 𝐸 into 𝐸 which generates an
evolution system of operators {𝑈 (𝑡, 𝑠)}(𝑡,𝑠)∈𝐽×𝐽 for 𝑠 ¬ 𝑡.

For any continuous function 𝑦 and any 𝑡 ∈ 𝐽, we denote by 𝑦𝑡 the element of
B defined by

𝑦𝑡 (𝜃) = 𝑦(𝑡 + 𝜃) for 𝜃 ¬ 0.

Here 𝑦𝑡 (·) represents the history of the state from time 𝑡 ¬ 0 up to the present
time 𝑡. We assume that the histories 𝑦𝑡 belong to B.

Then in Section 4, we present an example to illustrate the previous abstract
theory obtained.

Partial and neutral functional differential equations are used in the evolution
modelling of physical, biological and economic systems while describing their
behavior over a range of time. The response of these systems depends not only
on their current state but also on their past history.

In recent decades, many authors have applied semigroup theory, fixed point
arguments, degree theory and non-compactness measures to study the existence
and uniqueness of mild, strong and classical solutions of semilinear functional
differential equations. See the books of Ahmed [3], Pazy [28] and Wu [30] for
more details on these theories. Furthermore, the concept of phase spaceB plays an
important role in both qualitative and quantitative theoretical studies of infinite
delays. A common choice is a semi-norm space satisfying the corresponding
axioms, introduced by Hale and Kato in [23].

Numerous studies have been conducted on the controllability of linear and
nonlinear systems represented by ODEs in a finite-dimensional space. Many
authors extend the concept of controllability to infinite dimensional systems in
a Banach space with unbounded operators. The controllability problems can be
transformed into fixed point problems, as demonstrated by Quinn and Carmichael
in [29]. Fu examined the controllability of two types of abstract neutral functional
differential equations with unbounded delay in [21, 22]. Benchohra et al. inves-
tigated several classes of functional differential equations and inclusions using
fixed point arguments and provided some controllability results in [7].

Baghli et al. examined the existence, uniqueness, and controllability of mild
solutions for several evolution problems with finite and infinite delay in [2,10–15].
However, in recent years, complex cases have arisen in modelling where the
delay depends on an unknown function. These equations are often referred to
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as state-dependent delay equations. We refer readers to the work of Abada et
al. [1] and Baghli et al. in [6, 9, 16]. More recently, Baghli and Mebarki proved
the existence of mild solutions for the class of neutral type integro-differential
evolution inclusions constraints with infinite state-dependent delay in [27].

The concept of nonlocal conditions was introduced by Byszewski to extend the
classical constraint-based problems in the papers [18, 19]. Nonlocal conditions
can be used to describe certain physical phenomena. Nonlocal conditions are
used in physics because they are more efficient than classical initial conditions.
Furthermore, due to the accuracy of nonlocal conditions, they are largely involved
in the boundary value problems. Several papers have studied the existence of
solutions for differential equations with nonlocal conditions over the last few
years. We refer the reader to the papers [17, 26].

We will extend in this paper the previous controllability results obtained by
Baghli et al. precisely in [6] to our nonlocal neutral problem (1)–(2). We use
Avramescu’s nonlinear alternative [8] in combination with semigroup theory
[3, 28] to establish sufficient conditions for the existence of mild controllable
solutions of the sum of compact operators and contraction maps in Fréchet
spaces.

2. Preliminaries

In this section, we introduce notations, definitions and theorems which are
used throughout this paper.

Let𝐶 (𝐽, 𝐸) be the continuous functions space from 𝐽 into 𝐸 and 𝐵(𝐸) be the
all bounded linear operators space from 𝐸 into 𝐸 , with the norm

∥𝑁 ∥𝐵(𝐸) = sup{|𝑁 (𝑦) | : |𝑦 | = 1}.
A measurable function 𝑦 : 𝐽 → 𝐸 is Bochner integrable if and only if |𝑦 | is

Lebesgue integrable. Let 𝐿1(𝐽, 𝐸) be the Banach space of measurable functions
𝑦 : 𝐽 → 𝐸 which are Bochner integrable normed by

∥𝑦∥𝐿1 =

+∞∫
0

|𝑦(𝑡) |d𝑡.

Let 𝑋 be a Fréchet space with a semi-norms family {∥ · ∥𝑛}𝑛∈N. We assume
that the semi-norms family {∥ · ∥𝑛} verifies:

∥𝑥∥1 ¬ ∥𝑥∥2 ¬ ∥𝑥∥3 ¬ · · · for every 𝑥 ∈ 𝑋.
Let 𝑌 ⊂ 𝑋 , we say that 𝑌 is bounded if for every 𝑛 ∈ N, there exists 𝑀𝑛 > 0

such that
∥𝑦∥𝑛 ¬ 𝑀𝑛 for all 𝑦 ∈ 𝑌 .
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In what follows, we assume that {𝐴(𝑡)}𝑡0 is a closed densely defined linear
unbounded operators family on the Banach space 𝐸 and with domain 𝐷 (𝐴(𝑡))
independent of 𝑡.

Definition 1. A family {𝑈 (𝑡, 𝑠)}(𝑡,𝑠)∈Δ of bounded linear operators
𝑈 (𝑡, 𝑠) : 𝐽 × 𝐽→𝐸 where (𝑡, 𝑠) ∈ Δ := {(𝑡, 𝑠) ∈ 𝐽 × 𝐽 : 𝑠 ¬ 𝑡} is called an
evolution system if the following properties are satisfied:

1. 𝑈 (𝑡, 𝑡) = 𝐼 where 𝐼 is the identity operator in 𝐸,
2. 𝑈 (𝑡, 𝑠)𝑈 (𝑠, 𝜏) = 𝑈 (𝑡, 𝜏) for 𝜏 ¬ 𝑠 ¬ 𝑡,
3. 𝑈 (𝑡, 𝑠) ∈ 𝐵(𝐸), where for every (𝑡, 𝑠) ∈ Δ and for each 𝑦 ∈ 𝐸 , the mapping

(𝑡, 𝑠) → 𝑈 (𝑡, 𝑠)𝑦 is continuous.

In this paper we use the axiomatic definition of the phase space B introduced
by Hale and Kato in [23] and follow the terminology used by Hino, Murakami
and Naito in [25]. Thus, B will be a linear space of functions mapping (−∞, 0]
into 𝐸 endowed with a seminorm ∥ · ∥B , and satisfying the following axioms:
(𝐴1) If 𝑦 : (−∞, 𝑏) → 𝐸 , 𝑏 > 0, is continuous on [0, 𝑏] and 𝑦0 ∈ B, then for

every 𝑡 ∈ [0, 𝑏) the following conditions hold:

(𝑖) 𝑦𝑡 ∈ B;
(𝑖𝑖) There exists a positive constant D such that |𝑦(𝑡) | ¬ D∥𝑦𝑡 ∥B;
(𝑖𝑖𝑖) There exist two functions 𝐾 (·), 𝑀 (·) : R+ → R+ independent of 𝑦(𝑡)

with 𝐾 continuous and 𝑀 locally bounded such that:

∥𝑦𝑡 ∥B ¬ 𝐾 (𝑡) sup{|𝑦(𝑠) | : 0 ¬ 𝑠 ¬ 𝑡} + 𝑀 (𝑡)∥𝑦0∥B .

Denote 𝐾𝑏 = sup{𝐾 (𝑡) : 𝑡 ∈ [0, 𝑏]} and 𝑀𝑏 = sup{𝑀 (𝑡) : 𝑡 ∈ [0, 𝑏]}.
(𝐴2) For the function 𝑦(·) in (𝐴1), 𝑦𝑡 is a B-valued continuous function on [0, 𝑏] .
(𝐴3) The space B is complete.

Remark 1.
1. Condition (𝑖𝑖) in (𝐴1) is equivalent to |𝜙(0) | ¬ D∥𝜙∥B for every 𝜙 ∈ B.
2. Since ∥ · ∥B is a seminorm, two elements 𝜙, 𝜓 ∈ B can check ∥𝜙 −𝜓∥B = 0

without necessarily 𝜙(𝜃) = 𝜓(𝜃) for all 𝜃 ¬ 0.
3. From the equivalence in the first remark, we can see that for all 𝜙, 𝜓 ∈ B

such that ∥𝜙 − 𝜓∥B = 0. This implies necessarily that 𝜙(0) = 𝜓(0).

Here are some examples of phase spaces. For more details we refer the reader
to the book by Hino et al. [25].
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Example 1. Let
𝐵𝐶 denote the bounded continuous functions space defined from R− to 𝐸 ;
𝐵𝑈𝐶 denote the bounded uniformly continuous functions space defined fromR−

to 𝐸 ;

𝐶∞ :=
{
𝜙 ∈ 𝐵𝐶 : lim

𝜃→−∞
𝜙(𝜃) exist in 𝐸

}
;

𝐶0 :=
{
𝜙 ∈ 𝐵𝐶 : lim

𝜃→−∞
𝜙(𝜃) = 0

}
, endowed with the uniform norm

∥𝜙∥ = sup
𝜃¬0

|𝜙(𝜃) |.

We have that the spaces 𝐵𝑈𝐶, 𝐶∞ and 𝐶0 satisfy assumptions (𝐴1)–(𝐴3). How-
ever, 𝐵𝐶 satisfy axioms (𝐴1), (𝐴3) not axiom (𝐴2).

Set
R(𝜌−) = {𝜌(𝑠, 𝜙) : (𝑠, 𝜙) ∈ 𝐽 × B, 𝜌(𝑠, 𝜙) ¬ 0}.

We always assume that 𝜌 : 𝐽 × B → R is continuous. Additionally, we intro-
duce the following hypothesis:
(𝐻𝜙) The function 𝑡 → 𝜙𝑡 is continuous from R(𝜌−) into B and there exists a
continuous and bounded function L𝜙 : R(𝜌−) → (0, +∞) such that

∥𝜙𝑡 ∥B ¬ L𝜙 (𝑡)∥𝜙∥B for every 𝑡 ∈ R(𝜌−).
Remark 2. Continuous and bounded functions verified frequently the condition
(𝐻𝜙) (see [25]).

Lemma 1. [24] If 𝑦 : (−∞, 𝑏] → 𝐸 is a function such that 𝑦0 = 𝜙 ∈ B, then

∥𝑦𝑠∥B ¬ (𝑀𝑏 +L𝜙)∥𝜙∥B +𝐾𝑏 sup {|𝑦(𝜃) |; 𝜃 ∈ [0,max{0, 𝑠}]} , 𝑠 ∈ R(𝜌−) ∪ 𝐽
where L𝜙 = sup

𝑡∈R(𝜌−)
L𝜙 (𝑡).

Proposition 1. [6] From (𝐻𝜙), (𝐴1) and Lemma 1, for all 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N
we have

∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥B ¬ 𝐾𝑛 |𝑦(𝑡) | +
(
𝑀𝑛 + L𝜙

)
∥𝜙∥B .

Definition 2. A function 𝑓 : 𝐽 × B → 𝐸 is said to be an 𝐿1
loc-Carathéodory

function if it satisfies:
(i) for each 𝑡 ∈ 𝐽 the function 𝑓 (𝑡, ·) : B → 𝐸 is continuous;
(ii) for each 𝑦 ∈ B the function 𝑓 (·, 𝑦) : 𝐽 → 𝐸 is measurable;
(iii) for every positive integer 𝑞 there exists 𝜗𝑞 ∈ 𝐿1

loc(𝐽,R
+) such that

| 𝑓 (𝑡, 𝑦) | ¬ 𝜗𝑞 (𝑡) for all ∥𝑦∥B ¬ 𝑞 and almost each 𝑡 ∈ 𝐽.
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Definition 3. A function 𝑓 : 𝑋 → 𝑋 is said to be a contraction if for each 𝑛 ∈ N
there exists 𝑘𝑛 ∈ (0, 1) such that:

∥ 𝑓 (𝑥) − 𝑓 (𝑦)∥𝑛 ¬ 𝑘𝑛∥𝑥 − 𝑦∥𝑛 for all 𝑥, 𝑦 ∈ 𝑋.

Now we present the nonlinear alternative used in this paper given by
Avramescu in Fréchet spaces which is an extension of the alternative provided in
Banach spaces by Burton and Kirk. We refer to [8] and the references therein.

Theorem 1. Nonlinear Alternative of Avramescu
Let 𝑋 be a Fréchet space and let 𝐴, 𝐵 : 𝑋 → 𝑋 be two operators satisfying:

(1) 𝐴 is a compact operator,
(2) 𝐵 is a contraction.

Then either one of the following statements holds:
(C1) The operator 𝐴 + 𝐵 has a fixed point;
(C2) The set

{
𝑥 ∈ 𝑋, 𝑥 = 𝜆𝐴(𝑥) + 𝜆𝐵

(
𝑥
𝜆

)}
is unbounded for some 𝜆 ∈ (0, 1).

3. Semilinear neutral evolution equations

We present in this section our main controllability results for problem (1)–(2).
Before stating and proving this result, we give the definition of mild solutions for
the nonlocal problem (1)–(2) and we define the concept of controllability for that
problem.

Definition 4. We say that the continuous function 𝑦(·) : R → 𝐸 is a mild solution
of (1)–(2) if 𝑦(𝑡) = 𝜙(𝑡) − ℎ𝑡 (𝑦) for all 𝑡 ∈ (−∞, 0] and 𝑦 satisfies the following
integral equation

𝑦(𝑡) = 𝑈 (𝑡, 0) [𝜙(0) − ℎ0(𝑦) − 𝑔(0, 𝜙)] + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

+
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐶𝑢(𝑠)d𝑠

+
𝑡∫

0

𝑈 (𝑡, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 for each 𝑡 ∈ 𝐽. (3)

Definition 5. The neutral evolution problem (1)–(2) is said to be nonlocally
controllable if for every initial function 𝜙 ∈ B, 𝑦★ ∈ 𝐸 and 𝑛 ∈ N, there is some
control 𝑢 ∈ 𝐿2( [0, 𝑛], 𝐸) such that the mild solution 𝑦(·) of (1)–(2) satisfies the
terminal condition

𝑦(𝑛) + ℎ𝑛 (𝑦) = 𝑦★. (4)
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Let us introduce the following hypotheses which are assumed hereafter:
(𝐻1) 𝑈 (𝑡, 𝑠) is compact for 𝑡−𝑠 > 0 and there exist two constants𝑀  1,𝑀0 > 0

such that
∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ¬ 𝑀 for every (𝑡, 𝑠) ∈ Δ

and
∥𝐴−1(𝑡)∥𝐵(𝐸) ¬ 𝑀0 for all 𝑡 ∈ 𝐽.

(𝐻2) For all 𝑅 > 0, there exists 𝑙𝑅 ∈ 𝐿1
loc(𝐽,R

+) such that

| 𝑓 (𝑡, 𝑢) − 𝑓 (𝑡, 𝑣) | ¬ 𝑙𝑅 (𝑡)∥𝑢 − 𝑣∥B

for all 𝑢, 𝑣 ∈ B with ∥𝑢∥B ¬ 𝑅 and ∥𝑣∥B ¬ 𝑅.
(𝐻3) For each 𝑛 ∈ N, the linear operator𝑊 : 𝐿2( [0, 𝑛], 𝐸) → 𝐸 is defined by

𝑊𝑢 =

𝑛∫
0

𝑈 (𝑛, 𝑠)𝐶𝑢(𝑠)d𝑠,

has a pseudo invertible operator 𝑊−1 which takes values in
𝐿2( [0, 𝑛], 𝐸)/ker𝑊 and there exists positive constants 𝑀 and 𝑀1 such
that

∥𝐶∥𝐵(𝐸) ¬ 𝑀 𝑎𝑛𝑑 ∥𝑊−1∥ ¬ 𝑀1.

(𝐻4) For each 𝑛 ∈ N, there exists a constant 𝜎𝑛 > 0 such that

|ℎ𝑡 (𝑢) − ℎ𝑡 (𝑣) | ¬ 𝜎𝑛∥𝑢 − 𝑣∥B

for all 𝑢, 𝑣 ∈ B with ∥𝑢∥B ¬ 𝑛 and ∥𝑣∥B ¬ 𝑛.
(𝐻6) The function 𝑔 is completely continuous and for any bounded set 𝑄 ⊂ B

the set {𝑡 → 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) : 𝑦 ∈ 𝑄} is equicontinuous in 𝐶 (𝐽, 𝐸).

Remark 3.
1. For the construction of𝑊−1, see the paper of Quinn and Carmichael [29].
2. By condition (𝐻2), we deduce that

(𝐻2)′ There exists a function 𝑝 ∈ 𝐿1
loc(𝐽,R

+) and a continuous nondecreas-
ing function 𝜓 : R+ → (0, +∞) and such that

| 𝑓 (𝑡, 𝑢) | ¬ 𝑝(𝑡)𝜓 (∥𝑢∥B) for a.e. 𝑡 ∈ 𝐽 and each 𝑢 ∈ B.

3. We get from condition (𝐻4) that
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(𝐻4)′ There exists �̂�𝑛 > 0 such that

|ℎ𝑡 (𝑢) | ¬ �̂�𝑛
for each 𝑡 ∈ 𝐽 and 𝑢 ∈ B with ∥𝑢∥B ¬ 𝑛.

4. (𝐻5) There exists a constant 0 < 𝐿 <
1

𝑀0𝐾𝑛
such that

|𝐴(𝑡)𝑔(𝑡, 𝜙) | ¬ 𝐿 (∥𝜙∥B + 1) for all 𝑡 ∈ 𝐽 and 𝜙 ∈ B.

From (𝐻𝜙) and Proposition 1, we state the following property:

Corollary 1. For any function 𝑦 : (−∞, 𝑏] → 𝐸 such that 𝑦(𝑡) = 𝜙(𝑡) − ℎ𝑡 (𝑦)
for 𝑡 ¬ 0, then for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N we have

∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥B ¬ 𝐾𝑛 |𝑦(𝑡) | +
(
𝑀𝑛 + L𝜙

ℎ

)
(∥𝜙∥B + �̂�𝑛),

for 𝜌 ∈ R(𝜌−), and L𝜙

ℎ
= sup
𝑡∈R(𝜌−)

L𝜙

ℎ
(𝑡) with L𝜙

ℎ
(𝑡) = L𝜙(𝑡)−ℎ𝑡 (𝑦) .

Consider the following space

𝐵+∞ = {𝑦 : R → 𝐸 : 𝑦 | [0,𝑇] continuous for 𝑇 > 0 and 𝑦0 ∈ B},

where 𝑦 | [0,𝑇] is the restriction of 𝑦 to the real compact interval [0, 𝑇] .
Let us fix 𝜏 > 1. For every 𝑛 ∈ N, we define in 𝐵+∞ the semi-norms by:

∥𝑦∥𝑛 := sup{𝑒−𝜏𝐿∗𝑛 (𝑡) |𝑦(𝑡) | : 𝑡 ∈ [0, 𝑛]}

where 𝐿∗𝑛 (𝑡) =
∫ 𝑡

0 𝑙𝑛 (𝑠)d𝑠 , 𝑙𝑛 (𝑡) = 𝐾𝑛𝑀𝑙𝑛 (𝑡) and 𝑙𝑛 is the function from (𝐻2).
Then 𝐵+∞ is a Fréchet space with those family of semi-norms {∥ · ∥𝑛}𝑛∈N.

Theorem 2. Assume that (𝐻𝜙) and (𝐻1)–(𝐻6) hold and moreover for each
𝑛 ∈ N∗, there exists a constant 𝑀★

𝑛 > 0 such that

𝑀★
𝑛

𝛼𝑛 + 𝐾𝑛𝑀
𝑀𝑀𝑀1𝑛 + 1
1 − 𝑀0𝐿𝐾𝑛

[𝑀★
𝑛 + 𝜓 (𝑀★

𝑛 )] ∥𝜁 ∥𝐿1

> 1, (5)

with 𝜁 (𝑡) = max(𝐿, 𝑝(𝑡)) and

𝛼𝑛 =

(
𝐾𝑛𝑀D + 𝑀𝑛 + L𝜙

ℎ

)
∥𝜙∥B +

(
𝐾𝑛𝑀 + 𝑀𝑛 + L𝜙

ℎ

)
�̂�𝑛 +

𝐾𝑛𝜉𝑛

1 − 𝑀0𝐿𝐾𝑛
,

where

𝜉𝑛 = 𝜉𝑛
(
𝑦★, 𝜙, �̂�𝑛

)
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=

[(
𝑀 + 1

)
𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛

(
1 + 𝑀0𝐿𝐾𝑛

)
|𝑦★|

+
[(
𝑀 + 𝑀𝑛 + L𝜙

ℎ

)
𝑀0𝐿

(
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀D

(
𝑀𝑀𝑀1𝑛 + 𝑀0𝐿𝐾𝑛

)]
∥𝜙∥B

+
[(
𝑀𝑛 + L𝜙

ℎ

)
𝑀0𝐿

(
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛

(
𝑀 + 1 + 𝑀0𝐿𝐾𝑛

)
+ 𝑀𝑀0𝐿𝐾𝑛

]
�̂�𝑛 .

Then the neutral functional evolution equation with infinite state-dependent delay
(1)–(2) is nonlocally controllable on R.

Proof. We transform the problem (1)–(2) into a fixed-point problem. For that, let
us consider the operator 𝑁 : 𝐵+∞ → 𝐵+∞ defined by

𝑁 (𝑦) (𝑡) =



𝜙(𝑡) − ℎ𝑡 (𝑦), if 𝑡 ¬ 0;
𝑈 (𝑡, 0) [𝜙(0) − ℎ0(𝑦) − 𝑔(0, 𝜙)] + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

+
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐶𝑢𝑦 (𝑠)d𝑠

+
𝑡∫

0

𝑈 (𝑡, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠, if 𝑡 ∈ 𝐽.

Let’s first introduce the following proposition:

Proposition 2. From the inequalities (3) and (4) and the hypotheses (𝐻1), (𝐻2)′,
(𝐻3), (𝐻4)′ and (𝐻5), for all 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N we have

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
+ 𝑀1𝑀0𝐿∥𝑦𝜌(𝑛,𝑦𝑛) ∥B + 𝑀1𝑀𝐿

𝑛∫
0

∥𝑦𝜌(𝜏,𝑦𝜏) ∥Bd𝜏

+ 𝑀1𝑀

𝑛∫
0

𝑝(𝜏)𝜓(∥𝑦𝜌(𝜏,𝑦𝜏) ∥B)d𝜏. (6)
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Proof. Using hypothesis (𝐻3), for an arbitrary function 𝑦(·), we define the
control

𝑢𝑦 (𝑡) = 𝑊−1
[
𝑦★ − ℎ𝑛 (𝑦) −𝑈 (𝑛, 0)

(
𝜙(0) − ℎ0(𝑦) − 𝑔(0, 𝜙)

)
− 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))

−
𝑛∫

0

𝑈 (𝑛, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 −
𝑛∫

0

𝑈 (𝑛, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠
]
(𝑡).

By the hypotheses (𝐻1), (𝐻3), (𝐻4)′, (𝐻5) and using Remark 1, we get

|𝑢𝑦 (𝑡) | ¬ ∥𝑊−1∥𝐵(𝐸)
[
|𝑦★| + |ℎ𝑛 (𝑦) | + ∥𝑈 (𝑡, 0)∥𝐵(𝐸)

(
|𝜙(0) | + |ℎ0(𝑦) | + |𝑔(0, 𝜙) |

)
+
��𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))�� + 𝑛∫

0

∥𝑈 (𝑛, 𝜏)∥𝐵(𝐸)
��𝐴(𝜏)𝑔(𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏

+
𝑛∫

0

∥𝑈 (𝑛, 𝜏)∥𝐵(𝐸)
�� 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏

]
¬ 𝑀1

[
|𝑦★| + �̂�𝑛 + 𝑀

(
D∥𝜙∥B + �̂�𝑛 + ∥𝐴−1(0)∥𝐵(𝐸) |𝐴(0)𝑔(0, 𝜙) |

)
+ ∥𝐴−1(𝑛)∥𝐵(𝐸)

��𝐴(𝑛)𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))�� + 𝑀 𝑛∫
0

��𝐴(𝜏)𝑔(𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏

+ 𝑀
𝑛∫

0

�� 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏
]

¬ 𝑀1

[
|𝑦★| + �̂�𝑛 +𝑀

(
D∥𝜙∥B + �̂�𝑛+𝑀0𝐿 (∥𝜙∥B +1)

)
+𝑀0𝐿 (∥𝑦𝜌(𝑛,𝑦𝑛) ∥B +1)

+ 𝑀
𝑛∫

0

𝐿 (∥𝑦𝜌(𝜏,𝑦𝜏) ∥B + 1)d𝜏 + 𝑀
𝑛∫

0

�� 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏
]

¬ 𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
+ 𝑀1𝑀0𝐿∥𝑦𝜌(𝑛,𝑦𝑛) ∥B +𝑀1𝑀𝐿

𝑛∫
0

∥𝑦𝜌(𝜏,𝑦𝜏) ∥Bd𝜏+𝑀1𝑀

𝑛∫
0

�� 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏.
Applying (𝐻2)′, we get

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
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+ 𝑀1𝑀0𝐿∥𝑦𝜌(𝑛,𝑦𝑛) ∥B + 𝑀1𝑀𝐿

𝑛∫
0

∥𝑦𝜌(𝜏,𝑦𝜏) ∥Bd𝜏

+ 𝑀1𝑀

𝑛∫
0

𝑝(𝜏)𝜓(∥𝑦𝜌(𝜏,𝑦𝜏) ∥B)d𝜏.
2

Using the previous proposition, we will prove that the operator 𝑁 has a
fixed point 𝑦(·) which is the mild solution of the nonlocal neutral evolution
equation (1)–(2).

For 𝜙 ∈ B, we define the function 𝑥(·) : R → 𝐸 by

𝑥(𝑡) =
{
𝜙(𝑡) − ℎ𝑡 (𝑦), if 𝑡 ¬ 0;

𝑈 (𝑡, 0) [𝜙(0) − ℎ0(𝑦)], if 𝑡 ∈ 𝐽.

Then 𝑥0 = 𝜙 − ℎ0(𝑦).
For each function 𝑧 ∈ 𝐵+∞ with 𝑧(0) = 0, we denote by 𝑧 the function

defined by

𝑧(𝑡) =
{

0, if 𝑡 ¬ 0;

𝑧(𝑡), if 𝑡 ∈ 𝐽.

If 𝑦(·) satisfies (3), we can decompose it as 𝑦(𝑡) = 𝑧(𝑡) + 𝑥(𝑡) for 𝑡 ∈ 𝐽, which
implies 𝑦𝑡 = 𝑧𝑡 + 𝑥𝑡 , for every 𝑡 ∈ 𝐽. The function 𝑧(·) satisfies 𝑧0 = 0 and for
𝑡 ∈ 𝐽, we get

𝑧(𝑡) = 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) −𝑈 (𝑡, 0)𝑔(0, 𝜙)

+
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠 +
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐶𝑢𝑧+𝑥 (𝑠)d𝑠

+
𝑡∫

0

𝑈 (𝑡, 𝑠) 𝑓 (𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠.

Let

𝐵0
+∞ = {𝑧 ∈ 𝐵+∞ : 𝑧0 = 0}.
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We define for 𝑡 ∈ 𝐽 the operators 𝐹, 𝐺 : 𝐵0
+∞ → 𝐵0

+∞ by

𝐹 (𝑧) (𝑡) = 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) −𝑈 (𝑡, 0)𝑔(0, 𝜙)

+
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠

+
𝑡∫

0

𝑈 (𝑡, 𝑠)𝐶𝑢𝑧+𝑥 (𝑠)d𝑠

and

𝐺 (𝑧) (𝑡) =
𝑡∫

0

𝑈 (𝑡, 𝑠) 𝑓 (𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠.

It is obvious that operator 𝑁 has a fixed point if and only if 𝐹 +𝐺 has a fixed
point, so it turns to prove that 𝐹 +𝐺 has a fixed point. The proof will be given in
five steps.

Step 1: 𝐹 is continuous.
Let (𝑧𝑘 )𝑘∈N be a sequence in 𝐵0

+∞ such that 𝑧𝑘 → 𝑧 in 𝐵0
+∞. By the hypotheses

(𝐻1) and (𝐻3), we get for every 𝑡 ∈ [0, 𝑛]

|𝐹 (𝑧𝑘 ) (𝑡) − 𝐹 (𝑧) (𝑡) |
¬ |𝑔(𝑡, 𝑧𝑘𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 )) − 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) |

+
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)

×
��𝐴(𝑠)𝑔(𝑠, 𝑧𝑘𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠)) − 𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))�� d𝑠

+
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧𝑘+𝑥 (𝑠) − 𝑢𝑧+𝑥 (𝑠) |d𝑠

¬ |𝑔(𝑡, 𝑧𝑘𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 )) − 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) |

+ 𝑀
𝑡∫

0

���𝐴(𝑠)𝑔(𝑠, 𝑧𝑘𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠)) − 𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠)
+ 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))

���d𝑠 + 𝑀𝑀 𝑡∫
0

|𝑢𝑧𝑘+𝑥 (𝑠) − 𝑢𝑧+𝑥 (𝑠) |d𝑠.
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Using the hypotheses (𝐻1), (𝐻3) and (𝐻4), we get

|𝑢𝑧𝑘+𝑥 (𝑠) − 𝑢𝑧+𝑥 (𝑠) |

¬ ∥𝑊−1∥𝐵(𝐸)
[
|ℎ𝑛 (𝑧𝑘 + 𝑥) − ℎ𝑛 (𝑧 + 𝑥) | + ∥𝑈 (𝑠, 0)∥𝐵(𝐸) |ℎ0(𝑧𝑘 + 𝑥) − ℎ0(𝑧 + 𝑥) |

+
��𝑔(𝑛, 𝑧𝑘𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛)) − 𝑔(𝑛, 𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛))��

+
𝑛∫

0

∥𝑈 (𝑛, 𝜏)∥𝐵(𝐸)
��𝐴(𝜏)𝑔(𝜏, 𝑧𝑘𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏))

−𝐴(𝜏)𝑔(𝜏, 𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏))
�� d𝜏

+
𝑛∫

0

∥𝑈 (𝑛, 𝜏)∥𝐵(𝐸)
�� 𝑓 (𝜏, 𝑧𝑘𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏))

− 𝑓 (𝜏, 𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏))
�� d𝜏

]
¬ 𝑀1

[
𝜎𝑛∥𝑧𝑘 − 𝑧∥B + 𝑀𝜎𝑛∥𝑧𝑘 − 𝑧∥B

+
��𝑔(𝑛, 𝑧𝑘𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛)) − 𝑔(𝑛, 𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛))��

+ 𝑀
𝑛∫

0

��𝐴(𝜏)𝑔(𝜏, 𝑧𝑘𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏))
−𝐴(𝜏)𝑔(𝜏, 𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏))

�� d𝜏

+𝑀
𝑛∫

0

�� 𝑓 (𝜏, 𝑧𝑘𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝑘𝜏+𝑥𝜏)) − 𝑓 (𝜏, 𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏))
�� d𝜏

 .
Then

|𝐹 (𝑧𝑘 ) (𝑡) − 𝐹 (𝑧) (𝑡) |
¬
��𝑔(𝑡, 𝑧𝑘𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑘𝑡+𝑥𝑡 )) − 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ))��
+ 𝑀

𝑡∫
0

��𝐴(𝑠)𝑔(𝑠, 𝑧𝑘𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠))
−𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))

�� d𝑠 + 𝑀𝑀𝑀1𝑛(𝑀 + 1)𝜎𝑛∥𝑧𝑘 − 𝑧∥B
continued on next page
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continued from previous page

+ 𝑀𝑀𝑀1𝑛
��𝑔(𝑛, 𝑧𝑘𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑘𝑛+𝑥𝑛)) − 𝑔(𝑛, 𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛))��

+ 𝑀2𝑀𝑀1𝑛

𝑛∫
0

��𝐴(𝑠)𝑔(𝑠, 𝑧𝑘𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠))
− 𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))

�� d𝑠

+ 𝑀2𝑀𝑀1𝑛

𝑛∫
0

�� 𝑓 (𝑠, 𝑧𝑘𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑘𝑠+𝑥𝑠))
− 𝑓 (𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))

�� d𝑠.

From the hypothesis (𝐻6) and since 𝑓 is continuous, we obtain by the
Lebesgue dominated convergence theorem

|𝐹 (𝑧𝑘 ) (𝑡) − 𝐹 (𝑧) (𝑡) | → 0 as 𝑘 → +∞.

Thus 𝐹 is continuous.

Step 2: 𝐹 maps bounded sets of 𝐵0
+∞ into bounded sets.

Indeed, it is enough to show that for any 𝑑 > 0, there exists a positive constant
ℓ such that for each 𝑧 ∈ 𝐵𝑑 = {𝑧 ∈ 𝐵0

+∞ : ∥𝑧∥𝑛 ¬ 𝑑} one has ∥𝐹 (𝑧)∥𝑛 ¬ ℓ.
Let 𝑧 ∈ 𝐵𝑑 . By the hypotheses (𝐻1) and (𝐻3), we have for each 𝑡 ∈ [0, 𝑛]

|𝐹 (𝑧) (𝑡) | ¬ |𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) | + ∥𝑈 (𝑡, 0)∥𝐵(𝐸) |𝑔(0, 𝜙) |

+
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) |𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)) |d𝑠

+
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠

¬ ∥𝐴−1(𝑡)∥𝐵(𝐸)
��𝐴(𝑡)𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ))��

+ 𝑀 ∥𝐴−1(0)∥𝐵(𝐸) |𝐴(0)𝑔(0, 𝜙) |

+ 𝑀
𝑡∫

0

|𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)) |d𝑠 + 𝑀𝑀
𝑡∫

0

|𝑢𝑧+𝑥 (𝑠) |d𝑠.
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Using (𝐻1), (𝐻5) and the inequality (6), we get

|𝐹 (𝑧) (𝑡) | ¬ 𝑀0𝐿
(
∥𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) ∥B + 1

)
+ 𝑀𝑀0𝐿 (∥𝜙∥B + 1)

+ 𝑀
𝑡∫

0

𝐿
(
∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + 1

)
d𝑠

+ 𝑀𝑀
𝑡∫

0

𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

+ 𝑀0𝐿∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B + 𝑀𝐿
𝑛∫

0

∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥Bd𝜏

+ 𝑀
𝑛∫

0

𝑝(𝜏)𝜓(∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥B)d𝜏
]

d𝑠

¬ 𝑀0𝐿∥𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) ∥B + 𝑀𝑀0𝐿∥𝜙∥B + (𝑀 + 1)𝑀0𝐿

+ 𝑀𝐿
𝑡∫

0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠 + 𝑀𝐿𝑛

+ 𝑀𝑀𝑀1𝑛
[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
+ 𝑀𝑀𝑀1𝑀0𝐿𝑛∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B

+ 𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠

+ 𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B)d𝑠

¬
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛|𝑦★|

+ 𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛 + 1) + 𝑀𝑀𝑀1𝑛D

]
∥𝜙∥B + 𝑀𝑀𝑀1𝑛(𝑀 + 1)�̂�𝑛

+ 𝑀𝑀𝑀1𝑀0𝐿𝑛∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B + 𝑀0𝐿∥𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) ∥B

+ 𝑀𝐿
𝑡∫

0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠+𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠

+ 𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B)d𝑠.
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Using Corollary 1 and the fact that 𝑥0 = 𝜙 − ℎ0(𝑧 + 𝑥), we get𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)B
¬ ∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + ∥𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B

¬ 𝐾𝑛 |𝑧(𝑠) | + (𝑀𝑛 + L𝜙

ℎ
)∥𝑧0∥B + 𝐾𝑛 |𝑥(𝑠) | + (𝑀𝑛 + L𝜙

ℎ
)∥𝑥0∥B

¬ 𝐾𝑛 |𝑧(𝑠) | + 𝐾𝑛∥𝑈 (𝑠, 0)∥𝐵(𝐸) ( |𝜙(0) | + |ℎ0(𝑧 + 𝑥) |)

+ (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬ 𝐾𝑛 |𝑧(𝑠) | + 𝐾𝑛𝑀 (D∥𝜙∥B + �̂�𝑛) + (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬ 𝐾𝑛 |𝑧(𝑠) | + (𝐾𝑛𝑀D + 𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B

+ (𝐾𝑛𝑀 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛 .

Set

𝑐𝑛 :=
(
𝐾𝑛𝑀D + 𝑀𝑛 + L𝜙

ℎ

)
∥𝜙∥B +

(
𝐾𝑛𝑀 + 𝑀𝑛 + L𝜙

ℎ

)
�̂�𝑛 .

Then we obtain 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)B ¬ 𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛 . (7)

Since 𝑧 ∈ 𝐵𝑑 , then we have𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)B ¬ 𝐾𝑛𝑑 + 𝑐𝑛 := 𝛿𝑛 . (8)

Note that we have𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛)B
¬ 𝐾𝑛 |𝑦(𝑛) | + (𝑀𝑛 + L𝜙

ℎ
)∥𝑦0∥B

¬ 𝐾𝑛 |𝑦★ − ℎ𝑛 (𝑦) | + (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬ 𝐾𝑛 |𝑦★| + 𝐾𝑛�̂�𝑛 + (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬ 𝐾𝑛 |𝑦★| + (𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B + (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛 . (9)
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We get, using the nondecreasing character of 𝜓, for each 𝑡 ∈ [0, 𝑛]

|𝐹 (𝑧) (𝑡) | ¬
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛|𝑦★|

+ 𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛+1) + 𝑀𝑀𝑀1𝑛D

]
∥𝜙∥B + 𝑀𝑀𝑀1𝑛(𝑀 +1)�̂�𝑛

+ 𝑀𝑀𝑀1𝑀0𝐿𝑛
[
𝐾𝑛 |𝑦★| + (𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B + (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛

]
+ 𝑀0𝐿 (𝐾𝑛 |𝑧(𝑡) | + 𝑐𝑛) + 𝑀𝐿

𝑡∫
0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

+ 𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

+ 𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

¬
[
(𝑀 +1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛+1

)
+ 𝑀𝑀𝑀1𝑛

(
1+𝑀0𝐿𝐾𝑛

)
|𝑦★|

+ 𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛+1)+𝑀𝑀𝑀1D𝑛+𝑀𝑀1𝑀0𝐿𝑛(𝑀𝑛+L𝜙

ℎ
)
]
∥𝜙∥B

+ 𝑀𝑀𝑀1𝑛
[
𝑀 + 1 + 𝑀0𝐿 (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)
]
�̂�𝑛 + 𝑀0𝐿𝛿𝑛 + 𝑀𝐿𝑛𝛿𝑛

+ 𝑀2𝑀𝑀1𝑛
2𝐿𝛿𝑛 + 𝑀2𝑀𝑀1𝑛𝜓(𝛿𝑛)∥𝑝∥𝐿1 .

So

|𝐹 (𝑧) (𝑡) | ¬
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛

(
1 +𝑀0𝐿𝐾𝑛

)
|𝑦★|

+ 𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛+1)+𝑀𝑀𝑀1D𝑛+𝑀𝑀1𝑀0𝐿𝑛(𝑀𝑛+L𝜙

ℎ
)
]
∥𝜙∥B

+ 𝑀𝑀𝑀1𝑛
[
𝑀 + 1 + 𝑀0𝐿 (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)
]
�̂�𝑛

+ 𝐿
[
𝑀0 + 𝑀𝑛(𝑀𝑀𝑀1𝑛 + 1)

]
𝛿𝑛 + 𝑀2𝑀𝑀1𝑛𝜓(𝛿𝑛)∥𝑝∥𝐿1 := ℓ𝑛 .

Thus there exists a positive number ℓ𝑛 such that

∥𝐹 (𝑧)∥𝑛 ¬ ℓ𝑛.

Hence 𝐹 (𝐵𝑑) ⊂ 𝐵ℓ𝑛 .
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Step 3: 𝐹 maps bounded sets into equicontinuous sets of 𝐵0
+∞.

We consider 𝐵𝑑 as in Step 2 and we show that 𝐹 (𝐵𝑑) is equicontinuous. Let
𝜏1, 𝜏2 ∈ 𝐽 with 𝜏2 > 𝜏1 and 𝑧 ∈ 𝐵𝑑 . Then

|𝐹 (𝑧) (𝜏2) − 𝐹 (𝑧) (𝜏1) |

¬
���𝑔(𝜏2, 𝑧𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 ) + 𝑥𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 )) − 𝑔(𝜏1, 𝑧𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ) + 𝑥𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ))

���
+ ∥𝑈 (𝜏2, 0) −𝑈 (𝜏1, 0)∥𝐵(𝐸) ∥𝐴−1(0)∥𝐵(𝐸) |𝐴(0)𝑔(0, 𝜙) |

+
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸) |𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)) |d𝑠

+
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸) |𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)) |d𝑠

+
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠

+
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠.

By the inequalities (6), (8) and (9) and using the nondecreasing character of 𝜓,
we get

|𝑢𝑧+𝑥 (𝑠) | ¬ 𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
+ 𝑀1𝑀0𝐿∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B

+ 𝑀1𝑀𝐿

𝑛∫
0

∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥Bd𝜏

+ 𝑀1𝑀

𝑛∫
0

𝑝(𝜏)𝜓(∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥B)d𝜏

¬ 𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

]
+ 𝑀1𝑀0𝐿

[
𝐾𝑛 |𝑦★| + (𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B + (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛

]
+ 𝑀1𝑀𝐿𝑛𝛿𝑛 + 𝑀𝑀1𝜓(𝛿𝑛)∥𝑝∥𝐿1 .
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So

|𝑢𝑧+𝑥 (𝑠) | ¬ 𝑀1

(
1 + 𝑀0𝐿𝐾𝑛

)
|𝑦★| + 𝑀1

[
𝑀D + 𝑀0𝐿 (𝑀 + 𝑀𝑛 + L𝜙

ℎ
)
]
∥𝜙∥B

+ 𝑀1

[
𝑀 + 1+𝑀0𝐿 (𝐾𝑛 +𝑀𝑛 +L𝜙

ℎ
)
]
�̂�𝑛 +𝑀1𝐿

[
𝑀0(𝑀 + 1) +𝑀𝑛

]
+ 𝑀𝑀1𝐿𝑛𝛿𝑛 + 𝑀𝑀1𝜓(𝛿𝑛)∥𝑝∥𝐿1 := 𝜔𝑛 . (10)

By the hypothesis (𝐻1), (𝐻3), (𝐻5) and the inequality (10), we have

|𝐹 (𝑧) (𝜏2) − 𝐹 (𝑧) (𝜏1) |

¬
���𝑔(𝜏2, 𝑧𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 ) + 𝑥𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 )) − 𝑔(𝜏1, 𝑧𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ) + 𝑥𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ))

���
+ 𝑀0𝐿 (∥𝜙∥B + 1) ∥𝑈 (𝜏2, 0) −𝑈 (𝜏1, 0)∥𝐵(𝐸)

+
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸)𝐿
(
∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + 1

)
d𝑠

+
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸)𝐿
(
∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + 1

)
d𝑠

+ 𝑀𝜔𝑛
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸)d𝑠 + 𝑀𝜔𝑛
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸)d𝑠.

Using the inequality (8), we get

|𝐹 (𝑧) (𝜏2) − 𝐹 (𝑧) (𝜏1) |

¬
���𝑔(𝜏2, 𝑧𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 ) + 𝑥𝜌(𝜏2,𝑧𝜏2+𝑥𝜏2 )) − 𝑔(𝜏1, 𝑧𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ) + 𝑥𝜌(𝜏1,𝑧𝜏1+𝑥𝜏1 ))

���
+ 𝑀0𝐿 (∥𝜙∥B + 1) ∥𝑈 (𝜏2, 0) −𝑈 (𝜏1, 0)∥𝐵(𝐸)

+ 𝐿 (𝛿𝑛 + 1)
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸)d𝑠 + 𝐿 (𝛿𝑛 + 1)
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸)d𝑠

+ 𝑀𝜔𝑛
𝜏1∫

0

∥𝑈 (𝜏2, 𝑠) −𝑈 (𝜏1, 𝑠)∥𝐵(𝐸)d𝑠 + 𝑀𝜔𝑛
𝜏2∫

𝜏1

∥𝑈 (𝜏2, 𝑠)∥𝐵(𝐸)d𝑠.

Note that |𝐹 (𝑧) (𝜏2) − 𝐹 (𝑧) (𝜏1) | tends to zero as 𝜏2 − 𝜏1 → 0 independently of
𝑧 ∈ 𝐵𝑑 .
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The right hand side of the above inequality tends to zero as 𝜏2 − 𝜏1 → 0
as a consequence of (𝐻6) and the fact that 𝑈 (𝑡, 𝑠) is a strongly continuous and
compact operator for 𝑡 > 𝑠 implies the continuity in the uniform operator topology
(see [4, 28]).

As a consequence of Steps 1 to 3 together with the Arzelá-Ascoli theorem it
suffices to show that the operator 𝐹 maps 𝐵𝑑 into a precompact set in 𝐸 .

Let 𝑡 ∈ 𝐽 be fixed and let 𝜖 be a real number satisfying 0 < 𝜖 < 𝑡. For 𝑧 ∈ 𝐵𝑑
we define

𝐹𝜖 (𝑧) (𝑡) = 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) −𝑈 (𝑡, 0)𝑔(0, 𝜙)

+
𝑡−𝜖∫

0

𝑈 (𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠

+
𝑡−𝜖∫

0

𝑈 (𝑡, 𝑠)𝐶𝑢𝑧+𝑥 (𝑠)d𝑠

= 𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) −𝑈 (𝑡, 𝑡 − 𝜖)𝑈 (𝑡 − 𝜖, 0)𝑔(0, 𝜙)

+𝑈 (𝑡, 𝑡 − 𝜖)
𝑡−𝜖∫

0

𝑈 (𝑡 − 𝜖, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠

+𝑈 (𝑡, 𝑡 − 𝜖)
𝑡−𝜖∫

0

𝑈 (𝑡 − 𝜖, 𝑠)𝐶𝑢𝑧+𝑥 (𝑠)d𝑠.

Note that the set{
𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 )) −𝑈 (𝑡 − 𝜖, 0)𝑔(0, 𝜙)

+
𝑡−𝜖∫

0

𝑈 (𝑡 − 𝜖, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))d𝑠

+
𝑡−𝜖∫

0

𝑈 (𝑡 − 𝜖, 𝑠)𝐶𝑢𝑧+𝑥 (𝑠)d𝑠 : 𝑧 ∈ 𝐵𝑑

}
is bounded.

Since𝑈 (𝑡, 𝑠) is a compact operator and by hypothesis (𝐻6), we conclude that
the set 𝑍𝜖 (𝑡) = {𝐹𝜖 (𝑧) (𝑡) : 𝑧 ∈ 𝐵𝑑} is precompact in 𝐸 for every 𝜖 sufficiently
small, 0 < 𝜖 < 𝑡. Moreover using the inequalities (8), (10) and the hypotheses
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(𝐻3) and (𝐻5), we obtain

|𝐹 (𝑧) (𝑡) − 𝐹𝜖 (𝑧) (𝑡) | ¬
𝑡∫

𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) |𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠)) |d𝑠

+
𝑡∫

𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠

¬

𝑡∫
𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)𝐿
(
∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + 1

)
d𝑠

+ 𝑀𝜔𝑛
𝑡∫

𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)d𝑠

¬ 𝐿 (𝛿𝑛 + 1)
𝑡∫

𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)d𝑠 + 𝑀𝜔𝑛
𝑡∫

𝑡−𝜖

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)d𝑠.

Then

|𝐹 (𝑧) (𝑡) − 𝐹𝜖 (𝑧) (𝑡) | → 0 𝑎𝑠 𝜖 → 0.

Therefore there are precompact sets arbitrary close to the set {𝐹 (𝑧) (𝑡) : 𝑧 ∈
𝐵𝑑}. Hence the set {𝐹 (𝑧) (𝑡) : 𝑧 ∈ 𝐵𝑑} is precompact in 𝐸 . So we deduce from
Steps 1, 2 and 3 that 𝐹 is a continuous compact operator.

Step 4: 𝐺 is a contraction.
Indeed, consider 𝑧, 𝑧 ∈ 𝐵0

+∞. By the hypotheses (𝐻1) and (𝐻2) for each
𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝐺 (𝑧) (𝑡) − 𝐺 (𝑧) (𝑡) |

¬

𝑡∫
0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)
�� 𝑓 (𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))− 𝑓 (𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))�� d𝑠

¬

𝑡∫
0

𝑀𝑙𝑛 (𝑠)∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) − 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠.
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Using inequality (7), we obtain

|𝐺 (𝑧) (𝑡) − 𝐺 (𝑧) (𝑡) | ¬
𝑡∫

0

𝑀𝑙𝑛 (𝑠)𝐾𝑛 |𝑧(𝑠) − 𝑧(𝑠) |d𝑠

¬

𝑡∫
0

𝑙𝑛 (𝑠) |𝑧(𝑠) − 𝑧(𝑠) |d𝑠

¬

𝑡∫
0

[
𝑙𝑛 (𝑠)𝑒𝜏𝐿

∗
𝑛 (𝑠)

]
𝑒−𝜏𝐿

∗
𝑛 (𝑠) |𝑧(𝑠) − 𝑧(𝑠) |d𝑠

¬

𝑡∫
0

[
𝑒𝜏𝐿

∗
𝑛 (𝑠)

𝜏

]′
d𝑠∥𝑧 − 𝑧∥𝑛

¬
1
𝜏
𝑒𝜏𝐿

∗
𝑛 (𝑡) ∥𝑧 − 𝑧∥𝑛.

Therefore,

∥𝐺 (𝑧) − 𝐺 (𝑧)∥𝑛 ¬
1
𝜏
∥𝑧 − 𝑧∥𝑛.

So, the operator 𝐺 is a contraction for all 𝑛 ∈ N.

Step 5: For applying Theorem 1, we must check (C2): i.e. it remains to show that
the following set is bounded

𝛤 =

{
𝑧 ∈ 𝐵0

+∞ : 𝑧 = 𝜆𝐹 (𝑧) + 𝜆𝐺
( 𝑧
𝜆

)
for some 0 < 𝜆 < 1

}
.

Let 𝑧 ∈ 𝛤. Then, by the hypotheses (𝐻1), (𝐻2)′, (𝐻3), (𝐻5) and the inequal-
ity (6), we have for each 𝑡 ∈ [0, 𝑛]

|𝑧(𝑡) | ¬ 𝜆
��𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ))�� + 𝜆∥𝑈 (𝑡, 0)∥𝐵(𝐸) |𝑔(0, 𝜙) |

+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)
��𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))�� d𝑠

+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠

continued on next page
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+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)
���� 𝑓 (𝑠, 𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)

)���� d𝑠

¬ 𝜆∥𝐴−1(𝑡)∥𝐵(𝐸)
��𝐴(𝑡)𝑔(𝑡, 𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ))��

+ 𝜆∥𝑈 (𝑡, 0)∥𝐵(𝐸) ∥𝐴−1(0)∥𝐵(𝐸) |𝐴(0)𝑔(0, 𝜙) |

+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)
��𝐴(𝑠)𝑔(𝑠, 𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠))�� d𝑠

+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸) ∥𝐶∥𝐵(𝐸) |𝑢𝑧+𝑥 (𝑠) |d𝑠

+ 𝜆
𝑡∫

0

∥𝑈 (𝑡, 𝑠)∥𝐵(𝐸)
���� 𝑓 (𝑠, 𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)

)���� d𝑠

¬ 𝜆𝑀0𝐿
(
∥𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) ∥B + 1

)
+ 𝜆𝑀𝑀0𝐿 (∥𝜙∥B + 1)

+ 𝜆𝑀𝐿
𝑡∫

0

(
∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B + 1

)
d𝑠

+ 𝜆𝑀𝑀
𝑡∫

0

𝑀1

[
|𝑦★| + 𝑀 (D + 𝑀0𝐿)∥𝜙∥B + (𝑀 + 1) (𝑀0𝐿 + �̂�𝑛) + 𝑀𝐿𝑛

+ 𝑀0𝐿∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B + 𝑀𝐿
𝑛∫

0

∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥Bd𝜏

+ 𝑀
𝑛∫

0

𝑝(𝜏)𝜓(∥𝑧𝜌(𝜏,𝑧𝜏+𝑥𝜏) + 𝑥𝜌(𝜏,𝑧𝜏+𝑥𝜏) ∥B)d𝜏
]

d𝑠

+ 𝜆𝑀
𝑡∫

0

𝑝(𝑠)𝜓
( 𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)


B

)
d𝑠.
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Then

|𝑧(𝑡) | ¬ 𝜆
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝜆𝑀𝑀𝑀1𝑛|𝑦★|

+ 𝜆𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛 + 1) +𝑀𝑀𝑀1D𝑛

]
∥𝜙∥B + 𝜆𝑀𝑀𝑀1𝑛(𝑀 + 1)�̂�𝑛

+ 𝜆𝑀𝑀𝑀1𝑀0𝐿𝑛∥𝑧𝜌(𝑛,𝑧𝑛+𝑥𝑛) + 𝑥𝜌(𝑛,𝑧𝑛+𝑥𝑛) ∥B
+ 𝜆𝑀0𝐿∥𝑧𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) + 𝑥𝜌(𝑡,𝑧𝑡+𝑥𝑡 ) ∥B

+ 𝜆𝑀𝐿
𝑡∫

0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠

+ 𝜆𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥Bd𝑠

+ 𝜆𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(∥𝑧𝜌(𝑠,𝑧𝑠+𝑥𝑠) + 𝑥𝜌(𝑠,𝑧𝑠+𝑥𝑠) ∥B)d𝑠

+ 𝜆𝑀
𝑡∫

0

𝑝(𝑠)𝜓
(  𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)


B

)
d𝑠.

Using Corollary 1 and inequality (7), we obtain 𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)


B
¬

 𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆


B
+ ∥𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠) ∥B

¬
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ (𝑀𝑛 + L𝜙

ℎ
)∥𝑧0∥B + 𝐾𝑛 |𝑥(𝑠) | + (𝑀𝑛 + L𝜙

ℎ
)∥𝑥0∥B

¬
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ 𝐾𝑛∥𝑈 (𝑠, 0)∥𝐵(𝐸) ( |𝜙(0) | + |ℎ0(𝑧 + 𝑥) |)

+ (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ 𝐾𝑛𝑀 (D∥𝜙∥B + �̂�𝑛) + (𝑀𝑛 + L𝜙

ℎ
) (∥𝜙∥B + �̂�𝑛)

¬
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ (𝐾𝑛𝑀D + 𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B

+ (𝐾𝑛𝑀 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛 .

Then, we get  𝑧𝜌(𝑠, 𝑧𝑠𝜆 +𝑥𝑠)

𝜆
+ 𝑥𝜌(𝑠, 𝑧𝑠

𝜆
+𝑥𝑠)


B
¬
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ 𝑐𝑛. (11)
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By inequalities (7), (9) and the previous one and the nondecreasing character
of 𝜓, we obtain

|𝑧(𝑡) | ¬ 𝜆
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝜆𝑀𝑀𝑀1𝑛|𝑦★|

+ 𝜆𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛 + 1) + 𝑀𝑀𝑀1𝑛D

]
∥𝜙∥B + 𝜆𝑀𝑀𝑀1𝑛(𝑀 + 1)�̂�𝑛

+ 𝜆𝑀𝑀𝑀1𝑀0𝐿𝑛
[
𝐾𝑛 |𝑦★| + (𝑀𝑛 + L𝜙

ℎ
)∥𝜙∥B + (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)�̂�𝑛

]
+ 𝜆𝑀0𝐿 (𝐾𝑛 |𝑧(𝑡) | + 𝑐𝑛) + 𝜆𝑀𝐿

𝑡∫
0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

+ 𝜆𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠+𝜆𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

+ 𝜆𝑀
𝑡∫

0

𝑝(𝑠)𝜓
(
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ 𝑐𝑛

)
d𝑠.

Then

|𝑧(𝑡) | ¬ 𝜆
[
(𝑀 + 1)𝑀0𝐿 +𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝜆𝑀𝑀𝑀1𝑛

(
1 +𝑀0𝐿𝐾𝑛

)
|𝑦★|

+ 𝜆𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛 + 1) + 𝑀𝑀1𝑛

(
𝑀D + 𝑀0𝐿 (𝑀𝑛 + L𝜙

ℎ
)
)]

∥𝜙∥B

+ 𝜆𝑀𝑀𝑀1𝑛
[
𝑀 +1+𝑀0𝐿 (𝐾𝑛 +𝑀𝑛 +L𝜙

ℎ
)
]
�̂�𝑛 +𝜆𝑀0𝐿𝑐𝑛 +𝜆𝑀0𝐿𝐾𝑛 |𝑧(𝑡) |

+ 𝜆𝑀𝐿
𝑡∫

0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠 + 𝜆𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠

+ 𝜆𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝐾𝑛 |𝑧(𝑠) | + 𝑐𝑛)d𝑠 + 𝜆𝑀
𝑡∫

0

𝑝(𝑠)𝜓
(
𝐾𝑛 |𝑧(𝑠) |

𝜆
+ 𝑐𝑛

)
d𝑠.

Set

𝜉𝑛 :=
[
(𝑀 + 1)𝑀0𝐿 + 𝑀𝐿𝑛

] (
𝑀𝑀𝑀1𝑛 + 1

)
+ 𝑀𝑀𝑀1𝑛

(
1 + 𝑀0𝐿𝐾𝑛

)
|𝑦★|

+ 𝑀
[
𝑀0𝐿 (𝑀𝑀𝑀1𝑛 + 1) + 𝑀𝑀1𝑛

(
𝑀D + 𝑀0𝐿 (𝑀𝑛 + L𝜙

ℎ
)
)]

∥𝜙∥B

+ 𝑀𝑀𝑀1𝑛
[
𝑀 + 1 + 𝑀0𝐿 (𝐾𝑛 + 𝑀𝑛 + L𝜙

ℎ
)
]
�̂�𝑛 + 𝑀0𝐿𝑐𝑛.
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We consider the function �̃�(𝑡) := sup
𝜃∈[0,𝑡]

|𝑧(𝜃) |. Then by the nondecreasing

character of 𝜓, we get for 𝑡 ∈ [0, 𝑛]

(1 − 𝑀0𝐿𝐾𝑛)�̃�(𝑡)

¬ 𝜆𝜉𝑛 + 𝜆𝑀𝐿
𝑡∫

0

(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠 + 𝜆𝑀2𝑀𝑀1𝐿𝑛

𝑛∫
0

(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠

+ 𝜆𝑀2𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠 + 𝜆𝑀
𝑡∫

0

𝑝(𝑠)𝜓
(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠.

Then, we get

𝐾𝑛�̃�(𝑡)
𝜆

+ 𝑐𝑛 ¬ 𝑐𝑛 +
𝐾𝑛𝜉𝑛

1 − 𝑀0𝐿𝐾𝑛
+ 𝐾𝑛𝑀

1 − 𝑀0𝐿𝐾𝑛

𝐿
𝑡∫

0

(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠

+ 𝑀𝑀𝑀1𝑛𝐿

𝑛∫
0

(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠 + 𝑀𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝐾𝑛�̃�(𝑠) + 𝑐𝑛)d𝑠

+
𝑡∫

0

𝑝(𝑠)𝜓
(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠
 .

Set

𝛼𝑛 := 𝑐𝑛 +
𝐾𝑛𝜉𝑛

1 − 𝑀0𝐿𝐾𝑛
.

By the nondecreasing character of 𝜓 and for 𝜆 < 1, we get

𝐾𝑛�̃�(𝑡)
𝜆

+ 𝑐𝑛 ¬ 𝛼𝑛 +
𝐾𝑛𝑀

1 − 𝑀0𝐿𝐾𝑛

𝐿
𝑡∫

0

(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠

+ 𝑀𝑀𝑀1𝑛𝐿

𝑛∫
0

(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠

+ 𝑀𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓
(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠 +
𝑡∫

0

𝑝(𝑠)𝜓
(
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛
)

d𝑠
 .
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We consider the function 𝜇 defined by

𝜇(𝑡) := sup
{
𝐾𝑛�̃�(𝑠)
𝜆

+ 𝑐𝑛 : 0 ¬ 𝑠 ¬ 𝑡
}
, 𝑡 ∈ 𝐽.

Let 𝑡★ ∈ [0, 𝑡] be such that 𝜇(𝑡) = 𝐾𝑛�̃�(𝑡★)
𝜆

+ 𝑐𝑛. If 𝑡★ ∈ [0, 𝑛], by the previous
inequality, we have for 𝑡 ∈ [0, 𝑛]

𝜇(𝑡) ¬ 𝛼𝑛 +
𝐾𝑛𝑀

1 − 𝑀0𝐿𝐾𝑛

𝐿
𝑡∫

0

𝜇(𝑠)d𝑠 + 𝑀𝑀𝑀1𝑛𝐿

𝑛∫
0

𝜇(𝑠)d𝑠

+ 𝑀𝑀𝑀1𝑛

𝑛∫
0

𝑝(𝑠)𝜓(𝜇(𝑠))d𝑠 +
𝑡∫

0

𝑝(𝑠)𝜓(𝜇(𝑠))d𝑠


¬ 𝛼𝑛 + 𝐾𝑛𝑀
𝑀𝑀𝑀1𝑛 + 1
1 − 𝑀0𝐿𝐾𝑛

𝐿
𝑛∫

0

𝜇(𝑠)d𝑠 +
𝑛∫

0

𝑝(𝑠)𝜓(𝜇(𝑠))d𝑠
 .

Set 𝜁 (𝑡) := max(𝐿, 𝑝(𝑡)) for 𝑡 ∈ [0, 𝑛], then

𝜇(𝑡) ¬ 𝛼𝑛 + 𝐾𝑛𝑀
𝑀𝑀𝑀1𝑛 + 1
1 − 𝑀0𝐿𝐾𝑛

𝑛∫
0

𝜁 (𝑠) [𝜇(𝑠) + 𝜓(𝜇(𝑠))] d𝑠.

Consequently,

∥𝑧∥𝑛

𝛼𝑛 + 𝐾𝑛𝑀
𝑀𝑀𝑀1𝑛 + 1
1 − 𝑀0𝐿𝐾𝑛

[
∥𝑧∥𝑛 + 𝜓 (∥𝑧∥𝑛)

]
∥𝜁 ∥𝐿1

¬ 1.

Then by the condition (5), there exists a constant 𝑀★
𝑛 such that 𝜇(𝑡) ¬ 𝑀★

𝑛 .
Since ∥𝑧∥𝑛 ¬ 𝜇(𝑡), we have ∥𝑧∥𝑛 ¬ 𝑀★

𝑛 , which means that the set 𝛤 is bounded,
i.e. the statement (C2) in Theorem 1 does not hold.

From Avramescu’s nonlinear alternative [8], we deduce that (C1) holds i.e.
the operator 𝐹 + 𝐺 has a fixed-point 𝑧★. Thus, there exists at least a fixed point
𝑦★(𝑡) = 𝑧★(𝑡) + 𝑥(𝑡), 𝑡 ∈ R of the operator 𝑁 , which is a mild solution of the
nonlocal problem (1)–(2). Thus the neutral evolution system (1)–(2) is nonlocally
controllable on R.
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4. Example

To illustrate the previous results, we consider the neutral functional differential
equation

𝜕

𝜕𝑡

𝑣(𝑡, 𝜉) −
0∫

−∞

𝑎3(𝑠 − 𝑡)𝑣 ©«𝑠 − 𝜌1(𝑡)𝜌2
©«

𝜋∫
0

𝑎2(𝜂) |𝑣(𝑡, 𝜂) |2𝑑𝜂ª®¬ , 𝜉ª®¬ d𝑠


=
𝜕2𝑣

𝜕𝜉2 (𝑡, 𝜉) + 𝑎0(𝑡, 𝜉)𝑣(𝑡, 𝜉) + 𝑑 (𝜉)𝑢(𝑡)

+
0∫

−∞

𝑎1(𝑠 − 𝑡)𝑣
𝑠 − 𝜌1(𝑡)𝜌2

©«
𝜋∫

0

𝑎2(𝜂) |𝑣(𝑡, 𝜂) |2𝑑𝜂ª®¬ , 𝜉
 d𝑠,

𝑡  0, 𝜉 ∈ [0, 𝜋],
𝑣(𝑡, 0) = 𝑣(𝑡, 𝜋) = 0, 𝑡  0,

𝑣(𝜃, 𝜉) +
𝑝∑︁
𝑖=1

𝑐𝑖𝑣(𝜃 + 𝑡𝑖, 𝜉) = 𝑣0(𝜃, 𝜉), 𝜃 ¬ 0, 𝜉 ∈ [0, 𝜋],

(12)

where 𝑎0 : R+ × [0, 𝜋] → R is a given function such that 𝑎0(·, 𝜉) is continuous
and 𝑎0(𝑡, ·) is uniformly Hölder continuous in 𝑡 (see [20]); 𝑎1, 𝑎3 : R− → R;
𝜌1 : R+ → R; 𝜌2 : R → R; 𝑎2 : [0, 𝜋] → R and 𝑣0 : R− × [0, 𝜋] → R are
continuous functions. 𝑐𝑖, 𝑖 = 1, · · · , 𝑝, are given constants and 0 < 𝑡1 < · · · <
𝑡𝑝 < +∞.

Let 𝐸 = 𝐿2( [0, 𝜋],R), 𝑢(·) : R+ → 𝐸 is a given control and 𝑑 : [0, 𝜋] → 𝐸

is a continuous function.
Consider the operator 𝐴 : 𝐷 (𝐴) ⊂ 𝐸 → 𝐸 given by 𝐴𝑤 = 𝑤′′ with domain

𝐷 (𝐴) := {𝑤 ∈ 𝐸 : 𝑤′′ ∈ 𝐸, 𝑤(0) = 𝑤(𝜋) = 0}.

Thus 𝐴 is the infinitesimal generator of an analytic semigroup {𝑇 (𝑡)}𝑡0
on 𝐸 . Furthermore, 𝐴 has discrete spectrum with eigenvalues −𝑛2, 𝑛 ∈ N, and
corresponding normalized eigenfunctions give by

𝑧𝑛 (𝜉) =
√︂

2
𝜋

sin(𝑛𝜉).

In addition, {𝑧𝑛 : 𝑛 ∈ N} is an orthonormal basis of 𝐸 and

𝑇 (𝑡)𝑥 =
∞∑︁
𝑛=1

𝑒−𝑛
2𝑡 (𝑥, 𝑧𝑛)𝑧𝑛 𝑥 ∈ 𝐸, 𝑡  0.
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It follows from this representation that 𝑇 (𝑡) is compact for every 𝑡 > 0 and
that

∥𝑇 (𝑡)∥ ¬ 𝑒−𝑡 for every 𝑡  0.

On the domain 𝐷 (𝐴), we define the operators 𝐴(𝑡) : 𝐷 (𝐴) ⊂ 𝐸 → 𝐸 by

𝐴(𝑡)𝑥(𝜉) = 𝐴𝑥(𝜉) + 𝑎0(𝑡, 𝜉)𝑥(𝜉).

By assuming that 𝑎0(·) is continuous and that 𝑎0(𝑡, 𝜉) ¬ −𝛿0 (𝛿0 > 0) for
every 𝑡 ∈ R, 𝜉 ∈ [0, 𝜋], it follows that the system

𝑢′(𝑡) = 𝐴(𝑡)𝑢(𝑡) 𝑡  𝑠,

𝑢(𝑠) = 𝑥 ∈ 𝐸,
has an associated evolution family given by

𝑈 (𝑡, 𝑠)𝑥(𝜉) =
𝑇 (𝑡 − 𝑠) exp ©«

𝑡∫
𝑠

𝑎0(𝜏, 𝜉)d𝜏ª®¬ 𝑥
 (𝜉).

From this expression, it follows that 𝑈 (𝑡, 𝑠) is a compact linear operator and
that

∥𝑈 (𝑡, 𝑠)∥ ¬ 𝑒−(1+𝛿0) (𝑡−𝑠) for every (𝑡, 𝑠) ∈ Δ.

Set B = 𝐵𝑈𝐶 (R−, 𝐸) the space of bounded uniformly continuous functions
defined from R− to 𝐸 endowed with the uniform norm

∥𝜙∥ = sup
𝜃∈R−

|𝜙(𝜃) |.

Theorem 3. Let 𝜙 ∈ B. Assume that condition (𝐻𝜙) holds and the functions
[0, 𝜋] : R+ → 𝐸 , 𝜌1 : R+ → R, 𝜌2 : R → R, 𝑎1, 𝑎3 : R− → R, 𝑎2 : [0, 𝜋] → R
and 𝑣0 : R− × [0, 𝜋] → R are continuous. Then the neutral differential equation
(12) is nonlocally controllable on R.

Proof. From the assumptions and for 𝐶 ∈ 𝐵(R, 𝐸), we have that

𝑦(𝑡) (𝜉) = 𝑣(𝑡, 𝜉), 𝑡 ∈ R, 𝜉 ∈ [0, 𝜋],

𝑓 (𝑡, 𝜓) (𝜉) =
0∫

−∞

𝑎1(𝑠)𝜓(𝑠, 𝜉)d𝑠, 𝑡  0, 𝜉 ∈ [0, 𝜋],

𝑔(𝑡, 𝜓) (𝜉) =
0∫

−∞

𝑎3(𝑠)𝜓(𝑠, 𝜉)d𝑠, 𝑡  0, 𝜉 ∈ [0, 𝜋],
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𝜌(𝑡, 𝜓) (𝜉) = 𝑡 − 𝜌1(𝑡)𝜌2
©«

𝜋∫
0

𝑎2(𝜂) |𝜓(0, 𝜉) |2𝑑𝜂ª®¬ , 𝑡  0, 𝜉 ∈ [0, 𝜋],

𝐶𝑢(𝑡) (𝜉) = 𝑑 (𝜉)𝑢(𝑡), 𝑡  0, 𝜉 ∈ [0, 𝜋], 𝑢 ∈ R, 𝑑 (𝜉) ∈ 𝐸,

ℎ𝑡 (𝑣) (𝜉) =
𝑝∑︁
𝑖=1

𝑐𝑖𝑣(𝑡 + 𝑡𝑖, 𝜉), 𝑡 ¬ 0, 𝜉 ∈ [0, 𝜋]

and
𝜙(𝑡) (𝜉) = 𝑣0(𝑡, 𝜉), 𝑡 ¬ 0, 𝜉 ∈ [0, 𝜋],

are well defined which permit to transform system (12) into the abstract sys-
tem (1)–(2). Moreover, the functions 𝑓 and 𝑔 are bounded linear operators. Then,
the nonlocal controllability of mild solutions can be deduced from a direct appli-
cation of Theorem 2 and the conclusion of our theorem hold.

From Remark 2, we have the following result.

Corollary 2. Let 𝜙 ∈ B be continuous and bounded. Then the system (12) is
nonlocally controllable on R.

5. Conclusion

In this paper, the neutral evolution equations with state-dependent delay and
when the conditions are nonlocal have been studied. By using Avramescu’s
nonlinear alternative in combination with semigroup theory to get sufficient
conditions for the existence of a fixed point of an appropriate corresponding
operator, which is the sum of compact operators and contraction maps in Fréchet
spaces, we have established the existence of a mild solution and its controllability
over the whole reel line.

References

[1] N. Abada, R.P. Agarwal, M. Benchohra and H. Hammouche. Existence results for non-
densely defined impulsive semilinear functional differential equations with state-dependent
delay. Asian-Eur. J. Math, 2008, 1(4), 449–468, DOI: 10.1142/s1793557108000382

[2] R.P. Agarwal, S. Baghli and M. Benchohra: Controllability for semilinear functional
and neutral functional evolution equations with infinite delay in Fréchet spaces. Applied
Mathematics and Optimization, 60 (2009), 253–274, DOI: 10.1007/s00245-009-9073-1

[3] N.U. Ahmed: Semigroup Theory with Applications to Systems and Control. Harlow John
Wiley & Sons, Inc., New York, 1991.

[4] N.U. Ahmed: Dynamic Systems and Control with Applications. World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2006.

https://doi.org/10.1142/s1793557108000382
https://doi.org/10.1007/s00245-009-9073-1


NONLOCAL CONTROLLABILITY OF MILD SOLUTIONS
FOR NEUTRAL EVOLUTION EQUATIONS 147

[5] D. Aoued and S. Baghli-Bendimerad: Mild solution for perturbed evolution equations
with infinite state-dependent delay. Electronic Journal of Qualitative Theory of Differential
Equations, 59 (2013), 1–24, DOI: 10.14232/ejqtde.2013.1.59

[6] D. Aoued and S. Baghli-Bendimerad: Controllability of mild solutions for evolution
equations with infinite state-dependent delay. European Journal of Pure and Applied Math-
ematics, 9(4), (2016), 383–401.

[7] A. Arara, M. Benchohra, L. Gorniewicz and A. Ouahab: Controllability results for
semilinear functional differential incluisons with unbounded delay. Mathematical Bulletin
of the Shevchenko Scientific Society, 3 (2006), 157–181.

[8] C. Avramescu: Some remarks on a fixed point theorem of Krasnoselskii, Elec-
tronoc Journal of Qualitative Theory of Differential Equations, 5 (2003), 1–15, DOI:
10.14232/ejqtde.2003.1.5

[9] S. Baghli-Bendimerad: Global mild solution for functional evolution inclusions with
state-dependent delay. Journal of Advanced Research in Dynamical and Control Systems,
5(4), (2013), 1–19.

[10] S. Baghli and M. Benchohra: Existence results for semilinear neutral functional differ-
ential equations involving evolution operators in Fréchet spaces. Georgian Mathematical
Journal, 17(3), (2010), 423–436, DOI: 10.1515/gmj.2010.030

[11] S. Baghli and M. Benchohra: Global uniqueness results for partial functional and neutral
functional evolution equations with infinite delay. Differential Integral Equations, 23(1/2),
(2010), 31–50.

[12] S. Baghli and M. Benchohra: Multivalued evolution equations with infinite delay in
Fréchet spaces. Electronic Journal of Qualitative Theory of Differential Equations, 33
(2008), 1–24, DOI: 10.14232/ejqtde.2008.1.33

[13] S. Baghli and M. Benchohra: Perturbed functional and neutral functional evolution
equations with infinite delay in Fréchet spaces. Electronic Journal of Differential Equations,
69 (2008), 1–19.

[14] S. Baghli and M. Benchohra: Uniqueness results for partial functional differential equa-
tions in Fréchet spaces. Fixed Point Theory, 2(2), (2008), 395–406.

[15] S. Baghli, M. Benchohra and K. Ezzinbi: Controllability results for semilinear functional
and neutral functional evolution equations with infinite delay. Surveys in Mathematics and
its Applications, 4(2), (2009), 15–39.

[16] S. Baghli, M. Benchohra and J.J. Nieto: Global uniqueness results for partial functional
and neutral functional evolution equations with state-dependent delay. Journal of Advanced
Research, 2(3), (2010), 35–52.

[17] M. Benchohra and S.K. Ntouyas: Existence of mild solutions on semiinfinite interval for
first order differential equation with nonlocal condition. Commentationes Mathematicae
Universitatis Carolinae, 41(3), (2000), 485-491.

[18] L. Byszewski: Theorems about the existence and uniqueness of solutions of a semilinear
evolution nonlocal Cauchy problem. Journal of Mathematical Analysis and Applications,
162 (1991), 494–505, DOI: 10.1016/0022-247x(91)90164-u

https://doi.org/10.14232/ejqtde.2013.1.59
https://doi.org/10.14232/ejqtde.2003.1.5
https://doi.org/10.1515/gmj.2010.030
https://doi.org/10.14232/ejqtde.2008.1.33
https://doi.org/10.1016/0022-247x(91)90164-u


148 C. BOUDEFLA, S. BAGHLI-BENDIMERAD

[19] L. Byszewski and H. Akca: On a mild solution of a semilinear functional-differential
evolution nonlocal problem. International Journal of Stochastic Analysis, 10 (1997), 265–
271, DOI: 10.1155/s1048953397000336

[20] R. Fiorenza: Hölder and locally Hölder Continuous Functions, and Open Sets of Class
𝐶𝑘 , 𝐶𝑘,𝜆. Birkhäuser, 2017.

[21] X. Fu: Controllability of neutral functional differential systems in abstract space. Ap-
plied Mathematics and Computation, 141(2-3), (2003), 281–296. DOI: 10.1016/S0096-
3003(02)00253-9

[22] X. Fu: Controllability of abstract neutral functional differential systems with unbounded
delay. Applied Mathematics and Computation, 151(2), (2004), 299–314, DOI: 10.1016/
S0096-3003(03)00342-4

[23] sc J. Hale and J. Kato: Phase space for retarded equations with infinite delay. Funkcialaj
Ekvacioj, 21 (1978), 11–41.

[24] E. Hernandez, R. Sakthivel and S. Tanaka Aki: Existence results for impulsive evo-
lution differential equations with state-dependent delay. Electronic Journal of Differential
Equations, 28 (2008), 1–11.

[25] Y. Hino, S. Murakami and T. Naito: Functional Differential Equations with Unbounded
Delay. Springer-Verlag, Berlin, 1991.

[26] M.L. Li, M.S. Wang and X.L. Fu: Controllability of semilinear evolution equations with
nonlocal conditions. Acta Mathematicae Applicatae Sinica, 21(4), (2005), 697–704, DOI:
10.1007/s10255-005-0277-0

[27] A. Mebarki and S. Baghli-Bendimerad: Neutral multivalued integro-differential evo-
lution equations with infinite state-dependent delay. Turkish Journal of Mathematics, 44
(2020), 2312–2329, DOI: 10.3906/mat-2007-66

[28] A. Pazy: Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions. Springer-Verlag, New York, 1983.

[29] M.D. Quinn and N. Carmichael: An approach to nonlinear control problems using fixed
point methods, degree theory and pseudo-inverses. Numerical Functional Analysis and
Optimization, 7(2-3), (1985), 197–219, DOI: 10.1080/01630568508816189

[30] J. Wu: Theory and Applications of Partial Functional Differential Equations. Applied
Mathematical Sciences, 119, Springer-Verlag, New York, 1996.

https://doi.org/10.1155/s1048953397000336
https://doi.org/10.1016/S0096-3003(02)00253-9
https://doi.org/10.1016/S0096-3003(02)00253-9
https://doi.org/10.1016/S0096-3003(03)00342-4
https://doi.org/10.1016/S0096-3003(03)00342-4
https://doi.org/10.1007/s10255-005-0277-0
https://doi.org/10.3906/mat-2007-66
https://doi.org/10.1080/01630568508816189

	C. Boudefla, S. Baghli-Bendimerad: Nonlocal controllability of mild solutions for neutral evolution equations with state-dependent delay in Fréchet spaces

